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Problem Sheet 4

Distributions

1. Scalar property of delta function. Show from its interpretation as an integral that §(ax) =
for any constant a.
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2. Convergence of distributions. Show that the following function sequences converge to the d-distribution
as n — oo.

n/2 for —1/n <z <1/n,

0 else

(a) fnlx) = {

—na?/4 00
(b) Jn(z) = ‘ (using / e dx = /7 without proof)
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You have to show that lim,, oo < fp, ¢ >=<6,¢ > holds for all p € C§°(R), i.e. that
limy, 00 ffooo fn($)¢($)dl' = ¢(0)

Hints: In (a), split the integral as

| t@etaidn = [~ @) [66) o) dz + 600) [~ fulaw)da

The second integral can be evaluated explicitly. What can you say about the first? A similar
approach for (b) though a bit more work. In my model solution I split the integral into 4 parts,
including a term

/_ " f(@) [B(x) — 6(0)] de

with p chosen appropriately.

3. Derivatives of distributions.

(a) Forn >0, a € R, let D,, : C§° — R be defined by
d"qb

dzn

= ¢ (a) for all ¢ € C°(R).

r=a

< Dy, ¢ >=

Show that D,, is a distribution, and then, by induction, that
Dy = (-1)"6™(z — a),

where §(® is the n-th distributional derivative of the d-distribution.

(b) Let T : C§° — R be a distribution (not necessarily one that is induced by a continuous
function). Using the definition of distributional derivative, translation of distributions and
convergence of distributions, show that

T(x+a)—T(x)
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You may use (without proof) that for any ¢ € C§°(R),
¢(z) — d(z — a)

converges to ¢'(x) uniformly in x as a — 0.



