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1. Fill in the rest of the details in the proof of Theorem 4.1. Suppose yu < .Z and v are
probability measures on RY with 7 : RY — R¢ an optimal transport map leading to the
optimal cost for d3(u, V) so that v = T#u. For 0 < s < 1 and x € R?, define T;(x) =
(I —s)x+sT(x). Show that the velocity field u(s,x) defined by

dT(x)

o = (s )

is well-defined by proving T (x) is invertible and Lipschitz for 0 < s < 1 since T = V¢ for
some convex (.

2. Finish the details of Lemma 4.2 for the strictly convex claims. That is, given V : RY — R
and W : RY — R both strictly convex, show that

V)= [ Veane) ad 7= [ W ydu(duo)

are strictly d»-convex (for # you need to show this is true unless the geodesic joining the
measures is a translation of a given measure).

3. Prove Lemma 4.3 which states; Given A a nonnegative symmetric matrix, define
v(t) = det((1 =)y +tA)7, t€[0,1].
Show that v is concave in [0, 1] and strictly concave unless A = AI; for some A > 0.

4. This question follows up the previous exercise and proves Theorem 4.2. Suppose U :
[0,00) — R is a C(]0,0),R) N C?((0,0),R) function with U(0) = 0 such that (0,e0) > s —
sU(s™%) is convex and non-increasing. Show that

t=v()UW@E)™), telo,1]

is a convex function. Moreover, for i, v <€ .Z (so that they can be connected by a geodesic
W = Ti#u with T;(x) = (1 —t)x+1V@(x)), recall that the internal energy of u, = p,-Z can
be written as

wlnl= [ vipas= [ v (505 ) esrax,

where D(x,t) =det((1 —¢)I; + tDz(p(x)ﬁ. By considering the map
1+ D(x,1)U (po(x)D(x,1) ™)

and using the first part of this question, show that the internal energy % is d>-convex.




5. Repeat the procedure in the notes of using the dynamic interpretation of d, to formally
compute the convexity properties of interaction energies # of probability measures. More
precisely, suppose i, = p,-Z is a geodesic curve with the following optimality conditions

op+V-(pVy)=0 )
1 . wecCy([0,1] xRY).
8S1/f+§|Vl//|2=0 v € Gy ([0,1] )

Use these equations and compute formally

Eror=S10 [ wa-yp@p 0
a5z \Ps) =753 Ri R X=Y)Ps(X)Ps\y)axay .

Following this computation, what conditions on W guarantee the d>-convexity of #?

6. Remind yourself of the general family of PDE:s in the first chapter of the course. Show that
they can be formally written as gradient flows in the following way

dp+V-(pu)=0 in (0,00)x R4
_ 07
u——Vﬁ

where the free energy functional, .%[p] is given as a sum of internal, potential, and inter-
action energies . = % + ¥ + % . In particular, for the internal energy, find the suitable U
related to P. Show that McCann’s condition (Theorem 4.2) for the function U is satisfied if
and only if P satisfies the following conditions defined through U for every s > 0

P(s) >0, (1 - cll> P(s) <sP'(s), sU"(s)=P'(s), P(0)=0.

7. Show the variational characterization of the implicit Euler scheme for a convex and lower
semicontinuous energy function E : R? — RU {0}

— 1
—% € E(Xp11) <= Xpp1 = argmin, pa {ZAt|x—xk|2+E(x)}.

8. Given the energy functional,

Sl = %fRd \Vu|2dx uc Hl(Rd)
T oo otherwise

show that dE (u) # 0 if and only if Au € L*(R9).



