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1. Show that
S . | f / ’ N o dn ? 9
it (e - o - poanee)
is given by

G 0 if o(x) +w(y) < c(x,y) on RY x R4
| = otherwise '

As a consequence, show that the infimum problem within the supremum

;?5{4d¢du+4d vdvigt (/R,,X@st—w(x) —w(y))dmx,y))} ,

can be expressed as a constraint on the pair of functions (@, ), so that the sup — inf problem
can be rewritten as

sup {/ <pdu+/ wdv:<p(x)+w(y)<c(x,y)}-
0, yeC,(RY) L/R? R4

2. Recall I, is the value of the infimum of the Kantorovich formulation of optimal transport

L= mi )dI(x,y) b .
B st

Show that the relaxed dual formulation of the Kantorovich problem satisfies J,. < I, where

Jo= sup Jlo,wl, with J[o,v] ::/ (pd,u+/ ydv
(p.y)c®, R Re

and
@, = {(p,y) € L'(du) x L'(dv): o(x) +y(y) < c(x,y)ae. wrt. tx v} .

3. In lectures, Theorem 2.5 proved that given two probability measures u,v € 9% (R?), there
exists maximizers (@, Yo) € D, such that

J@o,wo] =Ji= max Jp,y].
(CAGIS &
Finish the proof which asserts that the maximisers can be chosen as c-transforms; (@p, W) =
(nse,ng) where 1o € L' (d). Prove the additional statement that the Kantorovich potentials
can be chosen of the form (¢, ¢§) with @y € C(R¢) and c-concave.

4. Let u,v,0 € Z(RY) with T} € T'(u,v),I, € ['(v,®) optimal transference plans given
by Theorem 2.3. Lemma 2.3 implies the existence of a measure y € #(R3?) such that
Pyo#T1, Py3#y = Ip. Show that T3 := Py3#y with P3(x,y,2z) = (x,2) for x,y,z € R belongs
to'(u, w).




. Given f1, f>,81,82 € @p(Rd), 1 <p<eoo,and a € [0, 1], show
di(afi+(1-a)fr,ag1+ (1 —a)g) < adi(fi,g1)+ (1 — a)d)(f2,82).

. Show that d,, is weakly lower semicontinuous in each argument for 1 < p < oo,

. Given two probability measures u,v € Z(R), let F,G be their distribution functions, re-
spectively. Let X, Y be the pseudo-inverses of F, G, respectively. Verify the equality

1
| e =vmian = [ 1F() - G(oax.

. Consider the one dimensional linear Fokker-Planck equation

dp 9 [ 9V Gazp
o ox\Pax) T %
with V uniformly convex, V’/(x) > A > 0, and global minimum at zero. Compute formally

the equation satified by the pseudoinverse of solutions to the Fokker-Planck equation and
draw conclusions about the asymptotic behavior.



