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lohapter.TT Old covariant quantization
→
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Classical theory : field theory on the 2ohm world - sheet
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in the conformal unit gauge tanks .

This is supplemented by the oomshraints
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=0
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The OCQ approach csnrists on promoting the canonical
fields ×? 4 their anjngatumsmmtattf.TN
to operators and the Poisson brackets f. , o Ipp
to commutators of operators
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We get the canonical equal time commutation relations
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The operators XM 4 TIM are hermitian
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The communalism relations for the oscillator modes

follow immediately from this :

[ pin, Io ] = - in
" ( Heisenberg algebra )

[ hmm , d? I
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The humility of the operators XM & IT imply that

the two mode operators pnm ,
I' ave Hermitian

while

dim = His)+
Em = ( II)t



The set team
,
Emil is an infinite set of

harmonic oscillators raining 4 towering operators .
We think of

2mm ( Ini ) M30 as annihilation op,

&nf ( Inf ) miso as creation ops

Now we can construct theHiIbwtsp



HiIbwtsp

①Define the oscillator Yum state 103,

4mm Iota. = I'm 10s,=o Fms, I

②Next
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we build the oscillator took spaces :
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Introduce oscillator number operators
- ~

N = I d.no dn IT = I th . %
-

tho tho

which count oscillators
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One can organize the oscillator states into lewd,
states with a given NLNY eigenvalue .
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For 0pmThings (or R-movers , cbnd thing )
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③ two -mods

But we have mt get completely specified the states as
we still have the two-mills . ←

The ground state is in fact Ita) 10Swas
[ is a spatial wave function

In momentum space we can choose stats to be

eigenstates of the center of mass momentum operator p^m

⑤YKJ = KYKJ ,
K
"
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The Hilbert space is then

ftp.n-sleiiiiii ④ LT1R"
"
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Problem for mt? ) : consider the state
-
-

lies = I, 10 ; KJ

Then

allies: lo ; K 1 hi , I 10 ; K1J = of 81k- KY
HI, ii. I

= - 81k - K ')

Wrong sign ! There are negative mum Hates
ghosts !
However : we have not imposed the constraints



Normal ordering
-

:

Recall the Wilt -generators
lm= £ I dm-h.dk

,
Ltm =L

-m Imto)

im sina.tw ,
im - Im lmao,

are quadratic
.

in the oscillators
.

The operators dm-n & 4 commute the
unless m=ow the only " problematic" operator
is to Irimilav her to )

.
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Suppose we choose naively
•

= IT IT
↳ = I £ %
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To account properly for the normal ordering
one can try to doing the quantum operator as

↳ =L
a

by normal ordered product
(lowering ops to the right )

closed { LEE
do - d. + th - du -- ¥4 N ⇒ ↳ top 914swings to = £ E- It In . In = 0¥ + to ,ps

open to = tap't N
swings



Virawrodgeb We need to check the
commutator algebra of the operators Lm Ctm)

.

PS1 : a direct oormpthfafion gives

[ Lm ,
Ln ) = Im - n ) Lm th t IM1MI Smtn

,o

in milan for Lim ,
In] her closed things )

This is the Virarsro algebra with central charge D.-



The Vira hero algebra is a central extension
of the Wilt -algebra

• → In
,→ .Vir→ With→ 0
1 of E

E
; Ed,#0 I =D Virk Is

The central extension is related to an anomaly
of the Weyl invariance ( more later ) .

The global sltl) algebra generated by {Lo , 4 , Lil
for 18,5 , It ) is mt anomalous .



Remark : An alternative way to deal with

the normal or diving is to replace the naive

operator to above with

Lo - a

where a = constant
.

This also gives the central
charge term ,

see GSW
.



constraints
-

Impose the constraints in the quantum theory
to identify the physical states

Another problem arises due to appearance of
the Central charge Tiff we define
thenays as the stats 145 which satisfy

lm 143 =o tm

In fact, there is a oom¥n .



Csmidrv Llm
, Ln) I

physical state Lm ⇒ tm

" Elm , Ln 3143 -_ Ilm In - Lnlm) 145=0 tmn

(b) Um
, lnJHSIflm-hllmtntfalm-mlfm.no/IY)

But for h= -mhom=n
Llm , L-mII4Y= Im'-m) 143

Imposing all constraints leads to a trivial
Hilbert space when lD⇒ !

③



Instead we define physical states 4,4 etlenwps
by the constraints ,l4ILmI4t=0 tmto

Delimiting : a state ios is physical if
Ilm.ms/l-s.#=ofmz1lgVirawroarhdgrn constraints

• to - a) 143=0 for fixed a or

physical state
( normal archiving tomstomt . conditions

Remark : i 1414143 - o t M31

• 1414145 -_ CHIL -ml =o time -1
- Lf

4114-a) 143=0
\



Important remark : the grwwabivs of D-chin spacetime
Poincare symmetries have no normal ordering
ambiguities as combi seen from

PM =p
"

0pm

Mm" Np°-sip"- in
,

Etain di-djinn ) things

I µw= fdokmpu-p.TT)
Moreover : [ pm , Lm] = [MY Lm]

= o Fm
[Lm , dnm I =- n than

{PM & M
"
preserve the physical stats and.i

lions
.

This means that 4hpm , decomposes into representations
of IS0H ,

D-1) ( osuowiant quantization )



Massshell A level -matching conditions : the hold E) condition,

Icbxdstvingf
-

mass shell condition
-

(Lot To -2 a) 14,125=0 ⇒ µ¥INtN-2414,4=0
to ftp.NTN-2a ⇒ I'M'=2lNtN -2A)
- tak %

level matching romdi tion

Ko - I 114,123=0# IN - D) lie ,b) =o so N=N

⑤pmshT mass shell condition

(Lo - a) 14,125=0 # I ta
'

-1N -a) 14,43=0 so d'MN-a



lay ground 10
,
KS

As an exercise
, you can show that

[N , Lm7= - mhm

to Lm shifts N-level by -m liimilowbr E)
-

⇒ at two we only need to check the Lo andirons .

The lo - conditions at level N=o are

open strings d 'M! -a

closed strings a 'M'= -4A

i. 9<0 massive ground statu
9=0 massless ground statu

ago tachyonic ground statu l !)



level one states 4 dealing with ghosts

Recall : earlier we encountered a problem with

negative harm states ( ghosts ) at level one of
the arm string leg : I, I ojk ) ) . We want to see

if this issue remains after applying the csnstraints

Csmidw a gmeral level one 0pm Thing state
5 . d-, 10 ; K¥ 15 ; KJ 5 a IR

"D-'

polarization vector
and impasse the physical state conditions for to & Lt. .

The Ln auditions hv ns2 are satisfied automatically
once the lo 4 4, are imposed .



• mass -shell : -a'k!d'M'= 1-a
• L+ , condition ! hilesod.it/0jkY--Rmu5mLLti,dIII0jkS--Mmu5MIloiks--ll5.K) to ;D

1+115 ;kb=o ⇐ 5. 12=0

OT0H

The norm of a gmeral level 1 state 15,16) is

<Sik Is;k's -- to ;kl 154,115 '-4,110 ;k's

=P . 5 ') CO.sk/0;kb--f5.S')8lk-k
'

)

For f-S
'
: require 53,0 to avoid ghosts



In gummywe require :

53,0 polarization is light like or space like
5. 12=0 transverse polarization

K is space like if a > I+
' k!at

eight like it a⇒ 1timeline if acl

If all K is timeline , 8- K=o ⇒ 5 Ipacelike

a =/ K is null ,
5 patella or hull

a > I K is space like ,
5. k=o ⇒ Stimulihe

⇒ ghosts !
Then we reject a > I ie mquivea
However the ground state is a.tachyon for oaaei



Critical theory : a =/ : KE0 15130)

5. 2,10 , KJ = 15,43 is a massless state

Comidw now the state 1k ; K7 = K . d-i 10, K3

Clearly , this state has two norm to it is physical )
and has " longitudinal

" polarization

Moreover
,
this state is orthogonal to all physical

states
( K; K15; K's = 1K

. 5) 81k - K') = o

so the longitudinal polarisation decouples
leaving only D -2 physical plantations hike a photon !)

However : for a=L ground state is a tackyon



Note that for the longitudinal degree of weedon
the decoupling is due to fact that 1k ; Ks is a
"
pure gauge

" state in the following sense . Gnnihr

L -110 ; K) = e K -4
, 10 ; K3 =el Kj KS

ie 1k;D created bythe action of L-1 .

Recalling that ↳ is a gmwatso of a conformal
transformation

,
we say that 1k; Ks ie a pure gauge

"

state
.



④ Old covariant quantization
③

§%IY If:[
innit nmstraits)

Virassro algebra
Imposing the constraints and the phys| Mass shell & level -matching conditions

level 0 1 I j dealing with ghosts

Next : more on physical stats


