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EXERCISE  SHEET 4 o Space
0 ;) F,.G<H subsheaves then F=6 & Fr=6, VxeX
.- h Jor Cokeurtp omd
\\.) Fi)G in AbCX) = Ker @ U ker(¢,) is a sheaf ("Idme(;c:lre M-Mcta Shcr‘F-’F;

iﬁ) Also show (Ker ‘())L = Ku (Wx) omd (Im Wy =\m ((lx) (m\:)\\ce“: ‘I‘;f:‘(za:;c.ker‘e)

Show Y injechvt & @, injeckve Ve, @ swjehvt & W, SJrjediv(’- ¥~
Deduce Hat F— G o H in AL(X) exact & F, — Gy —H, <xact Vx
W) FH 6 wik x svcjehve =V seGlu),xew, 3opem xeVEW,3 be FIV)with G)=s],

v) “surjeckvity means Locak Lftabibly F¥56 sur; © \YseG(U), 3 gpem cover U=UU:
. 3 4; € F(UY) wid, F&:)= Slu‘-

V!))X: C\{'},: ny 'éN} Gx(a).' '—_-Z-;LDlO Mol'fh;“ 'K‘MV\CI\'OHS u — c_} HkoloMo,,hk_:@M(/(x_d,'@rcnk‘l,’e_)

il;didew\ Gx (u)::{nowl«ere 2ero "\olamor,h,‘c foacons (U— €}
Polodd S‘,f\pk) -Q.)CP-' Gx —_ 9; Xy Sufje(,/{./e é{&)t‘ -FéGx(U)) Q)(P(F)é 0;{01.) s e Lomp’ex eXpﬂlen’\'ﬂD
but &qu‘(w—)tg(‘lu) not suseufive ho mattes how small He open 0€U.

.. @ (‘(X,Sx) r.'mazd space some x€X

Vi) F 56 hom o O¢—mods, G finjke tupe them: @, sur. = @2 F[, 56, s

't . On = Some opem x€UL
(In noles 6.3 we used ¥ais + we had 6y — P, and assuming F Raile Mpe we claimed

thod- 09“—) Flu svijedve on some opem xel).
Vi) F £5 G Ao 4 Sy mods, & r;ol.\;renta Hem: W, inj. = €, F[ 56/, injs

(Hiak Fersh dheck kreg &nike +ape (doesat wse ¢y, ing) by considvring Ker (S"_sy F.. b s
W

"— Fly, 2% G1W))

7_> Mokvaton: w\ma is NaKayama's Lemma  usefl s yame,&:)?

"TmnsFu‘nA} inforamaNon fram  potatuwise 1o infinilesimal to Local™: ("':-' Me/p-Mp)

Recall Nakayamas Lemma  (there are many Versions of this, +he proofs are very similar)

Reing, pespec R, M f.q. R-mod. 1€ ny, .. ,ny €M is a basis for the Kep)-veclor spae Mo ® Kep)
Re

Hen ny ..,ng gemecale Hhe Re-module Mp for some fe R\ P (indeed it is a minimal generahng set)

Q‘w\nu\ R is & Local (ing Witk mox idead M, this becomes : M/mM =<ni,,nd>S= M=<ni.. nd>)

() (X,8%) scheme ,FeQGh(X) finike tyre dhen call F(x)= F, ®0X Kix) the £iber
X

Given s, ..., 5, € Fl) onopprn x €W £ (5), ..., (5q) gomerate Hhe Frber Hhom possibly
oty S\v\r\'nbina W, show {he S$)r— S also %’”‘mk F‘V\ sine. indese ~valved
Deduct: - if F(x)=0 thew F|,=0 Some opem XEWU. L Cow also fake < d.-
e W r—) am Fix) upfld‘—ﬁ@M.'CoWHhUOV‘S , t-e. {dm« <d}] cX is open
Algelrn fact in R-mods: Q— My— M, - My >0 exact, M, ‘ﬂq} (e-9.Free) them
My Hat & Ni/ry — Mz/1, inehve Yideal I < R.

o LQ,+ FGG -Mods L{_lo( " F-‘n'l-e.l -I-eA Prove : - Mo
) (e-g.Fexcoh(x))} A THAHED presen FeVect(X) & F Hat Ox-mod

(H-'ﬂ+s .Reurile Ha algelra fact in case R Sl cing, check ik's emongh o congidtf T=the max ided.
The key is o readh an exack segunce of type 0—Nx/m N — kP, Fu/m F.— O % use()




3) Mokvakon: Vect (Spec RB) e— F'IJ for . 9. Projechve R—mods M
X Spec R M R- MOd Yown may need Fm ‘edhve R_’WA S o{\rfd- summand 'F feer R-wmod
Cov\s\der U com{t-)xons also: P pfw‘,ec.lwe & very &xagk 0 MNP —0 splits

© Me Vect(X)i.e. Locally, fcee of Raile ramR, i-e.3 cover X=UDy, Wik, H; {.g.Gee E_; Mod
O M 'An\{ela Prtsenw omd ﬂw’t

@ | ‘F\mk,lj PoeS&V\‘kO‘ omd Mm free K -mod \ max idead M (Cau\ also useau?rnmz ‘dtab)
@ M s the dictet Summand of & finderammk fee module

@ M €.3. projechve

) Prove @ %@ Hinds for = wse ex. 2Cw) for &= compare iy prack in Sec.3.\ of v\oks

use HHiKS from Sec.3.0, ond wse fact 0 Kk—M,—M,— O exact

) prove @K(D 5@ omd ® oG = @ M €-9., Ny Ratdely P:u:-(-:& ( »
+ - Ve s ‘ridely presen
) Fma\l‘) peove @: @ (Hml- wse fact about Qocllrakon: S~ Hom (M MN)= Hom

8 use Sec.3.0 of noles o (S"l“\ 5"'/\}))
L") i) X= Spec R , M R—Mpd
« Show Huat .f & is Line bundla & V?eK 3feR\p: 4: =Ry

« £=M Lnebundls & M £.9.pvjeckve R-mod with dimy (e MOKRI=1  Wpex-

Deducr ok overy Line buandde on Al = Spec kL] is ivial (le Reld) e Hint shchre

any scheme in derms of Hansion Rmckions of F mﬂmef;fg

&) Let FeVect(X), Desciibe Hne dmnsiNon funckon o He dval FY:=Hom, (F,0).
Dedva tak or a Line bnndla .ﬁ $he -l(‘aMJ\)\on fnlnd\av\ aj, f s e mvm ai -H.\q# oj(
and L@y L' = L Homg (£, 6x) =5 8x  Via He nabvead cvq,uﬂ'}xon magp.

i) Let f’\ N be 2-mods . Supfose M@)gN—)R Pick m;ecM M EN WL (-(’(Z M:®n )-l
Check -)L\od- MDM mi— T (m@n; )m

omd dgdug Hok M is a summand of RH.

iv) Le Ox-Mods is Line bundde & 3 FGGCok(X) F®, L =0x (bef 7 being inverkble sheaf)
(H\Af' combine (lh) NI"L x. 3@)

5_) FACT ety Line bundfe ow A"h: s frivial
L) Calculate Pic (PM) = 2\$0M0rplfu5h-\ classes «I, lEne laandles on P™ ) wiY Provp oprafon @ -
Indeed show i+ és = 2 ?&V\W‘l’@o\ lma G () (defned -H\a. noks) %

K) Compue (P am) for dez (8W) = 861H®4)

&) Let p be the pomt (x) €Spec kTx) = Ao in P, = Ao u Ay . Show that G(-1) = \dead shea) of {p)
Let 7 be +he osed subschume S'pec(hl:'x]/xd)cAog PL. Show G(-d)E idead sheaf of 2
what is He 1deal sheat ot A closed points f?,’__ Po(‘] < ,P' ? |[s‘ez Sec. Ios

V) OPTIoNAL  |£ 4wo Graded R-mods M, N ovec graded cing R sads6) M= Na ¥nd =0 =N

6) \)C = abeliom cat. Show Kt if ey objet M€EC has an injechve monph M— T

into am II\‘)CUi\IIC. ol:ol(.‘f‘ Hhew ven) o\, ek N admits am mJ(u!\tIQ_ ~soludon (w:n:&ciq‘:ﬁde}\)
FA<T Cat. Ab of gbeliam grovps has {now% injectives

& Sheaves

/th) F e Ab(X). Pick T,eAb st Fyu— I injehe Mor,o"i o Ty injech\e objedt in Ab
Xspt‘:'e Show Hat T:= r—l((e,c)., x € AL(X) 1S oM A €c;|\vt 0%2(};- adm-Hma om .AJ ‘”‘°fY’|'\ FaT
indionnee @ : Picyems X 4 apoint.  (hace AL(X) has enowgh injechies)

= K {a.

'S m womar’ohlfm whadl "Fndonw as Y\—}R -)I"\




