
STRING THEORY I

Lecture 14



④ compactification

consider s
'
- compactification of the bonnie

string

pint → IR
""

× she
← circle of radius R

We will discuss
.

this from our two perspectives



① From the spacetime EFT :

We do a Katuti reduction to see

how one can obtain an effective theory on 112
""

② From the world sheet penpectin

X
"

→ Xi i= 0 , . - , 24

It in X"t2ITR

• target space will " look" the same as
5

for flat IR" but with non-trivial topology
what are the consequences ?



Spacetime EFT approach : kaluta-hhinmeuhan.im

Kaluza- Klein omsatz for the Odds to obtain a
effective action in 4th4) dimensions .

.
.

Fields XM (
X
'
ko, -124

×
't coordinate as she

←
oijcx.INT

metric owdxmdht-GijdkidxitewcdFAid.li )
'

( to Get .si =ew , Gigi = to Ai )

RK field Bmudthdk-Biidxindxi-A.cl#dX"

(to Birr = Ii )
dilator In, = E- IT



One them rewrites the effective action 5ha ,
in twins of Gij , do, Ai

Bij , Ii
and OInH

This is a long computation ,
but that is ok

.

All these fields depend on Xi but also on 49
Due to the identification 440,0) IT,rtthTR

,

we expand them in Fourier modes with

that to X
"

ie

IIXIX")=n¥&e"¥×" In his



Finally we integrate over It to obtain
a theory in 25 - dimensions I :-) .

We will not as all this that see below for the dilatory

→ long computation indeed .

Note however the two males typically give the
massless sector of the theory



These are :

metric Gij Hi )

KR field Bijlxi)

2×1-form gauge fields A and At
Iwhat is the gauge symmetry?

A ( await photon ) & Ah I KR- photon)
correspond to hell ) gang fields and the gauge
symmetries descend from 2C-dim diffeomorphism .

2 scalars 8
, I#



let's look at the
'

dilation more carefully .

IH9 = oINi , xT

We can expand this field land any other fields)

in Fourier mills with respect to ×
'T
:

④ 1×9 = I e
" t ×
"

µxi) oh - In
-

he -6 because I i ,
Mae - valued

.

Dilation turns in the action

44015 = 2. to sit + throb
'

= nqneimtmitttfsionoiolm-%fa.am I
inferof X

't



Ignoring the auphing to gravity

Id"x 2M$04
= fd"I a ITRII! tion John -1 YI sfnofnf

-

Hint

⇒ the massless dilator OIIX") of the x- dimensional
EFT gives rise to a discrete infinite town of
scalar fields④ with mass ME -_ It
( kaluta - Klein modes )

.

For small R all are heavy miles except the
massless mode (n = 0)



Now
,
mte that , as 8GW = Onto them

under a space-time diffeomorphism sXm= ETXI
,

we have that under 84
"
= EIXI )

Ai - Giri transforms as 8Ai=2iE

so the gauge symmetry descends from the III,2h- dimensional diffeomorphism invariance
. gann

¢ The main've KK modes Into) are
""

charged under this gauge field :

I 44 → I ein 't + e) µxi)
HE2E

in elp KK-momentum ishence 4h→ e &n
charge for the graviphston



One can show that there are no excitations

charged under the UU1 symmetry associated
to the Ramond- Kalb - photon

Note that we have introduced a new scale

MKK n ¥
We should mt trust the EFT analysis for
ITEMS : however
-

-

in this case she can

perform an cat analysis of world sheet CFI



For the other fields , we do get a massless sector

Gmvlx) → Gmolxi ) : { Gijlli) , GiµCXi) , Girardi)
25dim

Gravitas 4¥ photon ration

{

e. A et

Bunty → Bmvlxi) : I Brjlxi ) , Bindi ) I
1T arm KR - photon
KR field

~

A

④ LX) → EL4Y 2Tdim dilator I



woved-gheetpuspeitive.TKtarget space for the two dimensional NL0M
is 112

""
however X

"
is a field on Sf

which is periodic ie X
"
- IY51-2IR

This nontrivial topology has consequences

① a space-time translation by ftp.htithpu.e
should act as identity :
http

.

@
%

1 . - - ,Kip = ent '
" "'r

1 . - - , Kors = I . .- , kzr )

-
.

biff /I) me a III.?
"

R analysis
-



② 475, THT ) = 470,01 t2ITRw we 2L

( that IT only needs to be pwiodic r → AT

up-to 2 ITR shifts )
w is called the winding number
(aunts how many times the string wraps around SL)

winding is a stringy effect : there is nothing like
this in the EFT

Now we need to study the spectrum of the

string on the spacetime IR
""
× she



Mode expansion of X
"
( which respects
475 ,FILTKITY5,0)thTRw)

XYr
,D= sit -15pwtzwtr-IE.tn/dnre-ZimrIjrnetinEjhIo--XiEirTi-XIN

with XIir-i-x.I-iatpirr-xai-I.tnaire-timrxfcott-xir.atPEN Laine
-time

25 L5

and Pi = PH2RW PR =p'I 212W

This is just as in 112
""

except that
aE- f- Pr ,
I"=£Pi lift =p

"

; UE1E-2RW)



The compact -boson Hilbert space is mw

Mamma
*⇒
HI!
"

where are,I!
"
⇐ span 1 a to ;mw > 1

The mode expansion of Xi i=o,→ 24

remains unchanged .



Virabro operators 4 constraints :

N

--

↳ = at ldo.pro -1*5) + II. an + I.Ii an
"

HH4)-diminish
inner product !

↳ = £ftp.dni-E-zaminaihhilmrhv
Im



0ns : to-11145=0 ,
KIDHH

Lo - I = f- I Put + Pri ITN -I

E-I = f- (putt PI)tN-1

Then : Mnf, = (Yf-aRw)
't 81N-11 = 11-+2%7+81NY)
- -

PR Pu

MI, =Y+412
'
w't 41N th-a) mass shell

condition{ %:÷:÷÷÷÷÷:

www.inigmatoinyanditimN-N-mw
[For w to this matches results from EFTI



string state space similar to that of IR
""
but now

with quantized KK-msdb on the St and with
shiny winding

U

In 112
""

we had IT91 1TG .!oikf
jenohyoh

We have instead
~

IT din IT di 1k ; m j w >
-

-

my p VIII.rt
IT dim

momentum per =D = X
"

042ITRW
R



•

tachyon with m=w=oMassless spectrum ' Mitt, = -8
-

• 25 dim

www.ton 8ij DI II to ,k'S ④ too)
25 dim n

•
B- field Bij did to ,k'S ④ too)

* scalar from the trace part of 8 : oIµ,
* 2×25 him 15.4, It, 5.I, to

,
K's ④1903

gauge fields

[qvaviphston from the Hedin metro+ another photon from the 16 am KR field )

as scalar if IT to , Kes ④1903
(" radish " ) :

identified with the scalar is

massless string spectrum ← massless spectrum from KK
reduction of EFT



states with non-trivial m
,
w are

obtained by acting with oscillators on the

statu Io , K's④ IM1W) N --5=0
to mw so

Mari ' II -1412'w
'
-8

When m=o MI, = 412%18 winding
tachyon



Interesting effect : osnridor the 3 - amplitude
1

I ] winding Tachyon
!

10 , K 's ⑦ 1905

pm
'

'I Mir = -8+412'w'
5

Kalb-Ramond photon
(5. d, I - 5. I. t.it/IoikIx0Io,o>

Vertex operator for the KR photon

V.lk) nfdidr5.la#2xtIa.xa+tt)eik-
×

Vertex operator for the tachyon :

Vmwlp) - fdfdpeip.XeipiXIip.ieX
"



compute the amplitude :

A = to
,

-

ksio.io/fs.2+X2XI52X2+XYeik-XIo,k.;o.os=lo,-Ksio,w/( 5. To d%- f. do IF ) 10, Kit K ; 0,0>

= 5- Ckitkr) lo , -14 ;o , w IKE- Iii ) 10 , 14th I 90s
= g. Ks 12kW) 8

""
(Kit Kit Ko)
-

But this reproduces the vortex from atwm
~

Am 404
in the spacetime Lagrangian which implies
the winding number is the KR-photon charge . -

(same br a www.nhstohdmmmthnfcsmntustwrthkk reduction)



Remark : we have introduced a new scale 12

In fact , we have a one parameter family
of compactificationwith R E 10

, a)
-

or do we ?



IT-duah.TT
-

Returning to the mass formula (with d ' restored)
Matt, = If +¥ w

'
R't IT IN xD-2)

N -N = mw

limiting cases :

• R → • : continuum of KK modes → sign of 25th
dimension

• R → o : continuum of winding mods ?



simmer of the spectrum :

observe that the formulas

Mii, = II +¥ w
'
R't IT IN xD-2)

N -N = mw

are invariant under

m← w R ⇒ I
R

This is in fact an exact symmetry of the CFT

|T-dnah_



What is being said is that the theory on Sr
and the theory on 5µm are the same
as physical theories .

Next : more on T- duality .




