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⑤ strings in background fields
-

15.1J Background tidal expansion and the Wool anomaly
We have identified various massless fields in the
bosonic string spectrum .

We identified a gravitas in the string spectrum so
we mnnose target spacetime should be allowed a
nontrivial meth or indeed mn trivial topology. .

We should be able to describe the dynamics
of string excitations propagating in non- trivial

backgrounds for these fields .



We know what the action for such a configuration is

5pA, = - 1- fd4V8t%aX2bXfmlX)41Th '
-

target space metrics

Clamicallg this is Weyl invariant to take
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Not' Iibesom inking adim ?FTwith couplings
encoded in the target space metric Gmo IN

army licated ! annum Gmv --Mmo ⇒ free field theory



Consider them the case where

Gmo = Mmo +JµeikX
4 small tantalisation of flat space

We can then compute amplitudes in this
background treating the fluctuation Imo as a

perturbative" parameter " :

LA
. .. . .
And = CAI , - An>o A -- -AnfdhhfmveiKX2X"2×4+018)
-

gravitow vertex operator
This is a physical vertex operator as long as

8~eik.tt satisfies the appropriate conditions



We would like to require that the a arm QFT
on the world sheet lie NL0-M ) to be Weyl
invariant at the quantum level .

This implies
,
in particular

,
that the thing is

continually invariant .

This requirement places restrictions on target
space fields .
-

However the NL0-M is not so easy to analyte .



To analyse the quantum NL0M we use the

covariant background field expansion , which is a

pwtuvbation theory in which one separates
the 1 dim fields

X
"

(5) = Xmo (5) + 1951
4 4 quantum partbackground part (dynamical)

or
"expectation value "

satisfying EOM

Next
,
one expands the NL0M action around Xp .

to get an expansion in powers of the quantumfield X
"

⇒ a-model pntwrbationthesryliepmrtnrbati.ve QFT
in a dim)



We first need to be clear about the meaning of the expansion :
we need to expand in terms of a chinless parameter .

The quantum perturbation theory is an expansion
in powers of a !

Note that resealingthe metric Gnu →
'
Gmo

in the Polyakov action is thesame as a
' [
'
d
'

Then a small d' expansion corresponds to a

large distance in space-time
the dimensionless expansion parameter is f- UP with

r - characteristic radius of curvature of target space

In spacetime we obtain an EFT-like large radius
expansion with cutoff Msn ( a 1)

the



It is a o
-model perturbation throwing in the usual

sense of a perturbative AFT framework
,

and Worm this

onecan read off the Feynman rules by dragons .

However
, gmwally the couplings in AFT get rumormahized .

The Amstel action can be regularized by
dimensional regularization but this violates scale invariance

The lack of scale invariance in a AFT is described in Terms

of the p - function which writes from NV diverguns
in Feynman diagrams .

We are interested in computing the (one loop) p - function

t.IE?EnwehTiIihIian1oIhthiYusanII.IIe
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Returning to the NL0M action

Sports = -u¥fd4V8t"2aX2bXGmlX)
let ×

"

(5) = Xmo B) + XYE ) and

expand around Xp
.

To expand Guv we use Riemann#coordinates

Gmv IX) - Gav - § NXT Oct)

Riemanntumor

of M at Xo

normal coordinates :
" "

1150 , ,wmIIL¥IRMvrp = 2ft - Optimus
,



Thus the f-model expansion is given by
µ N

SRLXI = -¥afdT(Gm HD aa%tkinetictwm
in

/ - £ that + car) I

1i
quartic interactionturns

✓I t

We are now ready to read off Feynman rules for
diagrams and do perturbation theory . Moreover we can
compute one loop divergences that contribute

to renormalization

of couplings .



one hop logarithmic hunterterms
divergences in the dims terms that need to be

subtracted from the action
to obtain a finite theory

six
kinetic l " %*f%÷g¥ eiRwHdWN
term µ

'

I
aaxm Ricci tensor

II. dim ? ! I §RnwoRe'is ⇒ ¥ media x
"



These divergences Kand them from higher hops !)
can be absorbed by (met entirely easy computation)

; a wave function renormalization of the fields x

µ→ ×
"
t ¥ RY Iit Old)

together with
.

• a renormalization of the nursling

Gmo→ Gmv - at Reno
This gives the one -bop p- functional

pin 4) = -⇐ Ring
.

to obtainrend from £ poles



The condition for conformal invariance to leadingorder in a '
is

f.nv =0 to Rmv =o

}
target must be Ricci -flatspace .

that is
,

the string moves in a background
space time which satisfies vacuum Einsteins eqs
We have recovered spacetime dynamics from a
world sheet consistency ambition

Higher orders in a
'
: one gets stringy corrections

to Ifs ihins

Rnv + I Rmkxi Ru
" t
=o to Old

'

)

-

string theory predicts specific small
unctions to Fintan's in D=26 at large radius .



Remark
-

Thus far we have been discussing a perturbative
two dimensional QFT on the world sheet.
Notice however that we can see an exact version

developing :

abstract

IR "[ T.IR"n"x MI
→ IR"In XCCFT

'd
)

- In 5
special Ricci -flat

( lanof to leading
non - perturbative in a '

order string theory goes beyond target spaces
(www.claltica/gtom)

free bosonic

string machinery carries over
G=q to abstract CFT

(no shot thisvan, vertex operator formalism ,etc
requires deeper study of CFTS



15.2J Including other massless modes

Apart from the gravitas , we identified other
massless fields in the closed string bosonic spectrum :

• The Ramond -kaeb antisymmetric field
Bmv dxm dxu

one can add to the Polyakov action the term
5*11×3 = -¥g , folk e" Bmo CX1 2XJ#

which is ropowamuhization and Weyl invariant

Moreover under spacetime gang transformations

B → Bt DA
,
A a 1-form

the action SIN changes by a total derivative (exercise)



• The dilation background we add

s
'"
exit I = ¥ f DTVJOIIXIR

"
ma '

d. I

[We had previously ignored this term for ⑤ = anstant
as in this can the inteqvamd is a total derivatives
This term however is not Weyl invariant :

y → e
'""
8 ⇒ 12

"
→ e

-w CR'
''
-2 tho)

the not a total derivative if § f- constant

one can show however that a classical Wage variation
of St can be cancelled by an Old ' ) variation of
SK451BJ

.



An involved amputation of the f- functional
extending the one-bop computation for S gives

'

for the full f-model action 51%8%5*-3 :

pI, = d4Rw - f- Hmxrlto" -12 DmDuE ) H=dB
- -
1- loop GTD classical E Have =3 7remBnp]

D= at f- £# Him + DII Hw) Dm = covariant
f.no - derivative on

1-loop GTB space time

BE = I1D-2DT a '¢Dm E) IDME) - f- D2E HmpH
"'

)
--1- loop CTB 1-loop of two loop GTB

references : Friedan's thesis ; Callan 4 Thor lacks
"

higma models 4 string theory";
Tsyttin " Conformal anomaly in a 1dim f-model "



Add a comment :

non vanishing of p ← Weyl anomaly
classical : Tt

-
=o ← Negl symmetry

preserving West symmetry at the g- level
involves computing
I- ~ ¥ n Beta function to
-



15.3J space-time effective action

We want to interpret the vanishing of the p - function
as spacetime equations of motion .

Indeed
,
one can show that they arise as the Euler -Lagrange

equations for the effective action

Sia = fdii to e-
* (R - tatHAYDEN

[ " string frame
" action CG

, B , It in s! are the
fields that appear in the remodel action)



For space-time computations one often uses the
"

Einstein frame " :

ht E- E- E.
,
I = we

:#
G

s = fdii FE4E - tae
:*
htt - ELDEN

^

✓Hae" ( in:*:[IIE'

Einstein - Hilbert turns takes
the canonical bum with

gravitational coupling
K = 184 GN)

"'



The spacetime action should capture the danial
limit when E2CMs .

The stringyairreckon, to
this can be seen from the corrected p functions

p =p
"
t al p

" '
+ call
'

p
"
t---

\ harder --

(For example p% n d
' Rent Rmvxr Rv Not

The corrected f- functional gets interpreted as
Eulw -Lagrange equations for a corrected action

s. = + a 's + Kisii' t - -

" HI ¥galive Fugitive(
EFT expansion , cutoff scale Mls

,

effective action obtained after integrating out massive mode,



Next: strings in background fields continued .


