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Introduction

Symmetries are a powerful tool in the study of quantum systems
Our focus: relativistic QF Ts and their continuous symmetries
Examples of symmetries familiar from particle physics

- Poincaré symmetry

- Internal/flavor symmetries (e.g. baryon, lepton numbers in SM)
These symmetries map bosons to bosons and fermions to fermions

Supersymmetry (SUSY) is a generalization in which bosons and fermions are
transformed into each other

Bosonic fields/particles are combined with fermionic fields/particles into representations
of SUSY (supermultiplets)

When SUSY is combined with GR we get supergravity (SUGRA)



Motivation

From a particle physics/phenomenology point of view:

e |[f SUSY is a symmetry in Nature, it must be broken at the energies we can probe in experiment
(observed particles do not fit into supermultiplets)

 Nonetheless, SUSY can help solve some puzzles in the SM. For example:

> Hierarchy problem

In the SM, the mass of the Higgs field receives 1-loop corrections that are quadratic in the cutoff
scale A: 5m£] ~ A?. Puzzle:

Why is my ~ 125 GeV much smaller than Agyr ~ 101° GeV or App,. 4 ~ 10 GeV ?

The new particles and interactions required by (broken) SUSY improve the 1-loop correction to
the Higgs mass: émfl ~ log A

» GUT scenarios: SUSY can improve gauge coupling unification

» SUSY can provide candidates for dark matter



Motivation

From a formal QFT point of view:

 SUSY improves the UV behavior of QFTs

e E.g.: the so-called 4d ./ = 4 super-Yang-Mills theory is an interacting QFT that
Is free of UV divergences!

« SUSY allows analytic control beyond perturbative regime

 understanding of confinement in 4d ./ = 2 gauge theories (Seiberg-Witten)

 computing the path integral exactly and analytically using supersymmetric
localization

e exploring strong coupling/weak coupling dualities

* many more examples...



Motivation

From the point of view of string theory:

o String theory “predicts” SUGRA in ten spacetime dimensions (from self-consistency of the
theory)

 SUSY gauge theories live on D-branes
e SUSY is a powerful tool for studying string constructions

e e.0.: the landmark Strominger-Vafa computation of BH microstates in string theory
relies on SUSY

SUSY has interesting connections with mathematics

 SUSY quantum mechanics and the proof of the Atiyah-Patodi-Singer index theorem

* Witten’s topological twist of 4d SUSY theories and Jones polynomials in knot theory

* many more...



Historical timeline

1967: Coleman-Mandula theorem (see below)

1971: SUSY on the 2d worksheet of strings

1971: SUSY in 4d QFT in the work of Gol’fand and Likhtman

1973: spontaneous SUSY breaking in the work of Volkov and Akulov
1974:. SUSY in 4d QFT independently rediscovered by Wess and Zumino

1975: Haag-Lopuszanski-Sohnius theorem (see below)



Symmetries of the S-matrix

Relativistic QFT in 4d: Poincaré algebra

[J/w’ Jp(,] = iﬂﬂp J, ;= inyp J/w_ — iﬂw Jyp +1in,, JW

[]W, Pp] =11, P, — i1y, PM [PM, Pl=0
u,v,...=0,1,273 ., = diag(—1,1,1,1)
The generators J/w = — JW and PM are represented by Hermitian operators acting on the Hilbert space of the

T — T —
theory, (J,,)' =J,,, (P)" =P,
We can also have “internal symmetries”: their generators are translational invariant Lorenz scalars
[J,,,T'1=0 [P, T"1=0 (T2, T%] = if*" - T¢
Natural questions:
 What is the most general continuous symmetry of a relativistic QFT?

« Can we have extra generators that are not J/w and PM but carry spacetime indices, eg Xﬂ?



Symmetries of the S-matrix

Coleman-Mandula theorem

Consider a 4d relativistic QFT such that
() there are only a finite number of particles associated to 1-particle states of a given mass

(i) thereis an energy gap between the vacuum and 1-particle states

(i) the S-matrix is non-trivial and analytic
Then the most general symmetry generators of the S-matrix are the Poincaré generators, plus possibly internal

symmetries (and the latter generate a finite-dim. compact Lie algebra)
for a proof see e.g. Weinberg vol 3

Intuitive argument: in a 2-to-2 scattering process, Poincaré invariance implies that the amplitude is a function
of one variable only (the scattering angle). If we had a conserved charge with spacetime indices, the amplitude

woould be further constrained, and it could not be an analytic function.

NB: if we only have massless particles, the most general symmetry is conformal symmetry + internal symmetry

In this case we do have an extra generator with spacetime indices: conformal boost KM



Evading the no-go theorem

We evade the no-go theorem by allowing both for commutation and anticommutation
relations between symmetry generators

Commutator and anticommutator of operators
|A,B|=AB—-BA , {A,B} =AB+ BA
Anticommutation relations are familiar from canonical quantization of free Dirac field

3 T . b , ,b" /, / N53 o/ 5 ,
W@)"’Zjd—p b(p. )u(p, )™ +d'(p. s)v(p, s)e ™" (0P, 5), b (P’ ) P=P)o,
= - 1d(p, s),d'(p’,s)} ~ 0°(p — P') Oy ¢

The algebra has both bosonic and fermionic generators, with

| boson, boson | = boson [ boson, fermion | = fermion
{ fermion , fermion } = boson

Mathematical formalism: Lie superalgebras



Evading the no-go theorem

Haag-Lopuszanski-Sohnius theorem

Same assumptions as Coleman-Mandula, but allowing for a Lie superalgebra of symmetry
generators.

Conclusion: the most general Lie superalgebra of symmetries of the S-matrix is a “Poincaré
supersymmetry algebra”, possibly “extended” and with the inclusion of “central charges” (we

will unpack the terminology)

Bosonic generators:

J, P

uw oLy, @nd internal symm. gen's T* (same properties as in Coleman-Mandula)

Fermionic generators (aka supercharges):

Q.. O, that transform as spinors under Lorenz transformations

NB: if we only have massless particles, we can have superconformal symmetry



A first look at the SUSY algebra

Minimal SUSY in 4d: the supercharges form one Weyl spinor (4 real dof’s)

Q.. 0;=(0)", a,p=12, a,p=12
(We will review 2-component notation for 4d spinors later). The supercharges are translationally invariant:
[P/,an]ZO’ [P/an]:O
The crucial part of the SUSY algebra are the QQ anticommutators:
(0,05} =0 (0,0;0=0  {0,0; =206",P,
Remarks:

« The object aﬂaﬂ- is an invariant tensor of the Lorentz group (a chiral block of 4d gamma matrices). We follow the
conventions of Wess-Bagger:

o_ (-1 0 i_ (01 ) (0 —i s_ (1 0
S O B U A Y B ()

e The anticommutator { O, O} ~ P is the distinctive feature of supersymmetry algebras (as opposed to more
general Lie superalgebras). Motto: “supercharges are the square root of translations”

e Single-particle states fall into irreps of the SUSY algebra, called supermultiplets



Some physical implications

1. All states in a supermultiplet have the same mass

Follows from the fact that P, P¥ commutes with Q,,, O,

2. Any supermultiplet contains an equal number of bosonic and fermionic dof’s

Define the fermion number operator ( — )NF: it has eigenvalue +1 (resp. —1) on bosonic (resp. fermionic) states. Since

acting with one Q, or (), takes a boson to a fermion and vice versa, we have
N Ne?Y LN N
(=)0, +0,(=)r=0 , (=)"Q;+0;(=)"r=0
Consider a supermultiplet and restrict to 1-particle states with definite non-zero eigenvalue Py of Pﬂ (we can do it because

the supercharges commute with P). We have a finite number of states with definite p, SO the trace is well-defined

Te (N {Qu Qp}) = Tr((4)V Qu @ + (—)" @ Qa) cyclic property of trace
= Tr (Qa @5 ()N + Q4 (—)NF @5) Qﬁ- anticommutes with ( — )Vr
=0
Use the SUSY algebra:

ooy Tr((= Y P,) = 0¥ p, Tr((= ) = 0

Lesson: for a given non-zero eigenvalue Py of PM we must have an equal number of bosonic and fermionic dof’s.



Some physical implications

1. The Hamiltonian in a SUSY theory is a sum of squares
We just need to spell out the (a, ,B) = (1,1) and (e, ,5) = (2,2) components of {0, Qﬁ-} =2 aﬂaﬁ-P

U
0, Q)" +(Q) 0, =2(=Py+Py)=2(P"+P°) ,
Qz(Qz)T'F(Qz)TQz:2(—P()—P3) =2(PO—P3)

0,(0)" + (00, +0,(0)"+(0,)" 0, =4 P°
2. The vacuum energy is an order parameter for SUSY breaking
By definition, SUSY is unbroken in the vacuum if

Qa‘0>=0 ) Qd\()):()

From the above expression for P we have
0,]0)=0 and Q,|0)=0 < (0|P°|0)=0

indeed, (0| P°|0) = =10, [0} + @10} +3 10, [0) 17 + 5 10 |0) 1>

NB: In ordinary QFT we can shift freely the (renormalized) zero-point of energy. In a SUSY theory the
zero-point of energy is physical (compare with GR and cosmological constant).
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Reminder: Lie algebras

Def. A Lie algebra over R (resp. C) is a vector space V over R (resp. C) equipped with a bilinear
operation| -, ]: VXV — Vsuchthatforallx,y,z€ V

lx, v] = — |y, x] (anticommutativity)

[x, [y, z]] + [z, [x, y]] + [V, [z,x]] =0  (Jacobi identity)

Def. An associative algebra over R (resp. C) is a vector space V over R (resp. C) equipped with a
bilinear operation V X V — V (denoted by juxtaposition) such that forall x,y,z € V

x(yz) =(xy)z (associativity)
NB: If V is an associative algebra, we can equip it with a natural Lie bracket using the commutator

[X,y] =AYy =)y

The Jacobi identity follows from associativity.



Reminder: Lie algebras

Consider a finite-dim. Lie algebra V and choose a basis {¢,}. The Lie
bracket on V' is determined by the Lie bracket of basis elements

le.e] =1, e. f°=—/1p,  structure constants

The Jacobi identity gives a non-linear constraint on the structure constants
d _
f[ab\ c]de =0

Adjoint representation: action of V on itself via Lie bracket

adyY = [X, Y], (ady)?, = Xf,°



Super vector spaces

Def. A Z,-graded vector space (aka super vector space) over R (resp. () is a vector space
V over R (resp. C) together with a decomposition of V of the form

V=V,®V,
Every element in V is written uniquely as a sum of an element in V,, and an element in V.

Non-zero elements x € V|, are called “even” or “bosonic”; we assign to them degree
x| =0 mod 2

Non-zero elements x € V; are called “odd” or “fermionic”; we assign to them degree
x| =1 mod 2

Cn+m

Example: Cm s with the standard basis, where the first n basis elements span Vo

and the other m basis elements span V. Similar story for R"".



Lie superalgebras

Def. A Lie superalgebra over R (resp. () is a Z,-graded vector space V

over R (resp. C) equipped with a bilinear operation| -,-} : VXV >V
(known as the superbracket) such that

» the Z,-grading is preserved by the superbracket
if x, y are homogeneous of degrees | x|, | V]|

then [x,y} is homogeneous of degree | x|+ |y| mod 2
* the superbracket is super-anticommutative

[x,y} = — (=M [y, x)
* the superbracket satisfies the super Jacobi identity

(=M Iy, 2} ) + (=) 2, [y} + ()P [y, [z,x)) =0



Lie superalgebras

Def. An associative superalgebra over R (resp. C) is a Z,-graded vector space V

over R (resp. C) equipped with a bilinear operation V X V — V (denoted by
juxtaposition) such that

» the Z,-grading is preserved by the product

if x, y are homogeneous of degrees |x|, | V|

then x y is homogeneous of degree | x| + | y| mod 2
e the product is associative
x(yz) = (xy)z

NB: If V is an associative superalgebra, we can equip it with a natural Lie
superbracket using the supercommutator

[x,y] =xy—(=)"MPyyx
The super Jacobi identity follows from associativity.



Some examples with matrices

 The associative superalgebra gl(n | m; C)

We consider the super vector space C™”%. Any linear map C*"™ — C"" can be decomposed uniquely into a
parity-preserving part, and a parity-reversing part. In block-matrix notation:

parity-preserving = A0 , parity-reversing = 0 B
O D C 0

where Aisn X n,Bisn Xm, Cism X n, D is m X m. We declare the parity-preserving transformations to be
even/bosonic, the parity reversing transformations to the odd/fermionic. The standard matrix multiplication

preserves the odd/even grading. We get the associative superalgebra gl(n | m; C).

It becomes a Lie superalgebra with the supercommutator.

A, B A, B
Given M| = (Cl D1> and M, = <C2 D2> their supercommutator is
1 )



Some examples with matrices

 The Lie superalgebra 8l(n |m; C)

We start from gl(n | m; C) and we define the supertrace

SIr (é g) =TrA —="Tr D

It does not depend on a choice of basis in the homogeneous subspaces C”, C™ of C*™. One can
verify that the super trace of any super commutator is zero. So 8l(n | m; C) is also a Lie superalgebra
with the supercommutator.

 The Lie superalgebra p3l(n|n; C)

In the special case m = n, the identity matrix [ is an element of 8l(n | n; C) (its supertrace is zero). Its
supercommutator with anything is zero. We say that [ generates a 1-dim ideal of 8l(n | n; C). We can
consider the quotient of 8L(n | n; C) by this ideal (i.e. we mod out all matrices that are a multiple of ).

The resulting superalgebra is denoted p3l(n | n; C).



Some remarks

There is a classification of simple Lie superalgebras over C (V. Kac 1977) which is
similar to the classification of simple Lie algebras

A nice survey of superalgebras over C and their real forms can be found eg in in
arXiv 9607161

The SUSY algebra is not a simple Lie superalgebra...

... but simple Lie superalgebras are found in the study of superconformal
theories

Superconformal algebras were classified by W. Nahm 1978

= they only exist in spacetime dimension < 6



Lie superalgebras: structure constants

Let us choose a basis {e,} of V, and a basis {¢;} of V.

The super Lie bracket on V' is determined by the super Lie bracket of basis
elements. It is customary to write the superbracket as | - , - | if we consider

two even elements or one even and one odd element, and to writeitas { -, - }
If we consider two odd elements. The “structure constants” of the super Lie

bracket wrt to the bases {¢,}, {&;} can be defined as

[ew eb] — fabc € [ea’ gi] — = [gi’ ea] — (Ma)ji gj {81" gj} — (Ba)lj €a

Super anticommutativity:

Jab = —Jva (BY);; =+ (BY);



Lie superalgebras: structure constants

le,, el :fabc €. le,, el = —l¢g,e,] = (Ma)ji €; LEps 8]'} — (Ba)ij €,
Implications of super Jacobi:

* Three bosonic generators
£..2f. €+ cyclic in abc = 0
.e. the even subspace V), is an ordinary Lie algebra

* One fermionic generator and two bosonic generators
(Ma)ik (Mb)kj — (Mb)ik (Ma)kj = fub (Mc)l:j

.e. the matrices M , form a representation r of the Lie algebra V/,



Lie superalgebras: structure constants

[ea’ eb] zfabc €. [ea’ l] — = [gl’ a] — (M )] {819 8} — (Ba)y a

Implications of super Jacobi:

* Two fermionic generators and one bosonic generator
Jeo (B b)ij — (Mc)ki (B a)kj — (Mc)kj (B =0

i.e. the structure constants (B“) = (B“) are invariant tensors of the rep.

ad ® (r* Qsym r*) of the even part of the superalgebra

* Three fermionic generators
(BY);; (M), + cyclic in ijk = 0

i.e. a non-linear constraint on the M , B“ matrices



Supersymmetry and supergravity

Lecture 3



Reminder: reps of Lorentz algebra

The Lorentz algebra:
s Dol =0, =10, s — i, Jy, +inysJd, o pv, ... = 0,123, n,, = diag(—1,1,1,1)
We can arrange the 6 generators J/w = — Jw into two commuting sets of angular momentum generators
7. = J23, 731 J12y K, = (J10, j20_ 30y i=123
Fr=F i %, 75 I =iep I [fif;]=0
We label irreps by a pair of integer or half-integer spins (ji, j»), Ji»J» = 0,4,1,>

929 929 * e
Examples:

. (l,O) and (O,l) are positive and negative chirality spinor irreps
2 2

. (%, %) IS the vector representation

. (1,0) and (0,1) are the imaginary (anti)self dual parts of an antisymm. tensor ij = l<T +L¢ ,,pgT'O 6)



Some notation and conventions

Consider an operator in a representation r of the Lorentz group with indices &, &
[ O] = = (S},)7 5 O

The matrices (S//‘;y)ﬂ % furnish a representation of the abstract Lorentz algebra

[/,”/9 ]_<l}/]/,tp LO (ﬂey)>_(p(_)6)
(S,fy)ﬂ% (S;g)cggg — (S;g)ﬂqg (Sﬂy)cggg — (i m (S;g)ﬂgg —(u < V)) —(p < o)
NB: The generators J ,, are hermitian operators (JW)T = J,,, in the (infinite dim)
r \
)

Hilbert space. The matrices (5,,)” 4 are finite-dim but not hermitian.

Recall: there are no unitary finite-dim reps of the Lorentz group.



Some notation and conventions

|f ’l/w = — /1,44 are the (real) parameters of an infinitesimal Lorentz transformation, we write

5,07 = éﬂ’w (Sp)" 5 O

In this language the Lorentz algebra is encoded in the commutator of two variations:
5,06,07 =6,6,07=6,07  where  M'=1"1"—( < 2)



Reminder: reps of Lorentz group in 4d

Example: vector representation

' ; l U (QV
(S;Zsc)pa — = 15,5 "Ny T 155 7]/,10 ) 5 A* (S,usc)pa = /1;00

The Jd and JP commutators can be written as

|/

H L

9771 = = (S T+ (S I7) s e P = = (S5, P

These commutators simply mean that J”°, P” transform under the Lorentz group as expected
from their indices:

l
577 = (S 7+ (SO ) = 40 T+ 4, 7"
l

O,P7 = =AM (S5 PT= A P

1%



Gamma matrices

The basic “building blocks” to construct general representations are obtained via spinorial representations.
We start from the Clifford algebra

Yy +ytrt =20,
We work with 4d gamma matrices in a “chiral basis”:

, (O ia”) 00=—|]2 01=+0x 02=+0y 03=+0Z
0" 0 c'=-0, 60 =—0, 0=—0, 00 =—0,

where the standard Pauli matrices are

o _ (01 (0 i _ (1 o0
~~\10)/" 7 \i o) "= \o -1

NB: yo = — Yo Is antihermitian; yl = 71 y2 = ¥, y3 = y5 are hermitian.
The chirality matrix is

l, 0
r=iy’y'y’y = (0 —u) , rr+ry’ =0
2



Lorentz generators

* Using the gamma matrices we construct a representation of the Lorentz algebra:

. l
Dirac _
Sﬂyll’aC — Z (ylu Yy — 1y }///t)
S/];)yirac Sg)girac . S))Ddirac SILI;irac — ( i 7]/4,0 SzPairaC _ ( U < 1/)) _ ( D 6)
* The transformation law of a 4-component Dirac spinor is

5 = é/lﬂ” Sy

* This representation is reducible. This is manifest in the chiral basis

U 1

- u Ul _ U
: 1O 0 o' =—(0"0 —o0" O
H — ( 0 laﬂ) SDirac_ g 4( )
* —U ) Uy - ¢ — , _ 1 _ _
1o 0 0 17, " = - (" 6" — & o*)



Lorentz generators

The chiral blocks i 6/ and i 6" furnish irreps of the Lorentz algebra: we identify
them with the (%,O) and (O,%) reps.

Check: earlier we defined
— (7123 731 712 — 710 720 430 + __ :
jl_(*’ 9J 9J ) ’ ‘%l_(J 9J 9J )5 ji_jiil‘%i
These expressions imply that

intherep J* — ic"¥ we have
1 _ 1
J = (2 5 0p50), Ji =(000) : thisis(5,0)
intherep J* — i6"Y we have

+ 1 _ . 1
ji — (09090) ! j (2 X2 2 ya EGZ) . this is (093)



Spinor indices

We decompose a 4-component Diral spinor ¥ into two chiral Weyl spinors

W L.
Y = ( ) , a,p=12, a,p=1,2 (Van der Waerden notation)
X

Remarks:
1. Notice the dotted/undotted VS upper/lower arrangement of spinor indices

2. At this point the bar on )76‘ IS just part of the name of the Weyl spinor
The index structure on the chiral blocks of the gamma matrices is
Dirac __

0 (6" i(6,),, 0
l’(gﬂ)dﬁ 0 HY 0 1 (o )dﬁ

}/ﬂ

The Lorentz variations of y/, 7% are

1 U p = I W= o, TP
511,/(1:—5,1 0,)d ws X =—5/1 (6, X



Spinor indices and SL(2,C)

* Define the antisymmetric symbols (we follow the conventions of Wess-Bagger)

0 —1 af 0 1 0 —1 o 0 1
€ — ; € — ; €., —= ; € —
b (1 0) (—1 o) b (1 0) -1 0
* These symbols are invariant under the action of the Lorentz generators:
(6"), €5, + (6" €, =0,  (6"),% €’ + (c"),/ e’ =0
(@Y ye5+ @@V e, =0 , @)% e+ @Y, =0
- The tensors €5, e’ are the invariant tensors of the group SL(2,C)
M“ﬁ M €y = (det M) €ps = €ps  for M e SL(2,C)

* Interpretation: spinor indices are indices of the fundamental 2-dim representation of

SL(2,C)



Spinor indices and complex conjugation

* Dotted and undotted indices are exchanged by complex conjugation:

1. Start from y, transforming as oy, = ——/1”” (0,) 0 b s and define
'770'5 = (1/105)>I<

2. Using the |dent|ty( )T = — 0, , we have oW, = +— /1””( )ﬂ W

3. Compare with the transformation property &, 7% = —— /1”” (0, )(ﬁ

 The object i, does indeed transform in the dual rep of the object )( (inverse

transpose). This confirms that complex conjugation takes a lower/upper undotted
index to a lower/upper dotted index

* Convention: alway present a spinor with a dotted index as complex conjugate of a
spinor with an undotted index. In this way, spinors with dotted indices have a bar



Raising/lowering spinor indices

We can use the non-degenerate invariant tensors € eV , € e?’ to raise/lower van der

Waerden indices (just like we use m n** to raise vector indices). Since these invariant tensors
are antisymmetric we must be extra careful with minus signs!

We follow the raising/lowering conventions of Wess-Bagger:

= e Yp - Yo = €ap l//ﬁ , A% = ¢t /lﬁ' , A, = €ap AP
Objects with upper/lower a indices transform in dual representationS'
oW = __’W( i’ ‘/fﬂ e /1””( wp v
50" = =5 4 (3,)% S\ Ta = +5 M @G,V 4

For example, we can use (6/),” e’’ + ("), ﬂe?’“ = 0 and check

5,1(€aﬁl/fﬁ) = ——Gaﬁﬂw( wWp W, = /Vw( B Gﬂyl/fy



Raising/lowering spinor indices

We form Lorentz scalars by contracting upper and lower spinor indices
VX s Ve X

Every time that we have a pair of contracted indices arranged as , “

we can turn it into
“ . ; the price to pay is a minus sign. (Same with dotted indices)

WX =~ W X WX =YX,
The tensor (aﬂ)aﬁ with its indices raised gives (%)%
(61 = ¥ ¢Po (6")s;
Invariance of €up IS equivalent to the fact that the Lorentz generators are symmetric in its
spinor indices:

(6")gp =+ (@)g @) =+ (@)*



Index structure for generic irrep (j;, j>)

The irrep (J;, J,) has 2j; symmetrized undotted indices and 2j, symmetrized dotted indices. Upper or
lower is a matter of taste, because we can unambiguously raise/lower them. If we use all lower indices:

O =0

0{1. . .azjlal. . .0(2]-2

(al .. .0{2]-1)(0'51 .. azjz)

1 1
L = —— )M p === p o
5/1@051...052]-1051...052]-2 o A (0/41/)061 @ﬁaz---azjlal---azjz 2 A (G,W)“zjl @aL“aZjl—lﬁal'”aij

1 — \f 1 — \/
1 v P . — JHV P . :
+ p) ﬂ (Gﬂy) 04 @al...azjlﬂaz...azjz + °e °+ o) /1 (G/UJ) 0{2]-2 @al...azjlal...azjz_lﬁ

Under complex conjugation dotted and undotted indices are exchanged:
17

al. . .azjlal .. .a2j2

6

— (@T)dl

.. .azjlal .. .0{2]-2

An object with an equal number of dotted/undotted indices can be real. EQ: 4-vector rep

-t
O = (6", 0, (0) =0, . Oup| = Opa




Majorana VS Weyl spinors

(3

where y, and fd are independent complex chiral spinors. We can halve the number of dof’s in a Lorentz covariant

A Dirac spinor has 8 real dof’s and is written as

fashion by setting ¥, = vy, so that
Vo B .
Y = f 7. where ¥, := (y,)
In terms of the 4-component spinor ¥ this reality condition is the Majorana condition:
P (—iy") = Dirac conjugate = Majorana conjugate = ¥/ C

where C is the charge conjugation matrix

ap
C:<€O O), "' =—-CyrC! Cl'=-C , C'C=1,
€ap

One Majorana 4-component spinor is equivalent to one Weyl spinor. They both have 4 real dof’s. This is the
minimal number of dof’s for a spinor in 4d. Using the 4-component or 3-component notation is a matter of taste.



Caveat on notation

» The objects (6%),,; . (6" (aﬂy)aﬁ , (E”U)é‘ﬁ- and the conventions to raise/
lower a, a indices are all the same as in Wess-Bagger.

 We also decompose 4-component spinors into 2-component spinors as in
Wess-Bagger

* \We have slightly different conventions for 4-component spinors and gamma

matrices:
u _ [ O 10" u _ [0 o
yhere o 1 o+ () vS 7/WB o ot 0



The homomorphism SL(2,C) — SO™(3,1)

* Weyl spinors exist in every even spacetime dimensions, but the

identification of spinor indices with SL(2,C) indices is special to 4d in
Lorentzian signature

e Mathematical statement:
Lie algebra isomorphism 30(3,1) = 31(2,C)

* The analogous statement for the Lie groups is that there is a group
homomorphism

$ : SL(2.C) = SO*(3.1)

e Notation: SO™(3,1) is the identity connected component of SO(3,1)
(proper orthochronous Lorentz transf)



The homomorphism SL(2,C) — SO™(3,1)

More on the map ¢ : SL(2,C) — SO*(3,1):

1. The set of all 2 X 2 hermitian matrices is a real vector space of dim 4, hence it is
isomorphic to R* as a vector space. We can write the isomorphism explicitly using (aﬂ)aﬂ

M=o, x" such that detM = n,, x* x”

2. The group SL(2,C) acts on 2 X 2 hermitian matrices as

M=AMA", AeSL2C) , M =o,x"

3.Sincedet A = 1, we have det M = det M’, which means that x* and x# must be related
by a Lorentz transformation

XH=A XY AR € OB,

4. The map A — A¥ is a group homomorphism; one can prove that its image is SO™(3,1)
and that it is 2-to-1




Supersymmetry and supergravity

Lecture 4



The structure of the SUSY algebra

* QOur goal: find a Lie superalgebra that extends Poincaré and is compatible with non-trivial
scattering

* The bosonic subalgebra is constrained by Coleman-Mandula:

Poincare generators: JMD, Pﬂ , internal compact symm: TA

 From the general axioms of a Lie superalgebra, we know that the odd generators are in
representations of the even part of the Lie superalgebra

 Odd generators fall into Lorentz irreps (J;, J,); their complex conjugates are in the (j,, j;) irrep
[ . N! —
Q al...a2j1ﬁ1...ﬁ2j2 4 Q dl...dzjlﬂl...lﬁzjz 4 I - 19’ ° 9 '/’/

here I is an index for some finite-dim rep of the internal symmetry, and bar [ is the conj. rep.

« What are the viable options for j; and j,?



The structure of the SUSY algebra

* Let us consider the 0, Q anticommutator. It must be Lorentz-covariant. From the composition of
angular momenta, the J, O anticommutator contains the irrep (j; + j,, j; + J»), and possibly others.

e We also notice that

(O 1 Qii...il...l} = Q" 4i. D@ i D@ i DO D

(no sum over ) is a positive-definite op. in the Hilbert space of the theory. If the generators O, Q are
non-zero, this anticommutator cannot be zero

« The bosonic generators we have are P, in the (%, %), J,, inthe (1,0) & (0,1), and T in the (0,0). We
learn that

ht+ih<l1
« Spin-statistic tells us that the odd generators O, Qshould have half-integer spin.

Lesson: odd generators Q, Q can only be in the (l,O) or (O,l) representations
2 2



The structure of the SUSY algebra

. We write the odd generators as Q' - Qj 4 heir anticommutator must give

P and must be written in terms of invariant tensors of Lorentz and internal
symmetries

(0 0} = 21" (") P,

« Taking T on both sides, we learn that h' is a hermitian matrix. We also
know that if we set @ = 1, f = 1 the LHS is a positive-def matrix in its 1, J
indices. Using a unitary redefinition of the Qla, Qld we can set

h[f — 5].7



The structure of the SUSY algebra

« We learn that the indices I, J are indices of a hermitian rep, because Wl = st

s an invariant tensor. We can use 6" , ;710 turn upper barred indices into lower
unbarred indices

QIO’( ‘= hIJ_ Q]d ’ {Qla’ QJ,B} =2 5[] (Gﬂ)aﬁ P,u
 The supercharges are in a unitary representation of the internal symmetry algebra
[TAa Qla] — = (tA)IJ QJa , [(tA)IJ]>I< — (tA)J , [TAa Q]d] = + (tA)JJ Q]a

where the hermitian matrices ¢, satisfy the same comm rels as the generators 1,

[Ty, Tgl = ify5" Tc, (14, 15) = if45" 1c



The structure of the SUSY algebra

. What about the P, Q Commutator’? A priori it may vield (1, ) and (0, 2)

There is no generator in the (1, ) rep, SO we can only have [P, 0] ~ O or

|P, O] = 0. The super Jacobi |dent|ty rules out the first possiblility, so
[P,u? Qla] — O ’ [P/p Q]a] — O



The structure of the SUSY algebra

» The only piece missing is the Q Q anticommutator. It can yield (0,0) or (1,0), so
it can only contain J/w or the internal symm generators 1,

 Super Jacobi and [P, O] = 0 exclude J,.,» SO we can only write

{Qlop Jﬂ} — ZIJ eaﬁ | ZIJ — (ZIJ)A TA
e Since the anticommutator is symmetric, we must have
(ZIJ)A — (ZJI)A
e Taking T we get

{Qlaa Qjﬁ'} = €ap (Z]J)A Iy (ZIJ)A c= [(ZU)A] * 1y



The structure of the SUSY algebra

 We already know that all TA’S commute with P and J, so this is also true for the linear
combinations Z" = (ZM)4 I

e Super Jacobi shows that the 7"’ also commute with the supercharges

[Z,0] =0=[Z Q]

 We haven’t used the fact that (ZU )A must be an invariant tensor of the the internal symm
algebra g generated by the 14’s

e (ZY) has one adjoint index and two indices in the rep with generators (tA)I 7, SO
N
0 = 5(Z"Y" = (tp)" ) ZM)' + ()" (Z) + (1) (Z27)°
5
where (7)Y ¢ = f”

e The above is the same as
[TA9 ZIJ] — (tA)IK ZKJ _ (tA)]K ZIK



The structure of the SUSY algebra

[TA9 ZIJ] — (tA)IK ZKJ o (tA)JK ZIK (*)
. The above commutator shows that the linear combinations Z = (Z/) Iy

generate an invariant subalgebra of the internal symm algebra g generated
by the 1,’s

« Coleman-Mandula tells us that g consists of simple, non-Abelian, compact

factors plus 1t(1) factors. The non-Abelian part cannot accommodate (*) so
we learn that

7N = (ZW)A I’y lie inside the Abelian part of the internal symm alg

. Conclusion: the Z/’s have zero commutators with everything! They are
called central charges.



Recap

The supercharges transform in the (%,O), (O,%) reps of the Lorentz group and are
translationally invariant

They can be charged under the internal symmetry algebra g = span(7). If they are
charged, they transform in a unitary rep

[T,,0' 1=— ()"0’ , t, hermitian |, LJj=1,.../
The Q0 anticommutator is universal
I A _nsl
{Q a’ Q]ﬂ} - 25 ](Gﬂ)aﬂ.PM
The Q0 anticommutator can yield a linear comb. of generators of g ....
{Qlop Jﬁ} — ZI] eaﬂ | ZIJ — (ZI])A TA | (ZIJ)A — (ZJI)A
. provided that
[Z", everything] = 0 |, (tA)I P 78 4 (tA)J % 7'k =0



Minimal supersymmetry

* When there is only one supercharge we omit the index /. Since 7" is
antisymmetric, it vanishes: there cannot be any central charges. We get

the minimal SUSY algebra, referred to as 4d 4 =1
{0, 05} =2(c") P,
19 st =0
{Qéﬁ Qﬂ} =0



Some remarks

We have gone through a sketch of the Haag-Lopuszanski-Sohnius
theorem

Our exposition follows Wess-Bagger and Weinberg vol Il (with some
changes in notation)

If we only have massless particles, the allowed bosonic Lie algebra of
symmetries is conformal algebra + internal symm algebra. It is extended
to a superconformal algebra

Non-conformal SUSY is also referred to as Poincaré SUSY to distinguish it
from superconformal symmetry



R-symmetry

The term R-symmetry refers to any symmetry transformation that acts
non-trivially on the supercharges

In math language: automorphism of the SUSY algebra

“Inner automorphism”: the action of 1, on Qla

[T,,0' 1=— ()" ;07 for those T, for which (z,)" ; # 0
“Outer automorphism?”: a redefinition of the supercharges

Q,Ia — %IJ QJa

that preserves all (ant)commutators



R-symmetry

« Example: the 4d ./ = 1 SUSY algebra is invariant under the U(1) transf

Q,=e"Q, , 0,=e¢"Q, , seEl

 CAVEAT: the R-symmetry of the SUSY algebra is not necessarily a
symmetry of the theory!

1.
2.

It can be broken explicitly by interactions in the classical Lagrangian

Even if unbroken classically, it can be broken at one-loop by a
quantum anomaly

Even if preserved at the quantum level, it can be spontaneously
broken in the vacuum



Supersymmetry and supergravity

Lecture 5



SUSY and 1-particle states

* 1-particle states are unitary irreps of the Poincaré algebra
* Recall that (see eg Weinberg Vol |)

> 1-particle states are labelled by their 4-momentum, plus “internal” discrete labels. They have
definite mass

P¥|p,o) =p|p,o) ., m*=-p,p* ., m>0
> Using a Lorentz transformation we can map p* to a standard representative
m>0: pt=(@m0,0,0) ; m=0: pt=(E00KFE)
where £ > 0 is some reference energy scale
> The subgroup of the Lorentz group that preserves the reference p* is called the little group
massive case: SO(3) ; massless case: 150(2)

» |n the massive case the label o is the integer or half-integer spin (eigenvalue of JZ)

> |n the massless case it is the integer or half-integer helicity (eigenvalue of spin along the
direction of 3-momentum)



SUSY and 1-particle states

The SUSY algebra organizes 1-particle states into supermultiplets

Since [P, O] = 0, all states in a supermultiplet have the same mass

Recall: each supermultiplet contains an equal number of bosonic and
fermionic dof’s

We study massive and massless cases for minimal and extended SUSY In
turn



Minimal SUSY; massive particles

« We use p* = (m,0,0,0) and oV = — 1,
{Qaagﬁ}zzméa / {QaaQﬁ}zo / {Qa,gﬂ}=0
. NB: 5(15 is an invariant tensor of the little group SO(3). We can trade lower

(upper) dotted indices for upper (lower) undotted indices. The «a indices
are now fundamental indices of the SU(2) of spatial rotations

* This is the algebra of a set of independent fermionic oscillators

a,=—Q,, a'*“=(@) =—=)
2m 2m

V2m V2m
{a,,ay =6, Hagpagd =0, {a™a"}=0



Minimal SUSY; massive particles

Reps are constructed using a “Clifford vacuum” defined by two properties:
1. It is annihilated by all annihilation operators

a,|€;s,s;) =0
2. It transforms in an representation of the little group SO(3) of definite spin
J. 1€ s, 85) = 53|8255,83) Jz\Q;S,S3) =s(s+ 1) [ Q; s, 55)
As usual, s is integer or half-integerand s; = — 5, — § + I,....s—1.s

We can also denote the Clifford vacuum as a tensor with 2s symmetrized « indices | 2)%1%s,

How do we know that a Clifford vacuum exists? Take any state |y) in the supermultiplet. If a ly) =0,
define |y') = |y), otherwise set |y') = a; |y). In this way we are sure that @, | y’). Repeat the logic
with a,.

The condition a, | yw'y = 0 is manifestly rotationally invariant. This is why we can label the Clifford
vacuum with s, s3.



Minimal SUSY; massive particles

We act on the Clifford vacuum with the creation operators. The simplest case is
s = (. The states we have are

| Q2) scalar of SO(3)
a’| Q) spinor of SO(3)
a“a’’|Q) x e (67,5 a'”a’? Q)) scalar of SO(3)

Interpretation: these are the 1-particle states of two real massive scalar fields and
one massive Majorana fermion field. It is customary to pair the two real scalar fields

into a single complex field. This is usually called a massive chiral multiplet

NB: in a QFT where parity P is a symmetry, the two scalar fields have opposite
Intrinsic parities (one is a scalar, the other a pseudoscalar). For detalls, see
Weinberg vol I



Minimal SUSY; massive particles

1

The next caseis s = > When we act with creation op’s on the Clifford vacuum, we have to combine

their spins. From the familiar rules for combining angular momenta
1 1
)@ () =0)& )
Notation: () is the irrep of SU(2) with spin s, 2s € Z,, Casimir s(s + 1)

The states we have are

Q) (5)
€507 |Q)°  and  a"* | Q)Y 0) & (1)
e,5a'a’®| Q)" (3)

Interpretation: these are the 1-particle state of one real massive vector field, one real massive scalar
field, and two massive Majorana fields. This is a massive vector multiplet

NB: in a QFT where parity P is a symmetry, the two fermions have opposite intrinsic parities.



Minimal SUSY; massive particles

The general story is similar.
Acting once on the Clifford vacuum: (%) R (5) = (S—%) o>, (S+%)

Acting twice on the Clifford vacuum: because the creation operators anticommute,

a®a’l ~ ¥ (eyé aJ”’aJ”S). Acting with €, a'7a" does not change the SO(3) spin.

In summary: massive multiplets of minimal SUSY

noa'’s (0)

1 no a'’s (s) 25 + 1
s=0| onea’ (3) 2| s5>0| onea’ (s—3)®(s+3) 4s+2
1

two al’s  (0) two a'’s (s) 2s + 1

NB: the Clifford vacuum is a boson for integer s, a fermion for half-integer s
We have included the no of states. There is always a balance between bosons and fermions



Minimal SUSY; massless particles

« We use p = (£,0,0,E) and o’ = — 5, 6o = + o,

{Qa’ QIB} =4E <(1) 8) ’ {Qa9 Qﬁ} =0 ’ {Q(p Qﬂ} =0

ap
» The supercharge with @ = 1 and its conjugate give one set of fermionic oscillators

_ | P t 1 —
a = Coal = , a,a'l =1,
VE 0, B (Q)) a,a'}
» The supercharge with @ = 2 and its conjugate anticommute
HQz‘l//Wz = 0
Q,(Q)"+(0)" 0, =0 = ; ) for any state |y)
1O; Iy~ =0

. The inner product in the 1-particle Hilbert space is positive definite, so ), = 0 = Q;



Minimal SUSY; massless particles

« The relevant quantum number in the massless case is helicity. With our choice p* = (E,0,0,E) of
reference 4-momentum, helicity is the eigenvalue A of J,

* From the JO commutators we find
1 1
[JZ’ Ql] — _EQla [Jz9 QlT] — EQIT

 We learn that the annihilation operator a lowers the helicity by 1/2, and a’ raises it by 1/2

 The Clifford vacuum is annihilated by a by definition, so it has the lowest helicity in the supermultiplet
alQ4)=0, J Q1) =21[Q;1)
« Acting once with a’ we get a state of helicity /1+%

J.a®|Q; 1) = (/1+%) a’ | Q;A)

» Lesson: the general massless SUSY multiplet has two states of helicities 4, A + 1/2. A can be any
integer or half-integer



Minimal SUSY; massless particles

CPT must be a good symmetry in any relativistic QFT. To preserve CPT we need to consider
a pair of massless SUSY multiplets:

noa' 1 | noa’ —1-1
fogy ] together with 2
oned ) onea’ =1

Relevant examples:

« A =0: the 1-particle states correspond to two real massless scalars and one massless
Majorana fermion (equiv. one massless Weyl fermion). This is a massless chiral multiplet

« A =1/2: the 1-particle states correspond to one real vector boson and one massless
Majorana fermion (equiv. one massless Weyl fermion). This is a massless vector multiplet

NB: There is a SUSY version of the Higgs mechanism, in which a massless vector multiplet
“eats” a massless chiral multiplet to give a massive vector multiplet



Supersymmetry and supergravity

Lecture 6



Extended SUSY; massless particles

Let us now turn to extended SUSY; we study the massless case first: p# = (E£,0,0,E)

(0,0} =4Ed, <(1) 8) LI=1,.,

ap
I nJ \ — 1J D DN e .7
{Q a’ ﬁ} — GaﬁZ ’ {Q]da Q]ﬂ} — GdﬂZ]]
The first anticommutator gives
(Q')(Q)"+(Q)'(Q') =0 nosumon/
so it is still true that le IS represented by zero. From the relation
ZV = - {le sz} - QI1 sz — sz QI1

we conclude that the central charges Z" must also be represented by zero.



Extended SUSY; massless particles

We have a collection of fermionic creation/annihilation operators

1 I 1\ — sI I J\ _ ot —
— | a,a'l=0; , {a,a’'l=0, {a',a!'l =0
2 ﬁQ (a,al} (a',a’) (al,al}
All the a’s and a"’s have definite helicity
[Jza al] — _%al 1 [ J(] — + an

The Clifford vacuum is annihilated by all a’s and thus has minimal helicity
al |Q;0) =0, J|Q1)=21|Q)

We act on the Clifford vacuum with the a@"’s in all possible ways.



Extended SUSY; massless particles

The a™’s anticommute, so we get states that are totally antisymmetric in their / indices.

The latter are indices of an U(.//") R-symmetry.

T
ar,

t
U]

state

€ A)

Q5 \)
Q; \)

helicity

A\
A+ 3
A+ 1

aly ap A A+ 5p

I T . 1
a[h ...CLIN] ‘Q,)\> )\—|—§N

For generic values of ./ and A we have
include by hand the CPT conjugate
multiplet

The degeneracies ensure the balance
between bosonic and fermionic states



Extended SUSY; massless particles

The interactions of massless particles of helicity |A| > 1 are very constrained:

* a massless boson of helicity =1 must be a gauge boson in a gauge theory, which couples to
an internal symmetry current

« a massless fermion of helicity £3/2 must be the so-called gravitino, the field that couples to
the supersymmetry current (supergravity)

* a massless boson of helicity =2 must be the (unique) graviton, which couples to the (unique)
stress tensor of the QFT

It is not known how to write interactions for massless particles of higher helicity in 4d MinkowskKi.

These physical arguments give us a bound on helicity, hence a bound in the number of SUSYs:

> |f we want a QFT without dynamical gravity

A <1 hence N <4
> |f we allow dynamical gravity (supergravity)

Al <2 hence N <8



Extended SUSY; massless particles

N = 2 vector multiplet

Q) -1 1 Q) 0 1
a'|Q) -5 2 and the CPT conj.  a'|Q) = 2
a'a’|Q) 0 1 a'a’|Q) 1 1

real vector A, + complex scalar @ + Weyl fermions A

NB: [ = fund index of $11(2).
They all transform in the adjoint rep of the gauge group.




Extended SUSY; massless particles

A = 2 hypermultiplet

Q) -5 1

a"lQy 0o 2 + its CPT conjugate
a'a’|Q) +% 1

4 real scalars + two Weyl fermions

In SUSY gauge theories, hypermultiplets are the matter fields. Their 4 scalars
and two fermions transform generically as R @ R where R is any

representation of the gauge group and R is the conjugate rep



Extended SUSY; massless particles

N = 4 vector multiplet

Q) 1 1
a' | Q) —% 4
a'a’|Q) 0 6 (CPT self conj.) = real vector Aﬂ + 6 real scalars + 4 Wey!
a'ata’ | Q) % 4
a'a’ata"|Q) 1 1

fermions

The R-symm algebra is $u(4), = 80(0),. The fermions are in the fundamental of $11(4).

The 6 real scalars are in the vec rep of 30(6). (This is a real rep, that’s why this multiplet
can be self CPT conj.)

All fields transform in the adjoint rep of the gauge group.




Extended SUSY; massless particles

What about /J/ = 3 ?

It turns out that a ./ = 3 vector multiplet (plus its CPT conj) is the same

as a /I = 4 vector multiplet. Any Lagrangian theory with // = 3 SUSY is
also automatically /4 = 4.

This does NOT hold for theories without a Lagrangian descriptions.

Interesting superconformal 4d ./ = 3 theories (that are not ./ = 4) have
been constructed recently, but are strongly-coupled



Extended SUSY; massless particles

NB: extended SUSY does not allow for chiral reps of the gauge group

e For /' = 4 we only have vector multiplets, and all fields are in the
adjoint representation, which is a real representation

» For /' = 2 we can have vector multiplets in the adjoint or
hypermultiplet in the any rep R @ R, but these are real representations

The positive-chirality and negative-chirality fermions in the standard
model transform in different representations of the gauge group.

For applications to pheno, 4d /4 = 1 is the most promising



Extended SUSY; massive particles

In the massive case p" = (m,0,0,0) and the little group is SO(3)
{Qla, QJ,B} :2m5IJ5a’B I,J: 1,...,«/’/

{Qla» QJ,B} = Cap Al {Qma QJ,B} = €ap ZIJ

Since the operators 7" commute with everything, all states in a

supermultiplet have the same eigenvalue of Vil (which we denote by the
same symbol).

For definiteness we analyze ./ = 2. Similar story for /' > 2



Extended SUSY; massive particles

By a unitary redef of the Qs we can cast Z" in the standard form

-7 0
The SUSY algebra becomes

{Qla’ Q],B} — zmélféaﬁ , {le Jﬁ} — Gaﬁeuz ’ 1 Q4 QJ,B} — Gaﬁ'euz

Useful redefinition:

7V = ( 0 Z) =eZ with Z real and positive

_ I 1 ). . _ | I .
Uy = ﬁ(Q a+€aﬂ5ﬂﬁQ2ﬂ> ’ ba_ %(Q a_eaﬁéﬁﬁQ2ﬁ>
The algebra becomes

la,a’}=Q2m+2)68, , {b,b"’}=2m—-2)8/

(@, ag) = {ag by} = {by by} = 0



Extended SUSY; massive particles

la,a’}=Cm+2)s, , [b,b"’}=2m—-2)6yL
(@, a5} = (a4 by} = {by by} =0
We can prove the “BPS bound”
/Z<2m
Proof: The bb" anticommutator implies in particular
2m —Z = b, (b)) + (b))" b,

Let us take the VEV of the above on any state |y) in the supermultiplet

@2m = Z) I I = 11y 1) I* + 1B [w) 117

We conclude that the c-number 2m — Z is non-negative.

BPS stands for Bogomol’'ny-Prasad-Sommerfield. These authors derived a similar bound
between mass and charge of monopoles in non-Abelian gauge theories.



Extended SUSY; massive particles

We have two qualitatively different cases whether the BPS bound is saturated, or not
e GenericZ < 2m: “long multiplets”

After a suitable rescaling, both the a,’s and the b ’s are standard fermionic oscillators. The Clifford
vacuum is annihilated by all @,’'s and b,’s. We act on it with a'®s and b'®s in all possible ways.

For example: if the Clifford vacuum is a scalar

Q) 1

a' |QY, bT|Q) 4
a'a"|Q)y, bTbT|Q),a b |Q) 6
a’a’h|Q) , a"hThT|Q) 4

a'a"b"b'|Q) 1

Total of 8 + 8 states



Extended SUSY; massive particles

We have two qualitatively different cases whether the BPS bound is saturated, or not
e Special Z=2m: “short multiplets”

In this case the b,’s and b'®s are represented by 0. We only have one set of fermionic oscillators. In

other words, all states in the multiplet are annihilated by half of the supercharges: “1/2-BPS
condition”

For example: if the Clifford vacuum is a scalar

| €2) (0) 1
a’| Q) 3 2
€5 a'’a™|Q) (0) 1

Total of 2 + 2 states (cfr with 8 + 8 in the long multiplet)

Quantum corrections cannot change the size of a multiplet. The relation Z = 2 m must remain exact
at the full quantum level. This includes non-perturbative corrections!



Supersymmetry and supergravity
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SUSY action on fields

* \We have studied the action of the SUSY algebra on 1-particle states

* \We know that particles are quanta of fields. To write SUSY Lagrangians,
we need to study the action of the SUSY algebra on fields

» Useful language: SUSY variations of fields in the Lagrangian



A bosonic example

Purely bosonic analogy: a set of complex scalar fields X" that transform in the
fundamental rep of an SU(n) internal symmetry

Abstract SU(n) algebra: \7T,T,1=1if,°T. a=1,..,n*—1
SU(n) variation of fields: 5/1Xi = 1A (ta)ij X 1=1,...,n
A% real param’s of infinitesimal transf.; (ta)"j . generators of SU(n) in the fund rep

The commutator of two variations encodes the abstract algebra:
5,6, X' =68, [i A5 (1) XI| = iA5(t,)8, X =i 25 (1) ;i A7 (1) X*
5,6, X' = 8,6, X' == AN [1, 0], X =+ i1 45 f,° ) X
5,6, X' — 6,6, X =6 X A5 = fopt AL AY



Anticommuting parameters

* Since the supercharges are anticommuting, it is convenient to take the SUSY
parameters to be anticommuting c-numbers (aka Grassmann c-numbers)

» For4d A = 1 the supercharges are Q ., O, = (Q,)" so the SUSY parameters are
¢, &, = (£,)*. All their components anticommute with all other components

 If X stands for any field, we use the notation

Here (Q, - X) and (0% - X) denote the fields into which X is transformed by SUSY.
They have opposite statistics to X. The SUSY params anticommute with the

operations (Q ), (0%)




Anticommuting fermionic fields

* The fermionic fields in the classical Lagrangian are also anticommuting c-
numbers

* |In the quantum theory they are promoted to operators that satisfy non-
trivial anticommmutation relations

e The components of a (classical or quantum) fermionic field y,,
v, = (y,)* anticommute with the SUSY parameters

g(xl//ﬂ — = l/jﬁga 5 fal/_jﬂ — l/_/ﬂfa , etc.



SUSY action on fields

 The anticommutator of two supercharges is encoded in the commutator of

two SUSY variations. For example, if X is any field
0, 05X = £ Q- [5p(@ - X)] = = €785 Q0 (@ X)
5z, 0: X = &g O - [E0(Q, - X)| = = &3 E0 0P - (Q, - X) = + &7 &, O - (O, X)
5: 05 X — 85, 0: X == E1 85[0, (@7 - X)+ OV - (O, - X))
= -8, (0,0} X
= +&&8 (0,05 X



SUSY action on fields

0, 05X — 07, 0. X = &7 & {Q,, O} - X
The SUSY variations of fields must furnish a rep of the abstract SUSY anticommutator
1O Qﬁ'} =2 (aﬂ)aﬂ- P,. Similar story with the other anticommutators.

We introduce the compact notation
51 = 551951 , 52 = 552?52
We must have
5152X—5251X:2(510/452_520”51)})”‘)( : Pﬂ‘X:—iaﬂX
These conditions are usually referred to as “closure of the SUSY algebra”

The param of a translation has mass dim = — 1. We learn that the SUSY params must
have mass dim=—1/2



Intermezzo: more spinor technology

« Recall that spinor indices a, o are raised/lowered with €ap e , €apy e

l//a=€aﬂl//ﬂ , l/jazeaﬁl/jﬁ , 6122—1, 612=+1

and idem for dotted indices (Wess-Bagger conventions)

» In every expression where we find a pair of contracted indices as © , we can always flip
them to the configuration , “ ; the price to pay is a minus sign

» If the objects y,, 4, are anticommuting we can write

l//aﬂa=_l//aﬂa=+ﬂal/fa y WaIaz__aIa=+Iawa

* Index-free notation for bilinears: when we omit undotted indices, they are understood to
be in the “ , configuration; for dotted indices, the implicit position is instead , “. Eg:

WA=y, WA=y, A



Intermezzo: more spinor technology

e Vector bilinears:

W (06")y 7 =wo'y To @)y =xoty
e Jensor bilinears:
v () s =we . G =y

* There are various “flip identities” for bilinears. For example, we know that
(6% = (6*Y* and this implies
Yoy =)7a(5ﬂ)dﬁl/fﬁ = — Wﬁ(aﬂ)dﬁfa
— — Y (Uﬂ)ﬁd Yo = — l/fﬁ (Uﬂ)ﬁa )?d = —yo'y

 NB: all spinors are assumed to be anticommuting



Intermezzo: more spinor technology

* To check the reality properties of bilinears we need the fact that complex

conjugation reverses the order of a product (convention inspired by T on
operators)

Wy xp)* = )™ W)™ = X3 W,
* For example:

7oy = 7, @ = 5[ g,
= 7; @V g, =Wy



Intermezzo: more spinor technology

* EXxpressions with 3 fermions can be manipulated using “Fierz identities”
- A simple example: the quantity y, 45 — w; 4, is antisymmetric in aff and

hence must be proportional to €ap We can fix the prop. constant by taking
a trace:

Yo /lﬁ o l//ﬁ /Ia — (l//;t) 605,5
o Contract both sides with )(ﬁ and rearrange:

WD)y, + ) A, + Uy, =0



Free massless chiral multiplet

The 1-particle states are two states of helicity 0 and a pair of states of helicities =1/2.
These states corresponds to a massless complex scalar X and a massless Weyl fermion

Yo
We start considering a free theory. The Lagrangian contains only the canonical kinetic
terms. The canonical mass dimensions of X, y, are 1 and 3/2, respectively.

G [d4x o L =— XX +i0,7, )

NB: the fermion kinetic term is real up to a total spacetime derivative. X is the complex
conjugate of X.

Claim: the SUSY variations are (0 = 0 3)
SX =V2&%,  Sy,=iV2(0",;8 09X



Free massless chiral multiplet

<L =—-0"'X0,X+i0,y, @)y,
5X =1/2 E%, Sy, = iV/2 (6"),58 9,X

This proposal for the SUSY variations passes two basic sanity checks:

 They are manifestly Lorentz covariant

* The mass dimensions of both sides are equal (recall [E] = — 1/2)

How do we know this is correct?

1. The Lagrangian must be invariant under a SUSY variation, up to a total derivative
(so that the action is invariant)

2. The SUSY algebra must close on both X and i,

The first requirement turns out to be satisfied



SUSY commutators

X = /2 &%, Sy, = i/2 (6") s E 0,X
The commutators of SUSY variations on the scalar X:
515,X = 6,(V2 &9) = V2 & (G,
=2 &iV/2(6"E),0,X =2i(& 0" &)X
6,0,X —6,0,X =—2i(§0"&y—&0"E))0,X

It works!



SUSY commutators

5X =1/2 &%y, S, = iV/2 (0", & 0, X
The commutators of SUSY variations on the fermion:
8103, = 8,(iV/2 (6# &), 0,X) = iV/2 (6" &), 0,5, X = 2i (" &), (& )

To proceed, we use the Fierz identity

Gt 20 X0+ 1 X3 Xoa + O X3) X1 = 0 With y =6, o =0y, 3 =o” &

which reads
(619, (0" &)y + (£ 04 &) 0¥, + (0 yo" ) &1, =0
We get (using 0,y o” Ey = — &, 5" oy )
510y, — 6,0y, = —2i (& 6t E — E 67 &) 0,
—2i (&7 0 & +2i (5,5 ) &,



SUSY commutators

0102y, — 0,01, = — 21 (g 0" Ez — ¢, 0" 9?1) a/,tl//a
—-2i(, 0W) Soq +21 (&, W) S

 The SUSY algebra does not close, because of the terms on the second
line...

e ... but they vanish if we impose the fermion EOM
>y B
o 0,y =0

* We say that the SUSY algebra closes “on-shell”



On-shell SUSY actions and variations

 |n the on-shell formalism for SUSY, the action and the SUSY variations of all fields have to be
tuned together, to ensure that the SUSY algebra closes up the EOMs that follow from the action

 When we change the action, we must change the SUSY variations!
 For example, we can include a mass term for a chiral multiplet...

1 1

—m o — — M . a
5 Y Y ) Yo

— _ AUY * Y = (=P VY
L ==-0X0X+ioy, @) "y, —mXX
... but we must modify the SUSY variation of the fermion

5X =V2&%, Sy, =iV2(0M,;89X—\2mXE,

* This way of constructing SUSY actions and variations is referred to as “Noether method”. One
has to find all the correct terms in the action and variation by trial and error.

» Luckily, for 4d ./ = 1 supersymmetry an off-shell formalism exists, in which the SUSY
variations are universal, independent of the action
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Off-shell SUSY for a chiral multiplet

A complex scalar and a Weyl fermion have the same number of on-shell
dof’s, but a different number of off-shell dof’s

* To restore the balance we use an auxiliary field: a complex scalar I

 The field F carries no on-shell dof’s because it is fixed in terms of the
other fields by its EOM

off-shell real dof's on-shell real dof's

X 2 2
W, 4 2

F 2 0



Off-shell SUSY for a chiral multiplet

The SUSY variations are
X =v2¢y .
Sy, = iV/2 (0" 8),0,X+V/2FE,
S5F = i\2EF oy
Remarks:

« The auxiliary field F has mass dimension 2; it is the field with the highest
dimension in the multiplet

« The SUSY variation of F is a total spacetime derivative



Off-shell closure of the algebra

SX=v2¢&w , Sy,=iV2(0"8,0X+\2FE, , 6F =i\/2E5 oy
SUSY commutator on the dynamical scalar:
516X =V2& Gy), =2i(& 0" E) X +2F &6
The additional term with /' drops away when we consider the commutators:



Off-shell closure of the algebra

SX=v2¢&y , Sy,=iV2(c"E,0X+\2F¢E, , SF=i\2E5" 0y
SUSY commutator on the auxiliary scalar:
010 F = 14/2 (52 o) aﬂ(élw)a = -2 (4?2 o' o c,?l) 0ﬂ0UX + 21 (52 "' &) 0ﬂF

Because of the two partial derivatives, we project onto the part symmetric in ur. We
can use the Clifford algebra relation
o' o’ + 06" o' =—-2nt"

5,:5,F = i/2 (&5 0,(8,p), = 2(5, &) 00, X + 2i (8, &) 0, F

The term with X drops away taking the commutator:



Off-shell closure of the algebra

SX=v2&w , 8y, =iV2("E,0X+V2FE, , SF=i\2Ec" oy
SUSY commutator on the fermion:
010y, = i\/5 (6" &,), d,(01X) + \/5 Soa I
=205 0y) (6" &) +20(57 ) &,

To proceed, we use the Fierz identity

X2 30 + Q0 03) Joa + O X3) 10 =0 With =6, o =0y, y3 =0" &)

which reads
() aﬂl/j) (0" E2)06 + (5 0” 6?2) a//tWa T (aﬂllfdﬂ 4?2) Clg = 0
The terms from oF cancel against the “bad” terms and we find

5152Wa o 525lllja = —21 (51 o 22 _ 52 o C::?l) a,}/fa



SUSY kinetic terms

The kinetic terms for the dynamical fields and quadratic for the auxiliary field
are collected in

gkin — —0”)_(aﬂX+laﬂl/_/5”l//+FF

This Lagrangian varies into a total spacetime derivative under a SUSY
variation. Let us perform this check. NB:

 \We always assume that fields fall off at infinity sufficiently rapidly that we
can discard any spacetime total derivative in the Lagrangian

« Even though we want to check rigid SUSY (the parameters ¢, é? are
constant spinors), it is useful to compute the variation under general

spacetime-dependent &, & (this will help us find the supercurrent later)




Intermezzo: complex conj. of the SUSY variations

The SUSY variations are
SX=v2¢&w , Sy,=iV2(0"8,0X+\2FE, , 6F=i\2E5dy
Let us compute their complex conjugates. We need:
Ew)* = (E"y)* = W)* EN* =7, =FE=¢T
and also
[(6")03 &1F = (@) [(6")51* = EP (0" = (E M)
[ET" 0 p1* = [E, (@)Y Owp)* = 0,15, [(8")P]* &, = 0, @V &, = 0,55 &
The complex conjugate variations are

SX=v2E&w, &F,=—-iV2(£c"0X+\2FE, , F=—-i\/20,55"¢



Check of SUSY for kinetic terms

SX=v2¢&w , Sy, =iV2(c"E,0X+\2FE, , SF=i\2E5 0y
SX=V2E&W , 8F,=—iV2(c",0X+\2FE, , 6F=—-i\2055"¢

We start with the kinetic term for X:
5(—0’“‘)_(0”X) = — 0#6X 8ﬂX — @”)_(0”5)( — 5)_(0/"8”)( + 0X dﬂﬁﬂ)_( + 6/4(. )

=2 EP) "9, X + /2 (Ew) "9, X +9,(...)



Check of SUSY for kinetic terms

SX=v2¢&w , Sy, =iV2(c"E,0X+\2FE, , SF=i\2E5 0y
SX=V2E&W , 8F,=—iV2(c",0X+\2FE, , 6F=—-i\2055"¢

Next the quadratic term for the auxiliary field:

S(FF)=F&F + FOSF = i\/2F (3 dp) — i\/2 F 0,5 5" &)



Check of SUSY for kinetic terms

X =v2&w , Sy, =iV2(c",0X+\2FE, , SF=i\2E5 oy
X =\2Ep, 8, =—-iV2(0",0X+V2FE , SF=—i\20p5"¢
The fermion kinetic term:
o(idpo'y)=i00pc'y+io, ooy =—iopc"'dy+id o oy+o,...)
We look at the two terms in turn:
~i 6" =—/2 ("5 dw) 0,X —i\/2F (5 )
2 (66”5 ) 9,0, X +/2(0,£0° 5 y)0,X —i\/2F(E5" d,p) + 9,(...)
In the first term we project onto the part symmetric in uv so we can use o# 6" + o* o = — 2yt
—i 6 oy = —\V2(Ew) 0, X +1/20,E0" 7 )0, X —iN2F(E5 o) +9,(...)

N = s . -
The term i 0, 6" Oy is treated in a similar way



Check of SUSY for kinetic terms

In conclusion:

6L in = V2 W) "9, X +1/2 (Ey) 0"9,X
+iV2F(E5 o) - iV2F 0,75 %)
— V2 €y "0, X +/2(0,60" 5 v)0,X — i\/2F (E5 0,p)
— V2 (@& "0, X +1/2 @5 60,8 0,X +i\/2F (0,55 &) +9,(...)

All terms without derivatives of the SUSY params drop away: we have checked rigid
SUSY!

If we allow the SUSY params to be spacetime-dependent,

58 = [d4x [\/5 (0,£6" 5 y) 3, X +1/2(0,E5" o ) 0,X




SUSY current

We re-write the variation of the action as

5Skin — Jd4x [aﬂfa Jg + aﬂé?a ﬂa]

Jh = \/Z (6" y),0 X , JHE = \/5 (" o p)* 0 X
Suppose we go on-shell. The action must be stationary under arbitrary

variations of all fields, 8S;;, = 0. We conclude that the quantities J*, J** are
conserved on-shell

0J' =0, 9,J%=0

This is Noether’s theorem for SUSY. The SUSY current (aka supercurrent) is a
vector-spinor



Supercharges from the SUSY current

* A conserved current yields conserved charges by integrating over a spatial
slice

Q. J xJ=0 0, J dx JH=
=() =0

. The operators Q. ,, O, satisfy % . =0, %Qz = ()

 They are indeed the generators of SUSY variations, in the sense that
[E2Q + &, Q% D] = 6:z®  forany field ® (on-shell

* |n a given theory, the LHS can be computed using the expression of the
supercurrent and the equal-time canonical (anti)commutators of the
fundamental dynamical fields in the Lagrangian
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Wess-Zumino model with a single chiral

SX=v2¢&y , Sy, =iV2(0"8,0X+\2FE, , OF =i\2E5" 0y
This is the simplest interacting model. The total Lagrangian is the sum of
ZLvin=—0"X0X+ioyd'y+FF
Ly=mXF——myy+mXF——myy
L, =8X’F-gXwy)+gX°F-gX(pp
The parameters m and g are arbitrary complex constants. £ , £, , £ g

are separately invariant under SUSY variations up to tot. der. We will see the
derivation of this fact for £, , £, later



Wess-Zumino model with a single chiral

gkin —_ aﬂ)_(aﬂX+ laﬂl/75”l//+ FF
L = mXF—%WLWl//+ I’I_”L)_(F—%WH//W
L, =¢X°F—gXww)+gX°F-gX(Wp)
The auxiliary field I enter the action:

» algebraically (no derivatives)
e quadratically

This means that we can integrate out the field F' exactly using its equation of motion:

* in the classical theory: we can derive all the EOMs, and plug the EOM for F' into the other

EOMSs; or equivalently compute the EOM for F, solve it for F, F, ang plug them back in the
action

 in the quantum theory: the path integral over F, F is Gaussian and is computed exactly



Eliminating the auxiliary field

Liin=—0X0X+idyc"y+FF

L = mXF—%WLl//l//-I- Ifl_fl)_(ﬁ—%my/l//
L, =8X’F—gX(ww)+5X ' F-gX{Wp

Variation wrt F', F gives respectively
F+mX+gX°=0 |, F+mX+gX*=0
Plugging these back in the Lagrangian we find
— — oMY ' 77 7t
4 =-0"X0X+idyo'y

4 1 1
—|m|*XX—>myy—Smyy

—eXyy—-gXpu-mgXX* —mgXX*—|g|” | X*|°



Action for dynamical fields

P =—dXoX+i0, 5"y

= 1 1
—|m*XX—Smy y—>migy

—eXyy—-gXgy—-mgXX* —-mgXX*—|g|’ | X*|°
Remarks:

e This is a renormalizable model with mass terms, Yukawa interactions, and a cubic
and quartic scalar couplings

. SUSY dictates that different couplings (eg Yukawa and | X? \2) are related in a
prescribed way, because they are determined by the same parameter

 The total scalar potential of the model can be written as

VX, X)=FX)FX) , F+mX+gX°=0 , F+mX+gX*=0



Scalar potential and vacua

VX, X)=FX)FX) , F+mX+2gX’=0 , F+mX+gX*°=0
The scalar potential is non-negative: this is a consequence of the positivity of energy Iin
SUSY theories (H is a sum of squares of Qs)

To preserve Lorentz symmetry in the vacuum, the VEV of the scalar X must be constant.

The scalar EOM dictates that the value of X must be a critical point of V, i.e.

m+2gX)(mX+2gX>) =0 mX+gX)(m+2gX)=0
The stationary pointsare X = —2gm™!, X=0, X=—-—mg™!

The point X = — 2 g m ™! is a saddle point, while X = 0, X = — m g~ ! are absolute
minima of V. Indeed, these points are the solutions to F(X) = 0 and

F=0 => VV=0=V



SUSY is unbroken in the vacuum

We know from the SUSY algebra that the vacuum energy can be regarded

as an order parameter for SUSY. Since our vacua satisfy V = 0, SUSY is
unbroken. We can check it explicitly by looking at the SUSY variations:

. 0X=1/2&y=0 and &F=i\2E5dy=0
because the VEV of yis zero
. Sy, =iV/2(0"8),0,X+V2FE =0

because the VEV of X is a constant such that F' = (



Bosons and fermions have the same mass

Let us expand around the vacuum at X = 0. To find the propagators of the
flelds we only need the quadratic terms in the Lagrangian:

P =—dXoX+i0, 55"y

4 1
—|m " XX—Smyy—>migy

The physical mass of both the boson and the fermion is | m |, as required by
unbroken SUSY.

What about the vacuum X = — mg_l? Expanding around it, one finds again
that both the boson and the fermion have a physical mass |m | .



The model has cancellations at 1-loop

Let us consider 1-loop corrections to the mass of quanta of X (expanded around the
vacuum X = 0). Three kinds of contributions:

Each individual diagram has quadratic and log divergences
 To cancel quadratic divergences we need a relation of the form (quartic coupl.) ~ | Yukawa \2

 To cancel log divergences we need | cubic coupl. \2 ~ |m \2 (quartic coupl.)

Both these conditions are guaranteed by SUSY!
Lo —gXyy-gXpy-mgXX>-mgXX> - [g|"|X*|”



R-symmetry?

The SUSY variations of the fields in a chiral multiplet are compatible with assigning definite U(1)
charges to X, v, F, and the SUSY parameter &

SX=v2&y , Sy,=iV2(c" 9,0 X+V2FE, , SF=i\2E 0y
field/param X W F E
charge Ry Ry—1 Ry—-2 1
Barred fields/params have opposite charges

If this is a symmetry, it is an R-symmetry, because the SUSY parameter has a non-zero charge
(and therefore the Qs are charged, too)

Is there any value of Ry for which this U(1)z action is a symmetry?

. For generic m, g: no. For instance g X w v requires Ry = 2/3, but then m g X X? is not invariant

» Forg =0wecantake Ry = 1. Form = 0 we can take Ry, = 2/3



Supersymmetry and supergravity

Lecture 10



Interacting models with chiral multiplets

We consider a collection of chiral multiplets (X', y, F") with label i. Their SUSY
variations are the usual expressions

SX' =28y, Syl =i\2(c"E),0X +V2F &, , SF =i\2E5 0y
The conjugate fields carry a lower label 1.

We want to study general interacting SUSY models. For the time being, we do
not modify the kinetic terms, keeping them canonical:

gkin - — 0”)_(l-aﬂXi+ i&ﬂl//igﬂl//i‘FFiFi

This is a sum over 1 of kinetic terms that are SUSY invariant (we have checked it
explicitly earlier)



The superpotential

Fact of life: Consider any holomorphic function W = W(X"), known as the
superpotential. The following Lagrangian is SUSY invariant

Ly = FIWX)—= W,X)y' v/ + F, Wi(X)—= WiX) 7,
where we have introduced the notation

oW ‘W oW . ‘W
m — . ‘A/l] — : . Wl — —— Wl] — N —
0X: 0Xi 0X/ 0X, 0X; 0X,

and W(X;) is the complex conjugate of W(X") (hence antiholomorphic)

Example: the simplest Wess-Zumino model is recovered with
WX) = > m X+ g X’



Some SUSY checks

 One can check by a brute-force computation that
Ly =F WX)—> WX w'y! + F,W(X)-= WiX) 7,1,
Is SUSY invariant. We will see a more clever approach using superspace.

* We do not perform the full SUSY check, but only highlight some parts of
the computation



Some SUSY checks

o Let’s be agnostic and parametrize the wanna-be SUSY interaction Lagrangian as
= FIf(X.X)—~ ;XX y'y/ + UX,X)+h.c.

for some unknown (not necessarily holomorphic) functions f;, f.;, U fl] S

symmetric. This Ansatz is general enough to cover all renormalizable interactions
(mass dim of < 4)

e The SUSY variation of the U term IS
oU _
—_— _|_ —_—
\/_ Y 51// \/_ él/fl

e [tis linear in the fermions and has no F: it cannot be canceled by any other term.
We must set U = 0



Some SUSY checks

& =FfX.X)—~ f;(X.X)w'y/ +h.c.
* Let us now collect all the 4-Fermi terms that originate from the SUSY variation. They can only come from the
fy yterms

1 afij o 1 afij _ o
5L D 2 (Eyh) (p' —/2Ewy) Wy +h.c.
5 oxc V2 €O W) =2 V2T ')
. . o,
. For the terms (& w*) (' /) we can use a Fierz identity (£ w*) (W' w’) + cyclic = 0 so ~F can be non-zero,
_ o of;;
provided it is totally symmetric in ijk. We don’t have a similar mechanism for (¢ i) (W' /), so a?”l =0
k

« We writeflj with this property as a the second derivative of a holomorphic function
0*W
0X' 0X/

fi = . W= WX



Some SUSY checks

SX =28y |, Syl =i\2(0"9,0X +\2F'&, , SF =i\/2E5 0y
Z =FfXX)-~ XX y'y/ +h.c.
* Let us now consider terms with one derivative:
5F D iN2EF oy f—iv2f;(w'c"EadX +h.c.

 They must recollect into a total derivative, which requires

fz“aX]=—fl.(')XJ+—f_l(3X- hence i.:i, _f_l:
IR’ oxi M oX, 7o I T X 0X,

» Using the fact that f;; = d;0;W we learn 0,0.W = 0f; , which gives us f; = o,

0



SUSY current

The terms £, and £y, both contribute to the conserved SUSY current

of the model. It can be derived with the trick of spacetime-dependent
SUSY parameters

JF=1/2 (6" 3"y, 0.X; — i\/2 Wi(X) (6" ),

T =1/2 (8° 6" §)* 0 X' — i4/2 W(X) (3" )"
The SUSY currents are conserved on-shell.



Integrating out the auxiliary fields

Lrin=—0"X;0,X'+i0,5;5"y' + F, F'
Ly = FWX)—> W,X) w'y + F,W(X)—- WiX) 7,7,
The EOMs of the auxiliary fields are
Fi=—WX , F=-WX
Plugging these relations back in the Lagrangian we find
& =—0"X;0,X +10,7,5" w'—< WyX) y' y—— WiX) 7,7, - V

where the scalar potential is

VX, X) = F'(X) F(X)

It is non-negative, as expected from SUSY on general grounds.



Renormalizable models

Supersymmetry of £y, holds for any holomorphic function W(X"). If we want a

renormalizable theory, however, W(Xi) must be a polynomial of degree at most 3. We see
this from

< =—-0"X;0,X'+i0,p;5" 1//—% W, (X) ' wf—% WIX) i, =V
VX, X) = F'(X) F(X)
The most general renormalizable model of this class has
_ i 1 i vig |l i vi vk
W = EZX +E ml-jX X]+§ gl-ij X' X

Note:

- The constants L;, m;;, g, are complex; m;;, g are totally symmetric

« Since the Lagrangian only depends on derivatives of W we do not need a constant term



SUSY vacua

The scalar VEVs are constants and must be stationary points of the scalar potential
vacua: dﬂXi =0, 0xwV=0=0%V
If we want a SUSY vacuum, we need a stronger condition:

SUSY vacua: éﬂXi =0 , F'=0

This works because values of X’ for which F* = ( give automatically

0y:V = 0 = 05V and also V = 0. The condition F* = 0 can also be seen from the
SUSY variations

SX =28y |, Syl =i\2(0"E,0X +\2F¢E, , oF =i\2E

SUSY vacua might not exist! It depends on the form of W. If they don’t exist, we
have spontaneous SUSY breaking



Mass matrices

Let’s consider for simplicity E; = 0, W ~ mX* + gX°, so that X = 0 is a SUSY vacuum.
The propagators for the fermions and the fluctuations of X" around 0 are read off from

&L =—0"X, %Xi +10,y;0" l//i—% m;; W' l//j—% mY W,y —m; m* X/ X,
The free EOMs are
()”()ﬂXi = — Y My xk i ()ﬂl//i — n_qul//j , 1o’ oy = my Vel

To compare bosons and fermions we hit the Dirac equations with an extra derivative, to
obtain the Klein-Gordon equation,

X m..

a”()ﬂllfi — = mlj mjk l//k , a'ua,ul/_ji — — Y m ji

We see that the same mass matrix ./ ik = mV m; governs the mass eigenvalues of both
the bosons and the fermions.



1-loop cancellations

There are cancellations in the 1-loop corrections to the Xi)_(j 2-pt function,
similar to the simplest Wess-Zumino model.

 Quadratic divergences: they are cancelled because of the interplay
between

* |Log divergences: they are cancelled because of the interplay between



R-symmetry?

Recall the structure of a possible U(1), symmetry of the model:
field/param X' W' F ¢
charge R[X'l R[X1-1 R[X]1-2 1
An equivalent statement is that we have U(1)y variations 5RXi = i R[X'] A X' etc.

The kinetic Lagrangian is always invariant, but
Ly = FWX)—5 WX y' v/ + F, W(X)— WiX) 7,7,
may or may not be invariant. We have
Sp(FIW) =i A Z (RIX)=2)F'W. +iA ZR[XJ] F'W; X/
i,

This must vanish for any F’, SO we learn

l. | | 0
RIX'] W; + ZR[XJ] W, X =2 W, — ZR[XJ] W, X') = 25W
J J



R-symmetry?

RIXTW;+ ) RIXTW, X =2W, Z RIXTW; X/) =2 2w
’ , / l oXi 0X"
J J
Recall that we can always shift W by a constant. Without loss of generality we integrate the above
relation as

oW
Z RIXNX — =2 W
0X/

This has a simple interpretation: the charges R[X'] must be chosen in such a way that all terms in W
have the same charge, and that charge is 2:

RIW] =
One can verify that if this is satisfied, all terms in & w are invariant. Note:

 Some models do not have any R-symmetry

 Some models have more that one choice of R-symmetry



Supersymmetry and supergravity

Lecture 11



Vector supermultiplet

Remember the structure of the massless vector mutliplet of minimal SUSY

T — T —
noa' 4=1/2 and the CPT conjugate nod A 1
onea’ A=1 onea’ A=-—1/2
A massless particle of helicity =1 is described by a gauge field Aﬂ subject to a

gauge redundancy Aﬂ — Aﬂ + 8//\

4 real components — 1 gauge redundancy = 3 off-shell real dof’s
The free EOM is removes one further dof:

2, f"*=0  where F, ,=0A,—0dA,

The fermionic states are described by a Weyl spinor 4,,. It is usually called the
gaugino



Off-shell and on-shell counting

off-shell on-shell
Aﬂ 3 2
A, 4 >
D 1 0

From this table we see the natural candidate for the auxiliary field D in a
vector multiplet. It is a real scalar field. When we construct SUSY actions,

we have to make sure that D does not describe any propagating dof’s
on-shell




SUSY variations in the off-shell formalism

 The SUSY variations for an off-shell vector multiplet can be found by trial-
and-error. We know that they are linear in the SUSY params. We know the
mass dimensions of fields and params:

El=-1/2, [AJl=1, [4=32, [D]=2

« NB: we anticipate [D]| = 2 because we want the auxiliary field to enter the
free vector multiplet Lagrangian algebraically and quadratically

« We know that Aﬂ and D are real

» We also know that 4, , F R-Ule D are gauge-invariant, while Aﬂ is not

* A more systematic way of deriving the SUSY variations if from superspace



SUSY variations in the off-shell formalism

At the end, this is the correct set of variations:
A, =i€5,A—i15,¢
5hy = (0" &)y F,, +iDE,
6D = £6"'0,A+ 0,45 ¢

Zeroth order sanity checks: reality; mass dimensions; gauge-invariance. Also: 0D = 0 if we use the Dirac
equation for the gaugino.

Recall the conjugation of flip identities

o Rl =+ . X0 =)ot
To verify that these variations are correct we have to check the off-shell closure of the SUSY algebra. First:
let’s compute the SUSY variation of £,

5(0,A,) = 0,0A,=i£6,0,4 —i0,15,¢
oF,,=i(6,0,A—1i0,A5,5— (4 < V)



Closure of the SUSY algebra

0A, =i(6,A—iA5,E, A= (0" &), F
We start with the auxiliary field:
6,6,D =&, 0,6A+h.c.=(56 6 &) 0, F,,+i0,D(5'E)+h.c.

The second term has the correct structure. In order to kill the first term, we need
o'’ = %(Gp o’ — 0° ¢”) and the identity

+iD¢,, 6D=¢6"0,A+ 0,46

a’ uv

oV of 6° = ;7/40 o — ;7/00 o — ;7/4,0 o0° — | eHPOor 51

We have
(22 EIM 6,05 51) alqug — (22 56 51) aﬂFlug_é GMPGT //t pg (52 o 5])

The first term goes away when we sum h.c. and we subtract (1 < 2). The second term is zero thanks
to the Bianchi identity for /. At the end we verify the expected relation

5152D — 5251D = — 2 l (61 U’u 52 — 52 G'M ‘:?1) aﬂD




Closure of the SUSY algebra

6A, =16, A—iA5, ¢, Ohy=(0"E),F,+iDE,, 6D=E60,440,46"¢
We now analyze the gaugino:
6,0, = (6" &), (2i&,6,0,A—200,A5,8) +i(5,5" 0,4+ 0,45"&) &,
Some useful identities:

(6" @)° =—=28,06, (0M)03 (0),5=—2€, €5, @) [G)°=—2e"e”

The second and third follow from the first recalling that (%)% = % ¢/° (6%)s;- Recall the definition

o't = % (6" 6" — 6" 6"). We can simplify all terms where /¥ and &, appear together:

(£,5,0,4) (65" &), x (6" &), (£,0,4) (£,5,0,4) (6"5" &), x (£,6 &) 0,4, . etc
All remaining terms have a sigma matrix contracted with dﬂxl or 6//1_. After some Fierz rearrangements

based on ( )(1)ﬂ (X2)p (X3)q + cyclic = 0 we verify the closure of the algebra:
5152/1(1 — 5251/1“ —_ 2 l (51 O-'M 52 — 52 G'M é?l) aﬂ/la



Closure of the SUSY algebra

6A, =il6,A—iA5, &, Ohy=(0"E),F,+iDE, , 6D=E50,440,A5"¢
Finally we turn to the gauge field:
6,0,A,=16,5,6(A+h.c.=i(5,0"&)F,,—D(5,6)+h.c.
The term with D goes away when we subtract (1 < 2). To proceed we use
(&, 6,0 ) F,, = %(é?z 6,0"6°¢6))F,,
and the identity

o" of 6° = 7]/40 o — 7],00 o — ;/]MP o0° — 1 ¢HPot ET

We arrive at
i(5,5,0"E)F,,=>e""F, (,5.5) +i(5 ¢)F,
The term with epsilon goes away when we add the hc and subtract (1 < 2). We are left with
010)A, — 0,0/A, = —2i(5, 0" Ey— & 0% &) F,
=—2i(£06"& —&606"E)0,A, +0, (2068 — &0 EDA)]



Closure of the SUSY algebra

510,A, — 5,5/A, = —2i (6" E, — &6 &) F,,
=—2i(5,0° 9?2 —¢,0761) ayAﬂ T 6ﬂ [2 i (¢, 0" 9?2 — & 0° 51)Ay]

* We find a new feature of SUSY algebras in the presence of gauge symmetries: the off-shell
SUSY algebra closes on gauge fields only up to a gauge transformation.

» The difference of two U(1) gauge fields is invariant under gauge transformations. We can
think of the SUSY variation 0A, as an infinitesimal difference. The RHS of 0,0,A, — 0,0,4,
should therefore be gauge invariant, and this is exactly what we find

* In the present example we see that the parameter of the gauge transformation is
AN=2i(50"6,—c,0°6)A,

It is constructed with the constant SUSY params, but it also includes a field. These field-
dependent gauge parameters are a standard feature. This pattern is also find in supergravity.



SUSY Lagrangian

A simple Lagrangian that is invariant under the SUSY variations
0A,=ié5,A—iA5, ¢, Ol =(c"&),F,, +iD¢,, 6D=E60,A40,45"¢

IS given by

a’ uv

1 1
4 =—-—F,F"—ilc'0+—D"
4 " 2

The EOM for the auxiliary field simply sets it to zero. This is a free theory of:
» a U(]) gauge field (a “photon”)

* a massless and neutral Weyl fermion

One can verify that this theory admits a conserved SUSY current,

JH = — (66" c" M), F
2\5

a’ vp



Non-Abelian models

The SUSY variations for a U(1) vector multiplet are easily generalized to a vector multiplet in the
adjoint representation of a simple non-Abelian gauge group G

ALAL,DY ., a=1,..,dimG

w2 a’

The adjoint indices a, b are raised/lowered with the Cartan metric; we choose a basis where it is
just 0_,. The generators are 1 and satisfy

[Ta’ Tb] — ifabc Tc
The structure constants are real and if we lower the 3rd index they are totally antisymmetric.
Our conventions for covariant derivatives and field strengths are

F®*=0Al—-0Al—gf*"Ay,A, . DD*=09D"—gf""A,, D,
where g Is the gauge coupling constant
0A, =ié5,A—il5, ¢, Ol =(0"&),F, +iD¢,, 6D=¢E(6"0,440,45"E



Non-Abelian models

The Abelian SUSY variations
— 15 1 —ilE — (oM / — £t 1 ot
0A,=1is0,A—ii6, 5, O0A,= ("), F, +iDE,, oD=¢6"0,A+0,40"¢
are generalized to
a _ s £—= 14 _ : 10 =
0A, =160,A"—1A"6,¢
0dyg = (6" 8) F,, +1DE,
6D = 6" D,A“ + D, A" 5" &
Remarks:
* The variation of the gauge field is a difference of connections; it transforms in the adjoint rep.
The expression for 5A/jZ has this property

e The variations of A, D“ must be gauge-covariant: this explains the appearance of the
covariant field strength and the covariant derivative



Gauge-covariant closure of the SUSY algebra

0A, =160,A"—1A"6, ¢
Odg = (6" Q) by, + 1D G,

6D = £6' DA+ D, A" 6" &

The closure of the SUSY algebra is not on ordinary translations, but rather on their
gauge-covariant extensions:

0104, — 0,014, = —21i(5, 0" Ey— & 06" E)) Fy,
51521)61 — 5251Da — — 2 l (51 GD 52 — 52 UV 51) DI/Da

In the Abelian case A, D are gauge invariant, that’s why we found ordinary translations



SUSY Lagrangian

bAY = iEG, A"~ 15, ¢
5A% = (6" &), Fo +iD"E,

o~ Uv
6D = ¢6' DA+ D 5" &
The SUSY Lagrangian that extends the standard YM theory is
1 _ 1
L = — ZFaquaw — i/I“G”Dﬂ/Ia + EDaD“

The auxiliary field is again zero on-shell. We now have an interacting SUSY theory. Its
SUSY current takes the form

j/— (6" 5° o 19

0/ 2\/5

It is conserved on-shell and gauge-invariant.

aFavp



