
STRING THEORY I

Lecture 2

Xenia de la Ossa



classical relativistic string

2.1 Classical) relativistic point particle

a.1 Classical relativistic string : Action principle

2. 3 :
.



I2B Classical relativistic point particle

Action for a relativistic particle of mass m
moving in d- dim space time M

Xf

surf -mfds
would line

r

Xi



Treat this as a
"tidywith

• to = local time parameter on the world line
. I cannoned as a curve embedded in M Hall)
has coordinates XMLT)

,
the

.

World line fields

ie 8 : IR- M

I 1→ X
" II)

In twins of these

sirens = - m[µ-gwd¥dIdT= -m
'

ditto

Euler- Lagrange eqs → classical motion of the point-

particle is along geodesics .



Skin of the action :

. The isometry group of M leaves invariant the line element

If gw= Mmu (flat Minkowski metrics ) ⇒ spacetime Poincare invariance

Xm IT ) → AY HEH b
" where he S0K

, d-1) , be 112
""

More gmwaly , the spimomp is realised as

internal symmetries of the world -line theory .

. I- dimensional repowametrication invariance

T → ELE)

XYT)→ ITEI = XYTI

True because S is a fundtion of 8cm and we do not

care about the par annihilation of 8

This is a gang symmetry (redundancy of the descriptors )



S is a good classical action but

There are two problems with this action :

• it has a square - root⇒ difficult to quantities

. what happens if m = 0 ?



comridw instead the action
5- £ I letgmuffffff-emydowhwee.lt
) is an extra field on the world line

loin " einbein
"
e : Rt→ IR>o on the wave line )

EOM for e are e' = - mtgmv DIDI
did

substituting this back into 5 we get5.
: 8 h s are classically equivalent .



symmetries of 5
hmm

. spacetime is (Poincare' for Minkowski )
and eco) invariant

• repowamethitafis.in of the World line
infinitesimal change↳ T - EE)
I ↳ t-Slt )

scalars on't XYT)→ INCE)=XmCT) ×mi→ EYE DI
DE

einbein on 8 E1H '→ ELEK DI el TI e → ex ¥15e)DE



Can use reparame-hitatioh.to gangef .

M¥0 : get ELTI = to
- m

sina.IM/4nvaEYIoI- 1) do
&

Equations of motion give geodesic equation

II + Mars oh¥ If =o
& from the vielbein equation of motion

\ Gmo ¥fdd¥t 1=0 ⇒ ¥1 is the TL4-velocity
with proper time

(FL geodesic)



maj : com gauge fix e-- 1 and we recover

the geodesic equation together with
u

•
guv doff d¥=o ⇒ null geodesic

1

-

• 5 is a good starting point for quantization
.

. Could add interactions, build up Feynman diagrams
in a first -quantized theory .



I2B Classical relativistic string

target
Generalize to a string which sweeps out a ← space

two dimensional worksheet [ in space-time M
[

analogue of Scot -mfds [ < µ
- \←If

"" ÷{d÷
tension
/ armament

←

- mass permit T.fi
length

/Nam3u-Go
-



Introduce the world sheet parameters to,r ) and

treat this as] a
"

I tI" dimensional field theorywith fields
Xm : I→ µ-

"

target
"

space

(Tid '→ Xmlr,E)

In Gum, not then we have :
"2

Nambu -Goto
sna-LXYT.nl = -T§ff2oX.2oX)trX%rXIttN%HYdtdT action

= -T ↳ fGdEdT G -induced 1mV back) %
Truth on E

where 2. V = gwhT for space time vectors

-



classical motion of the string abny
Enter-Lagrange eat ⇒ minimal area surfaces

What is T ? T interpreted as stringtension
-
-

S is dimensionless
ie mass of the thingprwwmthngth

To "see
" this set IT

,
2tXm⇒= 0 qoµ=o M¥0

- ⇒

'

static string in static geometry

S = -TfVaTdodE = - T flstringlength)dE
I

f

EE faa¥energy- potential energy ) do
b- 4 to

{ atxoixi potential energy
-TX length

lecture mths by D.Tony ( recommended !) available webs



Remarks
-

:

① One can seethis also by anni during the
non - relativistic limit ( see BeckerttseckwtSchwarz

exercise 2.7 with solution ! )

② T= 1-
2 IN
← cunivwsal) theggesbpe parameter

see Estelle hepth 1203.4689 sect 7.2 .

[d
' I = mass

-2

Ms = Id 't
-th

string mass scale

ls= 21T VI string length scale



SHE of the NG - action

. The isometry group of M leaves invariant the arc element

If guv
= Mmu (flat Minkowski mehiio ) ⇒ spacetime Poincare invariance

Xm IT
,
01 → NINE,TH b

"

,
where he

.

S0K
, d-1) , be 112

""

More gmwaly , the Itp is realised as

internal symmetries of the world -line theory
. 2 - dimentional repowametrication invariance

IT
,
r)→ LEIGH ,FIFA)

Worldsheet scalars→ Had→THE ,
E)HYE, t)

True because S is a fundtion of ECM and we do not

care about the par annihilation of T<
Repairannihilation, are a gang rymmertvy
-

5 gives a nice classical theory but not clear how to quantities



The Polyakov action
-

: csmnider

↳ "÷÷: ¥*Y¥a¥<

⇒ metrics on -2 em (59--157)
where we have introduced new fields on E

-

jab = lorenttian world- sheet metrics (auxiliary field )

8 = detLfaD

One can prove that , solving EOM for the World sheet

metric Aab and then wring this in sp one

gets that sp a Sno are classically equivalent.



Symmes of the Polyakov action
ws . spacetime isometric
neurotic ( Poincare invariance when M - Minkowski )
→ global
symmetry and 8 does not transform

• Word sheet reparametritati.ms 5
"
- 545) dimorphism,

Jan B) '→ Fasts) - ha 28251 symLEi
259 25g 's 2- tinny

&
KY5 i→ IT 51=495) Ws scalars

Spain
. Wwf invarianceto -

ie local scale transformations
adims of the achim metric on I

^ . pay - ed" "" fab X
"

invariant
/

.

I New ; jasi-se-wy.by
Wook invariance is also a gang symmetry{

textured object f ?"f→ e-
"

O
"
e
"""

IIe ever8 metric on WV
xsuhuwt



Remark on dimensional analysis :

We have a mtionot length scales R units
in both the WS1 and space - time M

DM
[ XMJ 0 - I

¥1 1 0 lmassam.TT
[83 0

0

[did -2
0 length units

[T3 0 2 → Emails units )
"

t recall F- ufai (b-=L =L )



Com one add terms to action which are

and
a compatible with power hunting rensvmalisabitity
• consistent with the symmetries of the action

M = Minks.ws/ci space , no other fields

* 5 , =D ,↳ V-Tdo-drvsasmslogicaloomstomttirm.sn I
- not Weyl invariant

Ihbnsiskht Eon (BBS ) ⇒ IF 0

→ S
,

I f±V-TR"
'

IN drains Hilbert- Einsteinturns
40 T.ws Ricci scalar

(
L
'

=L + total dun .

Integrated is Ilkley) a total derivative
⇒ does not affect the classical equations of motion

SHE is topological Cabal strings SHE 't 415) )

Ignore hvmw but it is an important them in string perturbation theory .



Gauge fixing the Polyakov action-
Choon a convenient gauge to simplify the action

ZWCE
,
6)

repowamethitations : fab → e Rab oonformal gauge
3 indep →

degree, of freedom M= (I f)
2W It ,8)

Weyl : e Rab→ has unit gangs

Has has 3 independent arm parents . bring the com burial gauge
leaves only one . Finally , wringaWeyl transformation one can
gauge away the remaining degree of freedom )

Remark : locally one can prove that one can always choose this gauge tab = Mab
.

However we dont know if this can be done globally on E 1

There are in fact topological obstructions which are better undivstood in Euclidean signature .
To deal with brenton signatures one does a

"

Wick rotation
" to Euclidean signature



Polyakov action in anfwmal gauge ; M=Moswski

55 [ Xmj = - If didi f- 2oX . 2oX + 2rX . 2rX)

⇒ theory of D massless scalar fields in flat
4h I- dim space ( though one term with the

wrong sign )

We also have the equation of motion of the WS meth

8¥ = 0
fjab



The a-dim energy momentum temper is given by

Tab :=- I # %J→=I±om constraint

In anhrmal gang

Tab = daX. ON- £ fab 8d2cX ' 2dX

Com com use this in Sp to get sent to show that these
adjoins give classically equiv . theories )



formparents of Tab !

Too = £ fox - OTX + £ art -ON

Too = toX - doX

Too = fatX ON -1£ 2rX
. 0rX

Tab Tab = Toy - To, =
this is due to

⇒ Weyl invariance
ie Tistraceles.si#ticag

⇒ ¥two tomshaints to impose

One can show that imposing these iomshaints
one obtains the Nambu - Goto action

( see ey GSW sect a. I. 3)



Gauge fixing the Nambu- Goto action
=One can use repowmnetvisations to fix the Nambu -Goto
action to the conformal gauge
The induced metric Gas on I lby the fact that E. c. M) is

Gary = Oak - 8bX

SNG = - TFV-GTdtdot-tff-cax.am/larX-arX)-looX-2rXYFdIdr
We can fix : Goo = ON - ON = 0

{ conformalG to +Goo = 20×-20×+20×-2011=0 gangs

use these constraints in SNG

Sno = - TfL- lookout lookout -CHANT"dIdr
= - Tf {¥ Lamar IX.onlooker ao-X.am/Jkdido



⇒ Swa = - If I -AXatX+2rX2rX) dodo

. daniicalhy equivalent to Polyakov .

• PS 1 : more on SNG



Next
-

1ona

2.1 Classical) relativistic point particle I

2.1 Classical relativistic string → Swa
, Sp y

& symmetries

2.3 General classical solutions


