
STRING THEORY I

Lecture 7



③ old covariant quantization
Hilbert space (without romstraits)

| Normal ordering & Virassro algebra
Imposing the constraints and the phys

Mass shell & level -matching conditions
£1

( level o a 1 stats dealing with ghosts
4h phys , Spurius stats , null states , ghosts
critical dimension

Today : comments on the nsqhsstthesuombrsnbwitic.ae strings ,
closed string spectrum



Openstringsh : we have

• as I DS26 : there are ghosts in the pays

• a =L D= 26 critical string
there are two infinite families of null states

dlephy, : we have only impound half the constraints
← ( Lm 143=0 M31 Clo- a) 147=0 )

The remaining charges L
-m give redundancies

associated to residual gauge symmetries and we
consider 145 ~ 145 to 14> null

• a El DE 25 Carbonitied strings
no inconsistencies at tree- level 1ns ghosts )



sub critical string states : no ghosts for ⇐DE25, as I-
y

Anrider states with

K -- CK0
,
K '
,
.-
,
KY5 ) for fixed SG1R

N II 4445=0 so no xtr
oscillators activated

These states obey
(
a⇒

i r

LIK
"
= d

' (ki k t 52 ) = I -N = I- No
-24gI = 0

, - .25 umber operator with 25 operator omitted
i

⇒ d
'
ki k = 4 - d ' 54 - No

,"

which can be identified to D=25 mass shell condition for a=L-d 's
'

← I

⇒ no ghost theorem for the critical Thing implies
the no ghost theorem for the mbwih.cat string .



Physical states of the closed string N --0,1
-

Ibcbnd= FUR
"""

) the
.to ④④Fock

iii. Iii ioiks

Physical state conditions ,a⇒
Cho -15 -aallfb.no#d'K'--4a-2INtN)
(Lo -E) to > ⇒ ⇐ N=N~

= 212-N-D)

t.mlob-OT.in/o--omz1



level -0 N=nT=o
- a=I

Grant to ;k> talk'=4a£4
level - I N=E=1
- 9=1

Is;K3= Rudi to ;D ,
dlk'=4a-41=0

[ spacetime two tenner 1mnsFf
-

-

Decompose Rmu into Lorentz irveps
Show = Tfmu)+ 4MW -1 bonus

Haulerswww.hiiotrpaaft antisymmetric
⑤ = f- D1D-1II -1 + I + £DID -1 )

massive states in rep , socio-i) ; massless states SOLD-7) (little group



Impasse constraints : 4 , 4 I ,
(⇒ Lm=o 4 Im = 0 AM? 2)

↳ Iri Ks = Amol , dii IT 10 ; KJ

= Run 1 to IT 110 ;D
= 4km Imo IT to ; K >

I. In;k> ⇒Korn di to ;D
2



%
I KM8W IT 10 I kS=o if K "pw=o / Omo polarizatione n

is

a-
IT8W d.

,
10 ; K >

=o if K°8w=0 transverse trades,

If kmbmvtiioiks-oifk.bg;o}bwn.fm#imgfkubmvdIIo;Ks--oif transverse

antisymmetric

④
gfyk . I, to ;ks=o it K ⇒ I pthi dI¥E !
£ 4K . hi to ; KS =o if k=o / ↳ see later



Redundancies : oomvidvr 143=15 - It 11 oiks

L , 15 . I, 10 ; K ) 1=15 . I, ) I -110 ; KS
= 15 . E) £ feed-i-n ' dn to ;D
=L's . It £ I do - d-it d-i. do ) to ; K )
= I ③ . Is ) ( K - 4) to ;D
2

=L km So di IY10 ;D2
-

so states with Dmu = KM5, are spurious .

They owe also physical if K
" lkm 5) =o Kuku 50

ie it K'=o a K -5=0



Then we have the invariance

8mV → Jmu + Em Kut Bu Ku 5 . K=o

bµ → bmv +5 mkv - Goku (Sm -5mi km)

Interpretation
.

- massless tramway

• trades symmetric state no gravitas
obtained spirit pmtide

Gmo LX) = Mmu +8mV Cx)

8µW - 8mW + on Eu + a Entry t

In momentum space 8mV 1k) - 8mV IK) -1kmBut Ku Su
with K . 5=0

£ DID -11) - I - L ) - = at IDTXD-27 - I
← iKM8W =0
5 . K to



• anti - symmetric state us 2 form gang field
( Kalb - Ramond field)

b
"! bmulxldxnadx' n b

"'t da"' a'"- a"kdt

in momentum space bmvlkk bulk) + Knew - KV5M

with Sm - Smtkmo

b n h form with
"

field strength
"

H - db = at ambvp dxthdxndx

It invariant maw b.→ b. + da
/

£ DID -D - L ) - L ) = at -2310-3) i

←
SOLD-1)



How about the scalar ? We have Amita 4MW

We have the state £4 Ii . I 10 ;D
However

↳ ( ki - I , to ;kY= do . I
, 10 ; k¥5 K -I

, to ;Dto

land similarly bv I 1
Then this is not a physical state .
However we can construct a physical level one state

Define the state

14%5 it> = 445414¥ . I
,)Y¥ . 4115.11+4 . I

, Iloiks



Viranro constraints : 162=0

4 145,5 ; KY = 415 - I do + IH1 1EI . It )
+

ekjld.tt#1I5.I-iI-tIdotHIoIiII9K7--ietafls.k1leE
' Ii ) + talk 15 . It -1k. I 110110

J

0--4£ (£ 6.KI t 1) 1k . E) to , KS o

ist S -K e - I
~

↳ 145,5 IK7 = 41 ( £15 .K ) + 1) IK .4) 10 ,K) = 0
a

jfg 5. K = -Ie

so 145,5 ; KS is a physical state when 5.k=-Ye , 5-K =- I



This state corresponds to a scalar

despite the fact that it seems to depend on 545 !
To see this consider how the state depends on
the choice of 5 d 5 :

and ssmi lowly
145,5 ; KS - 1451,5 i k > for 5

,51=4115-5 ' ) .4) left . It) ioiks

= if I - S
'
1. d-1) to; KJ

In fact , setting D= 5 -5'

Ii 4. 4) to ;k> = II.d.III. E) to ;kY and
nhni lady= IX. d-I 11¥ .E) 10 i k > for 545'



Then

I 45,5 ; KS - 1451,5 i k > / are spurious
145,5 ; KS - 145,5 's K>

Moreover
, they are null

15 -54 . K = 5 - K - 5! K = o . 15-54 - K ⇒
,

I
'

- th -the

Hence

14%5 ; KJN 141,5 ; KS1-4LT 45 - S' I. d-1) to; KJ

145,5 ; KJN 145,5 '; ki-ql-ifl5-EI.fi/IoiKj
These are then independent of the choice of 5 for 5)
up to gang equivalence .



T.fi scalar q is called the dilators :

plays a very important role in the
context of string interactions .



Appendix on the light - com quantization (see GSW )

The fastest way to construct Aleph, Inuit of the

quomliied Thing is to fix the remaining gauge freedom
by choosing the light-one gauge.
One defines XI it

,
g) = £ IX. I XD

"
)

and uses the remaining gang freedom to set

Xt-xttp.tt no oscillators !

Then one was the Viva toro constraints for ×:



The result is that the space of physical states is
constructed from

• D-a spacelike transverse oscillators

dni it 4 . - - , D -2

(and Jin for the closed string )
There are no negative norm states

• N'=L IN
'
-1 ) (and M

! # Intent-21

•
for the closed string)

Nt= I Sij din din , transverse number operator
n = I



hunting states is very fast :

open thing at level 1 I Ioiks hi
, - ,D-a

Eates transforming as vector of SOLD-2)
which only makes sense if this is massless

( for which the little group is sold-2J)

after some This implies a=/ for lorentz invariance
computations { Also one LE26 (see GSW)



EENY Im problem sheet )

The states did! to ;k > , t.io/oik >
e-

give £ CD -1110-21 1- D -2 = at CDTIVD-2) stats

= £ DID -1 ) - I
T T

symmetric 2 -tink trace
of SOLD-13

this is interpreted as a massive spin -2
(which under the full soll , D-1) corresponds
to a transverse

,
Nantes, symmetric 2Tenno )



Final remark .

-

We have gone over the quantization of
the relativistic Thing

This is a first quantization meaning that
the states are one /panIic6staTJ

second quantization has to do with

string field theory 1ns well understood !)

Next : vertex operators , interactions .


