
Lecture

Application of complex transforms



Etampk Solve 0 'u=o in y > o ,
with u handed a n 'ty

'
-1 a

,
uh uh

,
o ) = HK1

(he can solve this early in polar coordinates ,
u= I - 0¥ ,

but will un Tuner hmsfwm )
Tnnsfmn Ii x : in Ikiy ) . fjulx.de

""
dx

.

=) - tint %j , = o fry > o ,

with ilk
, y ) banded as y to

it 1k
,
o ) = In fw Im k so

sinking ⇒ alkyl = AN e
"
t Blue

-
"
I

= e- 1h19 I so that it → o ar y
-to )

:* :::::÷:*::*::::::i:⇒:÷¥¥.

(with this definition 1h't d)
"
'

ii real I ponhn in the real axis )



-y 1h44
"
-
ihx

so we hire inlkyt. e- Y
"""
"

then ulx.yt.la/pie dk

④R§# To calculate the intent ' "m " the "↳ & " " ' and the

Lhp for x so , diverting around the brunch cuts .¥:

eg.xso.uhanfififif.tt#fps.-kim""
Io Io Io

On 4
,

write k= - it
,
tele

, a)
,
1h 't it"= if

he 1h 't it
"
= -if

• In;Iµ= { if - e-sit - t" +etyitfi.tn/dtt-2ie-t''ailyEiI



so
, pulling together, uh , y ) =L, I [ -2yEi ) it

"

dt - ki lie
- Y ' ) )

→ I - ¥ f! sniffle
't"
at = I - hit %)
- on expected .

④ with )
⑧ thi cares frm conniving another cenhw integral !

fp Is
'

de = o
with f- hit? ) Iexnni )
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lnkgmtsduhwisofdiffeu-haeguahaiswec.cn
think of the Famer hhnfim on a method for finding integral solution of the firm

y IN = ¥ fright e-
""
dk

.

More generally ,
we can seek Hakan

Karthik ODES of the fun ylx ) = fpgls ) e"dS
for some function gls) and some Canker R

.

eg . ¥
,

= ay .

fusshhite in the sduhwi of the fun alone
,

Jp ghee
" '

di = fp xglsle
"
d 's

= fgisie
"

In - fp gene
"
ds

.

⇒ fplfglsltsglslle" ds - fglsle" In = o thi
.



We can make sure this holds by ohamhggkkhrhyglsl-u-sg.IS )

and chasing P so that fglsle
"

In = 0 (either closed , or g e
"
so at end pts)

.

so we need
g
'
= -9g ⇒ g= Ce

-%
⇒ yla ) = Cfp e-

% " '
ds

.

To get a non-trivial solution we need P t go to infinity
,
but it must do so

Scheme where All %) so
,

so that gale
"
→ o here

.
lie . the unshaded regis )

Fm the deagnn , we can printed along the real axis

①¥¥ so ylxkf.fi"
""

des = Ce
"

I. e- "
""
'

ds

By = Ie
""
'

,

an expected .



This method ci more useful for higher-order equation ,
when coefficient are linear x

.

eg . Airy 's equation . d¥ , txy = o
.

Write sda an ylal . fpglsle
"
d 's

⇒ 0 = fp fglsls 't xglsife
"

ds = fglsle
"

)
,

- fpfglst-s.glD) e"ds
so we hire g

'
= s 's ⇒

g-- Ce
"
"
⇒ µxI=4p"ds?
-

We must chase P to go to a somewhere where Ref%) so
③ ^ "

ah

/#¥
% Mark on in the diagram .



lecture
Wiener - Hopf method



GWIENERTRLOPFMETHODTHE
essential idea of this method in an fllan : ④ n

suppose as B .
I

suppose ftlkluihdunnpheiiilmlhlsa.mn ftlhl to askto #µ
suppose g- 1h) w holomorphic in 1mW cp ,

with g. 1kt so as h-toT

I suppose ftlhl -- g. 1h ) on the region
where they overlap .

By the identity therein , g. 1h ) must be the cnalahfhc anhhuahu of fell into Imlhlsx

(and nu ma , ft w the cmhhvhn of g. into 1mW sp ) , so together they define an

entire function
,
Ethel

, say .

But E1H to an ht o
,
so liouville 's therem ⇒ EK1 = 0

.

So ftW=go.



EtamphoDEp-tkm.at#.tb'y=oxco ly ) o
, 1%11=1 at 1=0

.

d¥, t a'y = 0 × so Y → 0 as IN → a
,
Ima so

,
lmbso

at b
.

We assure land later check ) that y = Ole
"

) as a -10
,
and y=O(e Ian x→ -a.wrap .

then the half-nnge Tuner tnnsfmn ( IN = fjy late
""
da

. )
⇒ f- k't b) T.lk/t%e1o-I-ikylo-)=o fw lmkcp

1- k 't at )JtH - day
,

lot I tihylot ) =o for links a

Uhng the pup

andihmalx-⇒ llkoilyi.lk/tIh'-bYythI=-Ifwac1mksp-



Rudely that lhtbt ⇒ 4¥;) It" t III.a) IN =

I µ,
= Its IIIs - tha)

⇒ this )IHH - Is)µµ ,
= - 1¥! ) I. IN - 1¥, µ .a) tracked
-

④ n hdmnoyhk in holomorphic in
xb

µmh
> multi -kN ) Im no mints , 1mW )

-

the LHS and RH5 are equal on the overlapping ship, so define the

- at
×

anodyne continuation of each
other k the whole couple plane .

-bX

Together they define an entire function
,
E1H

, say .

But
,

since LH5 A RH5 to an kt a lame 5th 5. to askso )

Eth) → o ar k -1 ON
,
so htnuile =) E1H =o .

=) LH5 = RH5 = 0



Lecturer



We have found that It th ) --
la µ+ a)

& I - '" =
Ik - b)

④ n

+ b
We done the innma confirm the lhp of Uhp respectively .

# so no
, ylxt-ff.ITHe

-""
dk = - t.fi/aIbei" )

-a X
. iax

.

= - I l

atb

no
, YIN -

- ¥ III. He
-""
dk = ⇒ tri f- ¥ , i

""

)
- ibx

= - I e
atb

We arrived that y - Ole
" ) on X -10

,
and we now see that a = - Ima

,

and similarly
we see that B = Imb ,

so indeed he B , as assured .



wiener-Hopfdea-nponhn.tk
key step in this prom u to hire an expression of the firm

F1H it IH t I let = GH1 for a almzcp

where F
,
G are grin ,

and It , I are the unknown ,
and rewrite it as

ft IH = g. It ) for sure ft ,g- ,
which we can conclude are ten using their behavior

at N
.

this may require writing F1H = I , ,
and HH = title ) - G. It )

where
'

t
'

mean holomorphic in links in ,

and
'

-

'

mean holomorphic in links P .

¥
£

Ru
'

splitting
'
can open k done by inspection , or wnhg patrol fmchwi , but there is

also a general method for doing it .



fumdecanponhwi-hethtzthehdomnphiima.hn tap , with HH to an tsa
.

t By Cauchy 's integral formula ,
EH = ¥ fp I do

→{§,•t_ Taking P k be the rectangle 8ham ,

and letting R-so,

-
so the contributions frm the ends mish

,
we have

→"

em. :÷:÷ :* - ÷. :* .
--

GT1H G-4)

f-
± defined in this why are holomorphic in line > It and Im Z C K respectively , to

this gem
the required decomposition .



Rahidecaponhai-he.VE/z)hhdannphic in helm 2- a B
,
with F1H → I m E) a

.

We want to write F1H = FIH
,
so the logs ⇒ log F = by Ft - log ¥

EIH I. If I
Thi ii of the form of a fun decaysonhai , so we can apply the sane procedure to log F

,

giving F±hx an f I
i

'

III ds )
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Application of Wiener - Hopf method to an integral eguahai .



Recall that we can write FIH = I¥¥, where E1H = exp I fp±
'9¥? ds )

} Is

• z4¥,
-a X

eg . FIH =
win"{ in! " Imho ( note that Fkk III.IE?z )

Using the formula ,

E1H = an II. if '9"Y!9 de t fifth ds) =
'

2-t b

- -

dm in Uhp , = rents⇒I = light tat - log It tb )
dm in Lhp , = 0

findwhy , F. It) = ¥
2--h



Ethnphopplieahanh.cn/nkghleguahwi-
Find flat

,
smooth A banded

,
such that [ Htt e-"

""
dt = flat

fwxzobehmftkt.SI
, 1% A h.IN = I lift? e-

"""
dt '

%
.

I kkt.it"

then the eguahmuifjfftfklx.tl dt = ftlxlth.la/fw-acxao .

Note that since ftw i banded ,
FIIKI a holomorphic fw lmk so . Also hµ=e" [FIH e- tdt

fwxco ,
so I

-

1h) i hdanorphic.fr/mkcI..AIwKlx)hasKlk)=fIhzfw-klmkcI

so hiring the Emir transform ⇒ FIIH K1H = FIIH TIKI fw oclmkc I

⇒ /f¥¥)fIH=IIHhuk



Aside : since flat in smooth A banded, we can expect It IN = Of
'

G) an h -so
.

why ? FIIKI = I Hate
""
dx = fine

""

I ? - ¥[ fine
""
dx

- -

- Hot -10 by Riemann - lebesgueTK Kenna with a

= if
+ OH )

similarly ,
since hlx ) i banded ,

we can expect I1H = Off ) a ha .
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-If IN = I1H he oalmkci

-

Note that 'II, = 'III.µ . .. so we mould multiply by 1h-it t find

It ④ ^

-1

( III ) IN = lhilh.IN for oclmha I #%,

the LK5 if RH1 are holomorphic in
Imh 70 A tuh el respectively , *

subgenre they define an entire function ,
Elk )

.

hoi Ftlhl and IK1 are 01%1 an h-in, Ethel = 041 as ht a lit . banded )
,
so

liouville's theorem ⇒ EH1 = C
,
courted .



so we have film til It IIH - Ii )
.

④
r

so ftw . ¥ / III. e-
""

dk
. #-)r-

- Ik e-
ih"

1dm in the
lhpux

so ) )
(K -HIKH ) I

=
- { tri fractal truth .nl/=-Cif- e-

"

t e

"

)
-

-CAN - find
= Elena thin )
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Application of Wiener-Kopf method to a mind banday mm problem



Find the steady shh temperature uh ,y) of fluid flow part a heated plate .

→ Consider yso .

→
- we have IutomyTIuy=o,#¥ , 4#¥× > o

→ Uybl , ol = 0 far as 0

It vi of pahiulw interest what ii the heat flux out of the plate , te . Ugh , o) X 70 .

To deal with the mixed boundary conditions , we define

f. IN = f
""
j
" 1% A g + bit = f ° " ' o ki the unknown values

%Y
duty on the bandy)

then we had UH , o) = f. IN t HIM
, uylxco ) = 9+1×1 for all x.
-

Assure f. IN - Ole B" ) on at - a
,
and get = Ole

"

) on at a ,

with a



Tnnsfwm in ×
,
so ilk , y ) Sakshi

- ihn = - tint off, =o fry > o ⇒
'Ii. = lktikln fry >o

with villi
, y) to my

-to

& it Iho ) = Ilk) t for oclmkcp

Hot -- IN

pf }
Hung the equation gin I=A""Y µwhere Ihiihl"=k"This "' = IN"4kil"e"&t% wind ,ef%→¥

Beth

Applying condition at y=o ⇒ Alhk IN the & - Iktih )
"
'

AM = I1H
Eliminate A1H ⇒ ¥HFihEFY trauma . p Imsa:p ,
-
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④ {
HHtlkihFF.lk/---ilhIiI'Tf•_%¥*#Ruin by h
"

la
'

t
'

fmchoi ) {
⇒ III. tlh.it

'

'EM = - ill
"

i. iii. e-
""
4

~ given our defect
"" = it

"
- lik

"
- Y

'hit "
.

- -

(Aside : wring the formula ttlhl G. 1h )

""
'

iiifi it -

- i. In
.

as . -mf " ,⇒= -

[ then t.lk/--ftIhl-HH .



so we had III! +

"
"

= . this IN - ih
"

t

""
"

fur admirers

since LH5 a holomorphic on Ink 7 X ,
and RM5 it holomorphic on Ink CP , they

are the analytic continuation of each other , so together define an entire function ,
Eth )

.

We expect, hue n vi continua
,
that I. IN = 01h ) u h-in

,
and g- + Ihk 01km) as kto.

( since anticipate uylx , o) may have a square
.net singularity )

Hence
,
we must have

Elk ) -to an b) w .

So hinulle's theorem =) EK1 =o
.

⇒ INK
-

a E1H = - It III.µ
⇒ "in
-



For the heat their Gy Iho) ,
xio

,
we need 9th ) ④ n

r

9th = ¥4 e-
""

da
. ¥,

am in the lhplnncixso ) , Antenor

fp
, ,fpg , fp

,

→ o in the appropriate link ,
so Ip -

- 2/4 ← k fish
tuna gi.IN =

- I,f ! eqµE" tidtt = - ¥ [ the -" at
-

= -
I tx=s

'

at - Ends
Ex fµf e-

'
ds = FI


