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10¥72 Classical relativistic string

last lecture :

2.1 Classical) relativistic point particle i

a.1 Classical relativistic string - n
.

This lecture

2.3 Classical solutions

/ 23.1 EOM and boundary conditions ;
solutions W closed .to things\ 2. 3.2 Commute changes

2.3.3 Conformal algebra (next lecture)



In summary
a. Polyakov action in marmot gauge ( aa=¥

159444

Spats
""
LXT = - If

,

2aXo2aX do do
-

- 2N . art + doX. ORX

• EOM for fab Tab = - ¥# ¥, =D
of

In the conformal gauge → Tab = 2akQX - {Rab 9 2X2dX

which in components : Too =£4rX - 2-Xtarx.2rX)

Too = at

X.fr/lTrr--atl2tX.2oXt2rX-0rX)=TtoNote:.Tasistrace.less
Rab Tab = -Toot Top = 0 due to West

.

um
iinv .

⇐ Tab is connived
-

Rab fatbc =o



on the travels run of T ( off the[ from BLT) :
lecture)

ht s be an action

518 , 41 i

mtiion-z.TW/ktisn of fields of on E
which is invariant under Weyl transformations ,

ie

SL5
,
It = 518,43

.

where the Weyl transformation is

Thin
Tab → Fate

"

Jas
, pin, ofinediwoi .

• = 85 = SD25 f-28¥, T
"
+ [ di f¥8if8w

Eon Gr ol'
'

: 81
.
=oj EOM her 8

"
: %asd Tab ⇒ T" Tab = 0841

remark : fab Tab =o true without using Eomtsvoi iff di-0
which is the case of Sp where 144=1 X" I



⑤ classical solutions

We are interested in the equations of motion for the fields X
"

.

1-→ time coordinate on E o

- •
⇐ I E •

is spatial coordination-2

strings with finite spatial length TE [o , IT3



1¥17 Equations of motion and boundary conditions

writing the action as SEXY = fdo did LX9 2XT
a standard computation gives

=

so =

fdodrfff-mswjjaf.gs#YI--fdodrfaala*gsxY-HI -%%sit=

-
total derivative

8=0 : • second term must vanish 7/84" of the motion
-

⇒ culwtaoyroms eat f¥ -0%40×41=0
• 1st term must vanish too



For the Poly u action : spats
""
LXT = - I ↳ day . 24 do do
-

depends only on
•qeqs for X" : aux Cmt on X " )

¥⇒o=¥lo#viI= # f- E. a. aaxm )
which give

two chin wave of
Rab 2a2bX" = -2£ X" -125 ×" = 0 waves travelling at

G- 2

'

General solution : XY htt = ILLE -At XY Etr)
-I.right moving + left-moving wavefront,

⇒ ←



s.mn#m:!dtdrEf II}
.

• = -T.Idtjjdrffffnn.su#sxo)-iffnm.arXYx)f
" V Eff

Mabry: particle
-tfjdrmmuhru-XMHTf.fi to *

choose : SXYTI
,
=o

,
8×4%4=0

'

f- IT

so o= -T I!dt Immvarxmtx'll
8=0



smn : o = -T f!! do Immuarxmtx If
"

8=0

F) r- oth

cbxdsgs. periodicity conditions ¥
identify r- oth
( surface term vanishes 1

Require
- X

"

It
, 8) = XYE ,

ftp.aol/I,r)=2oXYT,rtIT
)



SMEs : o = -T f!! do Immuarxmtx If
"

8=0

tongs: boundary conditions on the string endpoints
-

Nn : 20×9947=0 ,
20×75,01=0

ends of the string more welly in M

D¥ : SX
"

! or ie XYhtt.cm , Go)=bm
^ ✓( the choice of oomstomt space-time vectors

end pints of the thing
⇒ breaks Poincare invariance

are fixed in space-time



One can impose Neumann boundary oomdi them
on d- Iptt) coordinates ( D= dim M)
and Dirichlet militias on the rest ptt a ordinates

.

In this case the ends of the string are
fixed on subspace Llc M of dim D= ptl

.

These subspace is called a Dp- brane with
-

d d bh interpreted as the position of the brave
.

Then objects are very important in string
theory and we will talk about them

- later



Cbxd things

ogmurd ben Xmlritt = ICE -At XYEXR)
R L

Want rdn, which satisfy the periodicity conditions

IY1E , 8) = 495,04)

2rXYI, t.aoXYT.AT)

XLKtl-fxmtffpmio-n-fie-zta.me
-2*-0

*airman xp. . :* 4 :pwiodic.XIlqof-fxmtatdpmlotrltfieztnj.me""" 't
up to a

ntZ two mile

42144 IT) - XMCO, f) =£l'pTT into

where it real requires tip
" ER

,
In -- tant

,
I HIT



0pm strings

general bein Xmlritt = ICE -tItXYEtr)
R L

Want rdn, which satisfy .Nn boundary conditions
20×7947=0

,
20×75,01=0

We find

X
"

this = xmteipmttieztndnmaocnrle.int
au

.
e-

ht 4
position

.

It) [ do XYr,M=d into

Real X" : sit
, pm GR ,

In .

- la ? )*



12.3.22 construed charges for Poincare
'

symmetry

Recall E Noether's theorem : for ea symmetry in
the action ,

there is a corresponding nd current

Ja = 81801
,
2aJa=o

, for
2=12424,85

81201 Scott 843=5*7

For a spge-timhtmilah.mn 84k£
momentum, JI = T fatty 0,0 ) ( Da J" = o )density .

annual PM = [ JE ( finds = pm two mole
change

- momentum

= ftp.mdtXM-ltp
"
+

him, that vomits upon
true for both J - integration
open it closed strings



For a space-time rotation 8th e" Xo :

← antisymmetric matrix
angular no

momentum Ja to ,D= TT1X
"

Oak - Haa XM)
amity

answered
fgmo = got jowly , g) do = few

TE7E" closed shiny
drowns

line E" opm Thing
where em = ×mpI I pm this mode of omyulw

- momentum

E
"
= - i

g¥§ I 14
? I - tendril oscillator mods

angular momentum

E% - i [ in III I -III )
( lspihn )

ht 2

ht 0



Recall : we need to supplement sp with the
constraints from the stress Tenno

2N - ON - 2rk2rX=o oh 2-X. 2rX=0

the light are coordinates : J±= ftp.
nm

In these coordinates : 2± = attrtar)

metric on I :ds'= - do't do"= -dot dot

⇒ Htt = M-- = 0 Mt - = 9-+ = - ¥

inverse metrics htt = g-
-

=o of
-

=F- -2



In light cone coordinates ,
I +

= atX.OH , I
-

= a-X. f-X

and I- = 22+4?-X = It
Note Tab is automatically symmetries

It
-

= It

The tracetenners condition is : I- + It =0

Then It - = 0

Tap is continued : q" fat . = • ⇒ atIt + a-It
to

0 + I- t 2 -Tt- to

combining these

II-o.at#IIIEIII..n..isndsGrhsllantihs)
2+I - = o

'

↳ next.tt#impymttmismnfinityotcanoeweddnargp



cbsedsfringsktf.tlbe an arbitrary function and comrider

Qf = I do fit) I - IT
← 2+I - = 0

⇒ fz@ftfdrtda_i-arllfto-JI.IE) ) at too +on

F- IT
,
F fixed

=
- fdrarlfto-II.IT) ) = - LH81 I - IT)) )
= 0 if fCt) is puristic

F- o, taxed

(Noto that Txt = F- at end points )

That is : the current f I - is also oomswved !
since f is arbitrary ⇒ there is an infinite set of answered currents.

Similarly : Tex is tormented and so is g Iit , g-
- glo'T pniahi

C



We can get a complete set of connived changes by
taking flirt = dint me 2

Lm = I fdoetimr-I.lt)
.

- 2-X. 2X = 2-Xp - 2-Xp
F- o
-7 Ia f do I

"m°
2×122 -Xr

⇒ Lm ± at admin
. dn with df= Eep"

-

and L
-m
= Llm )

't

because I
- is real

similarly : for Idf) ,glo'T -_ etimr
-

'

Im -_ I fdoeiimttecq.at?Im-n- In ,
Ii - tap"



Notice that lm 4 In one the Fourier components

of I - 4 It respectively .

Then setting
7 t me 2

imposes the oormhtaints It-1=0 k I - = 0
.

The vanishing of these charges are equivalent to
quadratic constraints on the oscillators 41 AIL

.

Cormidw these constraints for Lo d I

↳ = at
*

d-n.tn = ftp.t II, d-n - dn=O p'=p
"

p,

=p - p

To -_ at ¥aEn - In = f't't II. In - In =o



Then : ftp. + €, d-n - in = 0

¥154 II
,

In . j, = @
P! PM - pm

This implies

d-n - an = II
,

In . j,
level matching
corndi tion

Recall that pm = spare time momentum
.

⇒ MI - p
'

i. we have a mass shell condition

MI -p
'
= II. Ian - an + In . In )

4

I 4 '
= att )



0pm strings
let flirt) oh GCJT be arbitrary functions .

Then

8-ilg.CN I-1--0 the 2-

lftotlttt7-ooormidw@f.gffdolftr-YI-i-glr.IT. - )
Them

2oQfg= fdtlarkftt-YI-I-arlglr.IR-7)
20=22- +Or → 00=22+-2

= Hot)Ttt - 8107 E) to
"

o±=r±o

⇒ & is oomnrvedifflot-g.co-1 at 0=0 , IT
lit to ⇒ fIt- glt) so f kg are thesamefirm
Iii) f- IT ⇒ FC5-1IT)=g(f- IT) - FC0 - IT )

i. fin - fcttzit) f Mitotic function
- with period att



innit imtlet fCoT=e gCJI=e
and consider

Qfigw Lm=aI§dJ ( e'm II. termite) continued

I If'idrleimrI+t
"
I -1

-|Lm=IIzdm-n"t with step"

-
I z↳ : Lo =±ep + T[ d-n.tn

2 h=I

to -_ 0 is :

M
'
' - p
'

d-n.in mass - shell
ambition

¥



Next : conformal transformations .


