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1 Canonical scaling dimensions

Write down the canonical scaling dimensions of the following fields and determine weather the corre-
sponding couplings are relevant, irrelevant or marginal.

(i) A3¢® coupling in the d-dimensional free scalar field theory.
(ii) A491pep in the d-dimensional free fermion theory.

(iii) Gauge coupling in 3d quantum electrodynamics (QED):

S= /d?’x FM E,, + 9ot (9, —igAu ) .

2 EM tensor, scale and conformal transformations

2.1 Free massless scalar theory

Consider the free massless scalar theory in d-dimensions (in Euclidean metric n** = diag(1,---,1)):
S= /ddx D, 00" .
(i) Compute the canonical energy momentum (EM) tensor 7#¥, and show that it is conserved, i.e.,
0, Tt =0.
(ii) Show that there exists a vector j,, such that the trace of the EM tensor can be written as
T, =0"ju .

As we discussed in Lecture 3, this implies that the action is scale-invariant. We called this vector the
virial current.

(iii) Show that there exist a tensor o#” such that the virial current can be written as
Gt = 0,07 .
(iv) Consider the modified EM tensor
T = TH + %a@,XW” ,
where
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Show that the modified EM tensor T is conserved and traceless. This implies that the free massless
scalar theory is conformal in any dimensions.



2.2 Free Maxwell theory
Consider the free Maxwell theory in d-dimensions:

1
S=— / A%z F,, F" .

= 2e2
(i) Compute the canonical EM tensor TH".

(ii) Show that the trace of the symmetrised EM tensor T#" vanishes only for d = 4. For d # 4, show that
it can be written as
T, =0"j, ,

for certain j,,.

(iii) Argue that the Maxwell theory is scale invariant but not conformal invariant for d # 4.

3 State-operator correspondence

In Lecture 2, we defined the (spin-zero) quasi-primary field as a field ¢ that transforms as

—A/d
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under the (global) conformal transformations = — z’.

(i) Show that this implies

lim [K,,¢(x)] = 0,

z—0
li, D, 6(2)] = iA6(0)
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(i) In Lecture 4, we studied the state-operator correspondence in two-dimensions. This discussion can
be generalised to CFTs in d-dimensions, by considering the radial quantization on R x S¢~!. For a
quasi-primary field with conformal dimensions A, the correspondence implies

lim ¢(z)0) = |A) ,

z—0

where z = 0 is the origin in the radial quantization. Show that the state |A) satisfies the following

properties:
KM|A> =0,
DIA) =iAA)
P,A) ~|A+1).

Together with the conformal algebra, these relations imply that the operators K, and P, play roles
of ‘annihilation’ and ‘creation’ operators of harmonic oscillators. The state |A) corresponds to the
ground state in harmonic oscillator which is defined by the state annihilated by the annihilation
operator.

(iii) Identify the state that corresponds to a quasi-primary field ¢(z) inserted at = # 0.



