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1 Lecture 1: Modelling

1.1 What is integer programming?

Consider the following decision problem,

xhg’aggeR 34x1 — 220 + \/51‘3
subject to —7x; + z3 < 5,
2x9 + x3 = 6,
1 >0

xr1,T2,T3 € Z.
It consists of the following parts.

e Decision variables: the variables x1, 2, 3 whose values we are allowed
to choose.

e An objective function f(z1, 2, z3) = 3.4x1 — 222 + v/5z5 that we want to
optimise (minimise or maximise).

e Linear constraints of the form p(z) < c or p(xz) = ¢, where p is a polyno-
mial of degree 1 in the decision variables and ¢ a constant.

o Integrality constraints x; € Z for at least some of the decision variables.

Mathematical problems of this form are called integer programming (IP) prob-
lems if all decision variables are integrality constrained, or mixed integer pro-
gramming problems if only some of the variables are are integrality constrained.

More generally, an IP is of the form

max ch

zERn

s.t. Az < b, (componentwise)
x>0, (componentwise)
r ez,

where A is a m x n matrix for some m,n € N, and where ¢ € R"” and b €¢ R™
are vectors.

A problem such as

max CTZC
TER™

subjectto Az < b, x >0, v € Z"

refers to the maximum objective value achievable among the feasible points z,
that is, by decision vectors that satisfy the constraints.
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Often we are interested in the maximising values x* of the decision variables
themselves. In this case we write

&* = arg max ¢’z
r€R”

st. Ax <b, x>0, x € Z".

This also makes it easy to solve minimisation problems as maximisation prob-
lems, since the same values z* also satisfy
¥ =arg min —clz
r€R"™

st. Ax <b, x>0, z € Z".

In the same vein, any problem with equality constraints

max CTJI
rcR”

st. Az =b, x>0, x € Z"
can be reformulated as a problem with inequality constraints

max CTQI‘
ERSIING

s.t. [_AA} r < {_bb] , x>0, x e,
since Az = bif and only if Az <band —Az < —b.

A type of IP that often occurs uses binary variables to indicate whether or
not a particular feature is switched on. For example, if we have to choose 2 out
of 4 objects worth ¢y, ..., ¢4 respectively and aim to maximise the total value,
we would have to solve the following problem,

max ¢z
z€R4
subject to x1 + x2 + 23 + 4 = 2,

0<z; <1(i=1,...,4), z€Z™

The constraints 0 < z; < 1, x; € Z force z; € B = {0, 1}. Equivalently, we could
replace this by z;(1 — z;) = 0, but this would no longer be a linear constraint
and the problem could no longer be treated by the algorithms discussed in this
course.

From this last example we learn that, while two mathematical formulations
of an optimisation problem may be equivalent in terms of defining the same
optimal values for the decision variables, the two formulations are generally
not equivalent as far as their algorithmic treatment is concerned! This implies
that finding a good formulation must be seen as part of the algorithmic solution
of the problem, a theme we shall revisit over and over again in this course.
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1.2

Complexity

Often the coefficients of A, b, ¢ are rational numbers, in which case the
problem size 9 can be defined as the number of bits required to represent
the problem data in reduced form.

Generally, problems of larger size require more binary number opera-
tions to solve computationally on a computer, and the rate of growth in
the required operations and memory as a function of problem size yields
a notion of problem complexity.

The best algorithms for linear optimisation problems without integrality
constraints (LPs) have complexity bounded by C - 2 for some fixed con-
stants C, g, that is, such problems are polynomial time solvable.

It is believed that there does not exist a polynomial time algorithm for
solving general IP problems, and that the complexity of even the best
algorithms grows exponentially in 2: IPs belong to the class of NP hard
optimisation problems. That is, IP problems are hard to solve, due to the
integrality constraints.

Further details can be found in specialised courses or books on complex-
ity theory. This theory will not be used in a substantial way in this course.
Instead, we will focus on methods for solving IPs by iteratively solving
much simpler sub-problems that increasingly better approximate the IP.
Often the subproblems are LPs or special subclasses of IPs that are poly-
nomial time solvable.

1.3 Introductory Examples

Example 1.1 (The Assignment Problem). A work force of n different workers are
to carry out n different jobs. Each person can do any of the jobs in principle and must
be assigned exactly one job. Assigning person i to job j incurs a cost ¢;;. Find an
assignment that minimises the total cost. See Figure 1 for an illustration.

Decision variables: For (i,j € [1,n] :={1,...,n}),

1 if person i assigned to carry out job j,
Tii =
Y 0 otherwise.

Constraints:

Each person does exactly one job:

Za;ij:1 (i € [1,n])
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Figure 1: An illustration of the assignment problem.

N =

o Each job is done by exactly one person:
dowy=1  (je[ln)
i=1

o Variables are binary:
zi; €B:={0,1},  (i,j € [1,n]).

Objective function: the total cost 3 3i" | 3", cijij.
Model:

n n
min E E CijTij
IER’VLX’VL

i=1 j=1

n
s.t. inj =1 fori=1,...,n,

Jj=1

n
ay=1 forj=1,....n,
=1

a:ijEIB fori,j:l,...,n.

Example 1.2 (The 0-1 Knapsack Problem). A knapsack of volume b has to be packed
with a selection of n items. Item i has volume a; and value c;, and we must pack the
knapsack selecting a set of items of maximal total value. See Figure 2 for an illustration.
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De0,

Figure 2: An illustration of the 0-1 knapsack problem.

Knapsack model:
n
max E CiT;
i=1

n
s.t. Z a;x; < b,
i=1

x € B,

with decision variables are defined as follows,

1 if item 1 is selected,
xr, =
’ 0 otherwise.

Example 1.3 (The Travelling Salesman Problem (TSP)). A travelling salesman has
to visit each of n cities exactly once and then return to the starting point. For each pair
of cities i, j € [1,n] there is a direct air link from i to j. The directed graph (digraph)
G = (V, E) in which the vertices are the cities and the directed edges are the air links
between them is assumed to be a complete graph. It takes c;; hours to travel along edge
ij from city i to city j. In which order to visit the cities so as to minimise the total
travelling time? See Figure 3 for an illustration.

Note: it may be the case that c;; # cj;. If c;j = cj; foralli, j € [1,n|, then we speak
of the symmetric travelling salesman problem (STSP), and (V, E) is considered an
undirected graph.

Formulation as a BIP:
e Decision variables: for all i, j € [1,n],

1 if the tour contains arc (i, j),
Tij = .
0 otherwise.
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Figure 3: An illustration of the travelling salesman problem.

o Constraints: the salesman leaves city i exactly once
dawiy=1  (i=1,..,n)
J:JFi
and arrives in city j exactly once
ay=1  (j=1,...,n)
Gi]
To eliminate solutions with subtours, introduce cut-set constraints:

i€S j¢s

See Figure 4 for an illustration of subtours.
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Figure 4: An illustration of subtours in the travelling salesman problem.

TSP model:

non
min E E CijTsj
x

i=1 j=1
st. Y wy=1 (i€ll,n]),
jeii
domy=1 (jelln]),
it
ZZ:EMZI (SCV, S#0),
i€S j¢s
x € B,

Example 1.4 (Uncapacitated Facility Location (UFL)). Potential sites N = {1,...,n},
clients M = {1, ..., m} for building a new distribution warehouse have been identi-
fied. It costs c;; for satisfying all of client i’s orders from warehouse j. Opening depot j
incurs a fixed cost f; > 0. Decide which warehouse to open and how to service clients

at minimal cost. See Figure 5 for an illustration.

Decision variables:

e For each pair (i,j) € M x N let z;; € [0, 1] be the proportion of the demand of
of client i satisfied from depot j.

o Fixed costs: for each j € N, let y; = 1 if depot j is used, and y; = 0 otherwise.

10
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Figure 5: Illustration of the UFL.

Objective: minimise the total cost

SN e+ Y fivs-

iEM jEN JEN
Constraints:

o 100% of client i’s demand must be satisfied
n
Zl‘ijzl forz’:l,...,m.
j=1

e 0 < x;; <1 forallij. Note that the constraints zs; < 1 are superfluous, as they are
implied by 377, xi; = 1.
® y; € B, with Y; = 1 lffﬂl € M s.t. Tij > 0:
m
Zmij <my; forj=1,...,n.
i=1

This is an example of a so-called big M constraint.

11
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UFL model (mixed integer programming problem):
min Z Z CijTij + Z ijj
(wy)eRmxmin Lt 2 :
% JEN JEN
st. > m;=1 (i€ M),
JEN
Zmijgmyj (]GN),
€M
x>0,
y c Bn.

Example 1.5 (Discrete Alternatives (Disjunctions)).
T

i s
st. 0<z<wu and(22)or(23) holds,
aix < b (1)
az x < by, 2)

where a; are vectors and b; scalars (i = 1,2). The “or” is inclusive, i.e., at least one
of conditions (22) and (23) must hold. See Figure 6 for an illustration.

Modelling such problems as a MIPs: “Big M formulation”

o Extra decision variables for which of (22),(23) to impose:

)1 if (22) is imposed,
730 if (22) is not imposed,

)1 if (23) is imposed,
2790 if (23) is not imposed.

Note that even if a condition is not imposed, it may still hold, but when it is
imposed, it must hold.

e Let M > max{maxo<z<yajx —b; : i = 1,2}, a bound that can easily be
computed via linear programming (see Lecture 2).

Alternative disjunction model:

min  clz

(z,y)€RF2
st. alz—b; <M1 —y) (i=1,2),
1 +y2 =1,
0<z<u
y € B2

12
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Figure 6: Illustration of the problem of discrete alternatives.

13
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We make the following Observations:

o Ify; =1, thenalxz — by < M(1—y;) =0, and hence (22) is imposed.

o The case y1 = 0 is more interesting: We have atz — by < M, which is a
superfluous constraint, as it is already imposed as a consequence of 0 < x < .
M has to be chosen large enough to guarantee that

{z:0<z<u}n{z: ATe—b<M}={z:0<z<u}

so we don’t lose any admissible solutions!

14
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2 Lecture 2: Linear Programming Primal

2.1 LP Relaxation

An important class of optimisation problems are linear programming problems
(LPs), which look just like IPs but without integrality constraints,

max CTLU

x

s.t. Az <D,
x > 0.

We will see that LPs play an important role in algorithms designed to solve
general IPs through the concept of of LP relaxation:

Consider the IP problem
(IP) z* =maxcla
x
st. Ax <b,
x € Zy.

If we give up on the integrality constraints «; € Z, we obtain an LP,

(LP) z=maxc'z
s.t. Az <b,
x> 0.

Giving up on the integrality constraints has two effects on the feasible set .7
(the set of decision vectors « that satisfy the constraints of the problem)

o .# becomes larger,

e % becomes convex.

See Figure 7 for an illustration of this effect.

Proposition 2.1 (Relaxation implies dual bound).
The consequence of the first effect is that Z > z*.

Proof. If the optimal objective value z* of (IP) is achieved at the point 2*, then
x* is feasible for (IP), and hence it is also feasible for (LP). Therefore,

z> e =2*.

15
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Figure 7: Illustration of LP relaxation.

T T T 1T %11

G e

Figure 8: Rounded solutions may be far from optimal ones.

As we shall learn, the consequence of the second effect is that it is much
easier to solve the problem (LP) than (IP).

A first idea for solving IPs is to solving the LP relaxation and round the
optimal values of the decision variables to the nearest feasible integer valued
feasible solution. While this occasionally works, it is not always a good idea:

e Rounding may be non-trivial, e.g., when the LP relaxation of a binary
program takes an optimal solution z* with many values near 0.5.

e The rounded solution may be far from optimal. See Figure 8 for an illus-
tration of this effect.

16



2.2 Introductory Example B6.3 MT 2021, Oxf. Math. Inst.

2.2 Introductory Example

We will now discuss an algorithm for solving general linear programming
problems.

Example 2.2 (Simplex in dictionary form). Consider the LP instance
z = maxdxry + 4z + 3x3

s.t. 2x1+3x2+2x3<5H
41'1 + x9 + 2.273 < 11
3x1 +4xs + 223 < 8

x1,T2,23 > 0.

Preliminary step I: introduce slack variables x4,x5,26 > 0 to reformulate
inequality constraints as a system of linear equations,
z = maxbdx1 + 4xo + 3x3 + 0xy + Ox5 + Oxg
st. 21+ 3r9o+x3+x4=5
4x1 + 9 + 223 + 25 = 11
3x1 +4x9 + 2203+ 26 = 8

T1,T2,T3,T4,T5,T6 2 0.

Preliminary step II: express in dictionary form
max z s.t. x,...,x6 >0,
and where the variables are linked via the linear system
I’4:572I1731‘27;’L‘3
s = 11—43}1—1‘2—21‘3
.’136:8—3!1)1—45132—2373
z =04 bz + 4xs + 3x3.

Step 0: &1, 22,23 = 0, z4 = 5, x5 = 11, z¢ = 8 is an initial feasible solution.
x1, T2, rs are called the nonbasic variables and x4, x5, x¢ basic variables. Note that
basic variables are expressed in terms of nonbasic ones!

$4:5—2$1—3$2—$3

Iy = 1174%17%272%3

1‘628—31‘1—4332—2.733
z =0+ bx1 + 4o + 3x3.

Step 1: We note that as long as x; is increased by at most

) .0 11 8
mln(f,—, 7),
2 2°4°3

17
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all z; remain nonnegative, but z increases. Setting z; = 5/2 and substituting
into the dictionary, we find x9, 23,24 = 0, 25 = 1, 26 = 1/2, z = 25/2 as an
improved feasible solution. We call z; the pivot of the iteration.
.%‘4:5—21‘1—3332—1‘3
5 =11 — 4wy — 29 — 223
1’6:8731’174Z272Z3
z =045z + 4xy + 323.

We can now express the variables 1, x5, x¢, 2 in terms of the new nonbasic
variables x, 3,24 (those currently set to zero) to obtain a new dictionary. To
do this, use line 1 of the dictionary to express z; in terms of x, 3, T4,

1
xr1 = 5(5—3332 — X3 —l‘4)
and substitute the right hand side for «; in the remaining equations.

The new dictionary then looks as follows,

5 3 1 1

1y = 5 - 51‘2 - 5303 - 5304 (3)
T5 =14 bz + 224 4)
1 1 3
L6 = 5 + 572 53 + 54 5)
25 7 1
Z=——=To+ -Tg — =—T4. (6)

2 2 2 2

Of course, we are still solving
max 2z s.t. x1,...,26 >0,

subject to the relationships (3)—(6) holding between the variables, and the new
LP instance is equivalent to the old one. However, a better feasible solution can
be read off the new dictionary by setting the nonbasic variables to zero!
5 3 1 1
LS g T gt gt gt
T5 =14 bxo + 224

11
$6—§+§$2—§$3+§5€4

25 7 1
Z=—— -T2+ T3 — -x4.

2 2 2 2

Step 2: We continue in the same vein: increasing the value of z3 or x4 is
useless, as this would decrease the objective value z. Thus, x3 is our pivot, and
we can increase its value up to

1 = min(5, +o0, 1),

18
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leading to the improved solution s, z4,26 =0, 21 =2, 23 =1, 25 =1, 2 = 13
and the dictionary corresponding to x2, 24, x¢ as nonbasic variables:

3 =14 29+ 3x4 — 226

X1 :272$2721’4+I6

x5 = 14 dxg + 214

z =13 — 3z — x4 — 6.
At this point we can stop the algorithm for the following reasons:

o from the last line of the dictionary we see that for any strictly positive
value of x3, x4 or zg the objective value z is necessarily strictly smaller
than 13,

¢ and from the other lines of the dictionary we see that as soon as the values
of x9, x4 and x4 are fixed, the values of z3, x1 and x5 are fixed too.

e Thus, the last dictionary yields a certificate of optimality for the identified
solution.

2.3 The Simplex Method

Let us now try to understand how the dictionary

r3 =140+ 3x4 — 2254

T, =2 —2x9 — 24 + Tg (7)
x5 = 14 dxg + 214

z=13 — 3xy — x4 — xg,

(which was obtained after two pivoting steps) could have been obtained di-
rectly from the input data of the original LP instance

(LPT) maxbx; + 4xs + 3x3 + 024 + Ox5 + Oxg
s.t.2x1 4+ 30+ 23+24 =5
dx1 + 29 + 223 + 15 = 11
3x1 +4x9 + 2203 + 26 = 8

T1,T2,T3,T4,T5,T6 2 0

if we had been given the relevant basic variables:

The constraints of (LPI) imply a functional dependence between the non-
negative decision variables z;, expressed by the linear system

Az = b, (8)

19
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where
23 1 1 0 O 5
A=14 1 2 0 1 0|, b=|11
34 2 00 1 8

The basic variables of dictionary (7) are 3, x1, 5. Writing

T T
rp = [$3 T 335] 5 N = [3:2 T4 1‘6]
1 2 0 3 10
AB =12 4 1 5 AN =11 0 O
2 3 0 4 0 1

(8) can be written as
Apzp+AnzNy = 0.

Solving for the basic variables = 5, we obtain
xB:Aél (b—Anzy). )
Likewise, the objective function can be written as
z= c%xg +c]1:,33N,

where - -
032[3 5 0] , CN:[4 0 O] ,

and substituting from (9), we find
z=cpAZ' b+ (c% — CE;A]_;AN) TN.
Dictionary (7) is now just the system of equations
xp = Az — AZ  Anzy,
z=cLAR'b+ (c}\} — CEA;AN) TN-
Definition 2.3 (Dictionary). A dictionary of the LP problem (P)
mfmx{ch : Az =b, x > 0}
is a system of equations

rp = A;lb — ABIAN?L'A“
z=cpAZ' b+ (c% — CEAE,lAN) TN,

equivalent to
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where up to column permutation A = [Ap Ax ] and x = [2F % |" is a block decom-
position such that Ap is nonsingular.

A dictionary is called feasible if A;'b > 0, so that x = (zp,zn) = (A5'b,0) is
feasible (but generally suboptimal). The point (x g,z ) is then called a basic feasible
solution.

Algorithm 2.4 (Simplex Method for the general LP instance (P)).
// initialisation
choose a basic feasible solution (xg,zN);
while cy — AL, Az cp > 0do
i:=min{l € N : ¢, > AEAIQTCB}; // Ay is f-th column of A
if A" A; <0 then
| return “(P) unbounded”; // (objective — oo)
else
AM = argmingep {(A5"'0)n/ (A5 4i)k : k € B,(A5" 4;) > 0};
J = mingeans £;
N« NU{jh\{i};
B« BU{i}\{j}
end
end
return (xp,xy) = (Az'b,0) “optimal basic solution”;

Comments:

o The specific choice of 7 and j in Steps i) and ii) provably avoid that the
same sets (B, N) appear twice in the course of the algorithm, and hence
guarantee finite termination. This is called Bland’s Rule, the proof of
which we omit.

o In an efficient implementation the full dictionary is never computed, as it
suffices to compute the vectors cx — Ay A5" cp and A5'A; (which com-
putationally amounts to solving two linear systems, one matrix-vector
multiplication and one vector addition), as well as A;'b (a clever imple-
mentation does not require an extra linear systems solve).

2.4 Tableau Format of the Simplex Method

A tableau is a representation of the problem data obtained by moving all vari-
ables z; of a dictionary to one side and constants to the other. For example, the
dictionary
.’L‘4=5—2$1—3$2—$3
Iy = ].1—4(E1—"E2—2(E3
I’6:873I’174$272$3
z =0+ bx1 + 4xs + 33,

21
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corresponds to the tableau

2 3 110 0] 5
41 2 0 1 0f11
3 4.2 0 0 138
5 43 0 0 0fo.

Basic variables can be identified via the appearance of an identity submatrix,
and an optimal tableau is characterised by the appearance of all non-positive
entries on the Lh.s. of the last line.

Applying the same procedure to the second dictionary

5 3 1 1

I1:§75Z27§$37§I4
I5:1+5Z2+2£€4
e +
Tg — 2 21‘2 2$3 2$4
25 7 1
2= = T2t 5T3 — 5T,

2 2 2 2

we obtain the following tableau,

1 15 05 05 0 0f 25
0 -5 0 -2 10 1
0 —05 05 —25 0 1] 05
0 -35 05 —25 0 0] —-125

Here is how the first tableau can be directly transformed into the second
one:

1. Among the columns on the left, identify one whose last entry is positive.

213 1. 1 0 01 5
411 2 0 1 0} 11
314 2 0 0 174 8
[5]4 3 0 0 0] o.
We call this column the pivot column.
213 1. 1 0 01 5
411 2 0 1 0111
314 2 0 0 11| 8
[5]4 3 0 0 0] o.

2. For each row (apart from the last) of the pivot column with positive coef-
ficient ¢, look up the corresponding coefficient v on the r.h.s.
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o If no such row exists, the problem is unbounded.

e If such rows exist, pick the one for which u/t is smallest and call it
the pivot row. In this example, t = 2 and u = 5.

2[3 1 1 0 05
41 2 0 1 of11
3/4 2 0 0 1] 38
[5]4 3 0 0 0] o.
3. Divide the pivot row by ¢,
1]15 05 05 0 0][25
41 2 0 1 of 11
3] 4 2 0 0 1] 8
(5] 4 3 0 0 O0fo.

4. For all other rows i of the tableau, subtract the “rescaled” pivot row ¢;
times, where ¢; is the row-i entry of the pivot colum,

1 15 05 05 0 0f 25
0 -5 0 -2 10 1

0 —05 05 —25 0 1] 05
0 -35 05 —25 0 0] —125.

In the new tableau there once again appears a permuted identity matrix
that identifies the new basic variables.

2.5 Phase I of the Simplex Algorithm

A problem we neglected so far is that the simplex algorithm needs to be given
a basic feasible solution as a starting point to be able to run, and finding such
a solution is often a non-trivial problem in itself. Luckily, we can first solve the
auxiliary LP instance

(AUX) max - Z(sz + ;)

y=(s,t,x)ERM+m+n

st. [I =1 A]|t]| =b,
T

s, t,x > 0.
A basic feasible solution for (AUX) is readily given by

B={i:1<i<m,b;>0}U{m+i:1<i<m,b; <0},
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so that yp = |b| consists of components of s and ¢.

Further, the optimal basic solution y* = (s*,t*, 2*) of the auxiliary problem
satisfies exactly one of the following two conditions:

i) Either s*,¢* = 0 and then w.L.o.g. all the y-indices corresponding to s and
t can be assumed to have been pivoted into the set of nonbasic variables
yx, so that

(@5, 28) = (Y5, YN
is a basic feasible solution for (P), where the maps =, are the projections
of the relevant parts of y onto their z-components.

i) Orelse, > 1", (s; +t;) > 0 proves that the set of feasible solutions for (P)
is empty, since any feasible solution z of (P) together with s,¢ = 0 would
improve on the optimal objective value.

24



B6.3 MT 2021, Oxf. Math. Inst.

3 Lecture 3: Linear Programming Duality

3.1 Bounding LPs

Let us again consider the LP instance we studied previously,

(P) max 5z1 + 4xs + 3z3
st. 221 + 322+ 23 <5
41 + xo + 223 < 11
3x1 4+ 4ao + 223 < 8

z1, w2, 23 > 0.

We saw that the optimal value is 13.

In integer programming, instead of solving an LP relaxation to optimality
one is often interested in finding merely upper and lower bounds on the opti-
mal value. A lower bound is provided by any feasible solution. For example,
x1,x2 = 1, 3 = 0 is feasible with objective value 9.

How can we obtain upper bounds?
e Multiplying the first constraint by 3 we obtain
6%1 + 9I2 + 3.’L‘3 S ].57

and since z1, x2, x3 > 0, this yields an upper bound on the objective func-
tion:
z =5x1 + 4xo 4+ 3x3 < 621 + 929 + 323 < 15,

o Likewise, taking the sum of the first two constraints yields the valid up-
per bound

z =5x1 +4xo + 313 < 621 + 4o 4+ 323 < 16.

e More generally, such bounds can be obtained from any sum of positive
multiples of the constraints for which the resulting coefficients are no
smaller than the corresponding coefficients of the objective function:

2 3 1
5 4 3]<[y v w4 1 2/, y1,92,93>0
3 4 2
5
=z<[y w2 ys] |11
8
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The best such upper bound is obtained by solving the LP instance
(D) myin 5y1 + 11ya + 8ys
s.t. 2y1 + 4y + 3ys > 5,
3y1 +y2 +4ys > 4,
Y1+ 2y2 +2ys = 3,
Y1, Yy2,y3 = 0.
This is called the dual of the LP instance (P), the latter being called the primal.
More generally, an LP of the form
(P) z*=maxclz
st. Az <b
x>0
is associated with a dual
(D) w* =minbTy
y
s.t. ATy >c
y =0,
since
yTA>cT 229 yT Az > Tz y2hArsh yTo > cTa.
This allows us to formulate a dual problem for any LP, by first reformulat-
ing it in canonical form. For example,

(P) 2" =maxclz
xr

s.t. Ax <b.
Writing z = 2! — 22 with !, 2% > 0, this is equivalent to
T T zt
(P') z* = Hlla}g [C ,—C ] |;’E2:|
A Ao
s.t. [A, —A4] LQ} < b,
xl, z? > 0.
The latter has the dual

D) w* = myin bTy
s.t. ATy > ¢,

*AT?J Z —C,
y >0,
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which in turn is equivalent to
(D) w* = myin by

st. ATy = ¢,
y > 0.

3.2 Weak Duality

To analyse the relationship between the primal-dual pair (P), (D), we will hence-
forth consider LPs in the following standard form into which any LP may be cast
under an appropriate reformulation,

(P) max Z CjT;
j=1

n
s.t. Zaijxj S bi, (Z = 1, .. .,m),
j=1

D i ib;
(D) min Zly

m
s.t. Zyiaij = Cy, (j: 1,...,TL)
i=1
yi>0? (221,,m)

Theorem 3.1 (Weak Duality Theorem).

i) If x is primal feasible and y is dual feasible (feasible for (P), (D) respectively),

then . .
j=1 i=1

ii) If equality holds in (10), then x is primal optimal and y is dual optimal.
iii) If either (P) or (D) is unbounded, then the other programme is infeasible (has no
feasible solutions).

Proof. i) By assumption, we have }°7_, a;;jz; <b; foralliand 37", yiai; = cj,
y; > 0 for all j. Therefore,

n n m m n m
Zcﬂj = Z (Z yi“z‘j) T; = Zyz ( aijwj) < Zyzbz
=1 i=1 j=1 i=1

j=1 \i=1
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ii) and iii) are immediate consequences of i). O

Theorem 3.2 (Theorem of Alternatives for Linear Inequalities). Consider the fol-
lowing two systems of linear inequalities,

Zaijxj Sbl, (’i: 1,...,m) (11)
=1
and
Zyiaij - Oa (] = 1a 7n)
i=1
m
ZyLb‘ <0
=1

Then system (11) has a solution if and only if (12) has no solution.

Proof. See problem sheets. O

3.3 Strong Duality
Theorem 3.3 (Strong Duality Theorem).

i) If (P) and (D) both have feasible solutions, then they have optimal solutions x
and Yy such that Z?:l CjTj = Z:nzl yib,’.

ii) If either (P) or (D) is infeasible, then the other programme is either unbounded
or infeasible.

Proof. Expanding each equality of the dual constraints as two inequalities, the
claim of part i) may be written as the following system,

Zaijxj <b;, (i=1,...,m) (primal feasibility)
j=1
Zyiaij <c¢j, (j =1,...,n) (dual feasibility)
i=1
—> wiay; < —¢;, (j = 1,...,n) (dual feasibility) (13)
i=1
—y; <0, (i =1,...,m) (dual feasibility)

- Z ¢ + Z b;y; < 0 (optimality)

j=1 i=1
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In matrix form (22) reads as

A b

AT c

(1) —AT m < |—c
1| W 0

—cT pT 0

Writing this as A7 < b, the FTLI implies that (I) has a solution if and only if
the following system does not have a solution, ATg = 0, § > 0, b < 0, or
equivalently,

(Im) {AT A —A -1 _bc]

N w & g

bru+ct(v—w) <0, u,v,w,s,7>0.

Writing h = w — v the latter system can be rewritten as follows,
m
Zuiaij 7Cj7' = 0, (] = 1,...,71)
i=1

_Zaijhj_5i+bi7-:07 (i=1,...,m) (14)
j=1
Uiy 85,720, (i=1,...,m;j=1,...,n)

ibzuz — icjhj <0,
i=1 j=1

To prove that (22) is feasible, we must show that assuming the feasibility of
(23) leads to a contradiction.

Case 1: (23) has solution with 7 > 0. Let z; = 2h; Vj and y; = Lu; Vi. Then
x and y are primal and dual feasible, but

m n
E biu; +
=1 J

implies 37" yib; < >_7_, ¢jx;, violating weak duality.

Case 2: (23) has solution with 7 = 0and Y.~ | u;b; < 0. Take § dual feasible.
Then y = § + Mu is dual feasible for all A > 0, and

Zyibi = Zgibi + )\Zuibi
i=1 i=1 i=1

thj <0
1
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becomes arbitrarily negative for large A. By weak duality, (P) is infeasible.

Case 3: (23) has solution with 7 = Oand Y~ ¢;h; > 0: similar construction
to Case 2 with z = & 4 Ah and & primal feasible.

For parts ii) proceed similarly (see problem sheets). O

3.4 Linear Complementarity

Definition 3.4 (Complementarity). « € R™ and y € R™ are complementary solu-
tions relative to (P) and (D) if

n
Yi bi—zaijwj =0, (t=1,...,m),
j=1

that is, either y; = 0 or the primal constraint Z;-L=1 ai;x; < by is active (holds as
equality).

Theorem 3.5 (Complementary Slackness). x and y are complementary solutions

relative to (P) and (D) if and only if they are optimal solutions of (P) and (D).

Proof. x and y are primal and dual feasible. Therefore,

Zyi (bi - Zaijl'j) = Zyibi - Z <Z yiaij> Ty = Zyibi - ch%w
i=1 j=1 i=1 j=1 \i=1 i=1 j=1
(15)

If z and y are complementary, then the Lh.s. of (15) equals zero, hence by
weak duality, the r.h.s. shows that = and y are optimal.

If z and y are optimal, then by strong duality, the r.h.s. of (15) equals zero,
and since the Lh.s. consists of non-negative summands, we have y; (b,; — Z?Zl aij xj)
for all 4. O

Definition 3.6 (Linear Complementarity). More generally, solutions (x,s) and
(y, t) are complementary relative to the primal-dual pair of LP problems

(P) z*=maxcla+d's (D) w*=minaly+b"t
x,s y,t
s.t. Az + Cs < a, st. ATy + BTt > ¢
Bz + Ds = b, CTy+DTt=d
x>0 y > 0.
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if the following conditions are satisfied,

yi | @i =Y agz;—> cusp | =0, Vi,
j k
(Z yiaij + Zt@bej - Cj) :Ej = 0, V]
i ¢

Corollary 3.6.1 (Complementarity and duality). Complementary solutions rela-
tive to a primal-dual pair of LPs remain complementary when the roles of primal and
dual are interchanged.

Proof. Follows from the the Complementary Slackness Theorem and the fact
that the bi-dual equals the primal. O

Example 3.7 (Check optimality by complementarity). Consider the LP instance

(P) maxbx1 + 4xs + 323
s.t. 201 +3x0 + 23 <5
dx1 + o + 223 < 11
3x1 +4xo + 223 < 8
T1, 2,73 > 0.
Suppose we are given the solution x7 = 2, x5 = 0, % = 1. How can we check if this

solution is optimal for (P)? We verify the claim by constructing a dual optimal y* via
complementary slackness.

First we check that «* is feasible for (P) by substitution into the constraint inequal-
ities: If x* is optimal, then by complementary slackness, x5, x5 > 0 implies

2y +4ys +3y3 =5 (16)
Y1+ 2y5 + 2y3 = 3. (17)

Furthermore, 4z} + x5 + 2z = 10 < 11 implies y3 = 0.
Substituting into (16) and (17), we obtain

2yT +3y; =5
yr +2y; =3

Solving this linear system, we find yi =1, y5 = 1.

By construction, y* satisfies the constraints ATy* > ¢, and we also see that y* >
0. Furthermore,

Tr*=5-244.043-1=13=5-1+11-0+8-1=bTy",

confirming the optimality of both x* and y*.
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4 Lecture 4: Dual Simplex Algorithm, Alternative
IP Formulations

41 The Dual Simplex Algorithm

Thanks to strong LP duality and strict complementarity, one could solve the
dual of a given LP and derive the primal optimal solution from the dual op-
timal solution, if that is easier. Applying the simplex algorithm to the dual
problem can be done directly in the primal tableau, and this is called the dual
simplex algorithm.

Example 4.1 (Dual Simplex).
1 1

P e =
(P)max — a1 — o2
s.t 1 1 <1
P
6 1 6 2 >4,
+1 <3
—x —x b
4 1 4 2727
1 1 < 1
4$1 41’2_ 27
x1,22 > 0.

Adding slack variables, we find the tableau

16 -1/6 1 0 0] 1
14 14 0 1 0] 3/
14 14 0 0 1|-1/2
14 14 0 0 0] 0

The last line indicates that the tableau would be optimal if only the associated basic
solution were feasible, which the r.h.s. shows it is not. We want to take pivots that
keep the coefficients on the last line non-positive (dual feasibility) and make progress
toward making the tableau feasible. To render x5 non-negative, we must use row 3 as
a pivot row in which to eliminate a different variable.

To decide on which column to pivot, note that if the pivot row t were to read
n —
Z dt]'(Ej = bt
j=1

with a;; > 0(j = 1,...,n) and by < 0, then no matter how = > 0 is chosen,
constraint t could not be satisfied. In that case, we would have to conclude that the
primal problem is infeasible.

Luckily, in our case, this is not so, and in pivoting on column h with a., < 0, the
last row changes as follows,
_ _ Ch _
Cj — Cj — ——Q¢j5-
Qtp
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Figure 9: Illustration of a polyhedron.

To guarantee dual feasibility, we must not allow any ¢; to become positive, that is,

Ch _

¢ ——a; <0, (j=1,...,n) (notaproblemifa,; > 0,sincec, < 0and aw, < 0)
Qth

Cj Ch . _

|atj| |ath‘ ( [ 5 ]v tj )

< he argmax{cj cjeln], ay < 0}.
|

For example in our case, t = 3, h € {1,2}. Eliminating z1 in row 3 optimises the
tableau,

16 16 1 0 0| 1 0 <13 1 0 253|253
174 14 0 1 0|32 o 0 o0 1 1|1
1 17 0 0 4|2 71 1 00 4|2
/& -1/4 0 0 0] 0 0 0 0 0 -1]1p2

4.2 Polyhedra and Polytopes

Definition 4.2 (Polyhedron). A polyhedron is a set P C R"™ described as an inter-
section of finitely many affine half spaces

P:{xeRnl Zaijxjgbi, (z:l,,m)},

j=1
for some A = (a;;) € R™*" and b € R™. See Figure 9 for an illustration of this
concept.

Definition 4.3 (Polytope). A polytope is a set P’ C R™ described as the convex
hull of finitely many points

P P
P’ = conv {xk c ke [1,p]} = {ZAkmk : Z/\k =1, \; >0, Vk‘}
k=1

k=1

for some x*, ... xP € R™. See Figure 10 for an illustration of this concept.
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Figure 10: Illustration of a polytope.

Polytopes and polyhedra are essentially the same objects, except that poly-
hedra may extend to infinity and that the descriptions are duals of each other,
one in terms of linear inequalities, and one by generators.

Theorem 4.4 (Weyl’s Theorem). If P’ is a polytope, then P’ is also a polyhedron.

Proof. x € P’ iff 3\ such that

p
> =1,
k=1
A >0, (k‘=1,...,p),

where z; and )\ are variables but 2], are constants. Equivalently, the require-
ment can be written as a system of linear inequalities,

P
:rj—Z)\szg(), (j=1,...,n)
k=1

p
—zi+ > Mk <0, (G=1,...,n)
k=1
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Figure 11: Extreme points of a convex set.

Now apply Fourier-Motzkin Elimination (see problem sheet) to eliminate
all the variables Aj. This yields a new system of inequalities

n N
Zaij$j+20-)\k <b, (i=1,...,m)
j=1 k=1

for some A = (a;5), b and m, each of which is a positive linear combination
of inequalities of the original system. By the properties of Fourier-Motzkin
elimination, 3 A such that (z, A) satisfy the orginal system iff x satisfies the new
system, which now doesn’t involve A. Hence,

P =P={zecR": Az <b}.
0

Definition 4.5 (Extreme points). Let C' C R™ be a convex set. A point x € C is an
extreme point of C if « is not a convex combination of two points in C distinct from
x

Axy,xe € C\{z}, A € (0,1)s.t. x = Azg + (1 — N)za.

See Figure 11 for an illustration of this concept.

Theorem 4.6 (Minkowski’s Theorem). If P C R is a polyhedron and bounded,
then P is a polytope, that is, P has a finite set X of extreme points, and P = conv(X).

Proof. See problem sheet. O
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Figure 12: Relaxation of a MIP.

L

Figure 13: The feasible set is the intersection of the formulation with the integer
lattice.

4.3 Alternative Formulations of IP Problems

Let us now consider the mixed integer programming problem

T T
(MIP) (x’;?eaﬂg&p C T+ e,y

st. Ax+By<b
x e,

where A and B are matrices, and let us denote the set of feasible solutions of
(MIP) by
F={(z,y) eR"™P: Az + By < b,z € Z"}.

If we drop the integrality constraints © € Z", the set of points that satisfy
the remaining constraints is a polyhedron:

P:={(z,y) € R""P: Az + By < b}.
See Figure 12 for an illustration.
Furthermore, we have .# = P N (Z™ x RP), as depicted in Figure 13

Definition 4.7 (Formulation of a MIP-feasible set). A polyhedron P C R"*? is
called a formulation of a set # C 7" x RP if

PN (Z" x RP) = F.
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Figure 14: Alternative formulations of the same MIP.

A formulation of Problem (MIP) is any formulation of its feasible set .7 .

Example 4.8 (Alternative formulations). Consider the polyhedra

Pr={zcR":0<2<1, 83z +6lry + 4923 + 2024 < 100},
Po={r € R*:0< 2 <1, 4da; + 329 + 223 + 24 < 4},
Ps={r€R*":0<x<1,4a; +320+2234+ 24 <4, 01 + 20+ 23 <1, 37 +24 <1}
Then the IPs
(IP;) max ¢l z
z€Z*

s.t.x €P;

all describe the same mathematical optimisation problem for i = 1,2, 3, because all
three polyhedra are formulations of the same feasible set

7 =1{(0,0,0,0),(1,0,0,0),(0,1,0,0), (0,0,1,0), (0,0,0,1),(0,1,0,1), (0,0, 1, 1)}

Algorithmically, however, Formulation 3 is easier to solve than Formulation 2, and the
latter is easier to solve than Formulation 1, because P3 C Py C Ps.

Let us verify these claims: If z € P; N {0,1}*, then dividing 83z + 61z +
49z5 + 20z4 < 100 by 203 yields

4.0821 + 3x9 + 2.41x3 + 0.9814 < 4.92,
and since z4 < 1, adding 0.02x4 yields

4.08z1 4+ 3z9 + 24123 + x4 < 4.94.
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Since all z; > 0, rounding down the coefficients in the L.h.s. can only render the
inequality more satisfied,

41 4 329 + 223 + x4 < 4.94.

Seen as all z; are integers, the 1.h.s must be integer, hence we can round down
the rh.s.,
4x1 4+ 39 + 223 + x4 < 4.

This shows P; N {0, 1}* C P, N {0, 1}%. Moreover, z € Ps implies (multiplying
dry + 3x9 + 223 + x4 < 4 by 25),

100z1 + 75z2 + 50x3 + 2524 < 100,
and using z; > 0,

83z + 612y + 4923 + 2024 < 100,

whence x € P;. Therefore, P, C Py and P, N {0,1}* € P; N {0,1}*, which
implies
P N{0,1}* =Py n{0,1}*.

Next, If z € P, 1N {0,1}%, then 42 + 3z2 + 223 + 24 < 4, thus at most
one of 1,2,z can be equal to 1, and at most one of z1, x4 can be equal to 1.
Therefore,

T1 + T2 + w3 < 1,
$1+{E4§1,

so that x € P3. This shows that P, N {0,1}* C P3N {0, 1}*. Itis also immediate
that P3 C P,, and hence, P3 N {0,1}* C P, N {0, 1}*. Therefore,

PN {0,1}* = P3N {0,1}%.

Definition 4.9 (Tigher formulation). If two formulations Py, Py of the feasible set
F of an IP or MIP satisfy Py C P1, we say that Ps is a tighter formulation than P;.

Definition 4.10 (Ideal formulation). If a formulation P of the feasible set .% satisfies
P = conv(.F), then P is called an ideal formulation. See Figure 15 for an illustration
of this concept.

Example 4.11 (Ideal formulation). Formulation Ps of the previous example is an
ideal formulation of 7.

Theorem 4.12 (Ideal formulations are solved by LP relaxation). Let
(IP) z=maxcl z

s.t. Az =b
x>0
ijZ, (j:l,...,n)
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Figure 15: An ideal formulation.

be an IP given with an ideal formulation P = {x : Ax = b, x > 0}, and let z* be
an optimal basic solution (one found by application of the simplex algorithm) of the LP
relaxation

(LP) w = max ¢ x

st. Az =0
x > 0.

Then x* is also an optimal solution of (IP).

Proof. Since (LP) is a relaxation of (IP), we already know that z < w, so all we
need to establish is that 2* is feasible for (IP), that is, it takes integer values,
and optimality follows automatically. Since by assumption P = conv(.#), each
extreme point Z of P is in .%, and thus 7 is integer valued. It therefore suffices
to prove that z* is an extreme point of P.

Since z* is an optimal basic solution, it is a basic feasible solution, and it
thus suffices to prove that any basic feasilbe solution Z of P is an extreme point.
Let Z be a basic feasible solution with basis B and non-basis N, thatis, 15 =
Az'band Zy = 0. Suppose that

F= x4+ (1 = \)2? (18)

for some z',z? € P and XA € (0,1). We have z};,23 > 0and 0 = &y =
Azk + (1 — N)z%, whence =}, = 2% = 0. It follows that b = Az’ = Apgaly, so
that 2%y = AZ'b = & for (i = 1,2). We have shown that 2! = 2? = 7 for all
representations of the form (18), which shows that 7 is an extreme point. O
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5 Lecture 5: Total Unimodularity

5.1 Totally Unimodular Matrices

We consider the IP

(IP) max{c'z: Az =b, x>0,z € Z"}

and ask the question whether we have a chance to recognise if
P={zeR": Az =b,z >0}

is an ideal formulation, in which case we are in the fortuitous situation that (IP)
is solved by its LP relaxation. While this is difficult to decide in general, there
exists at least an important family of cases where this is possible:

Definition 5.1 (Totally unimodular matrix). A matrix A € R™*" is called totally
unimodular if every square non-singular submatrix of A has determinant £1.

Lemma 5.2 (Extreme point implies basic feasible). Each extreme point of P is a
basic feasible solution.

Proof. See problem sheet. O

Theorem 5.3 (Total unimodularity implies integrality I). If the constraint matrix
A of problem (IP) is totally unimodular and b is integer valued, then every extreme
point of the formulation ‘P is integer valued.

Proof. W.l.o.g., we assume that the rows of A are linearly independent. By the
Lemma, every extreme point 7 is a basic feasible solution, and thus there exists
a basis B = {j1,...,jm} and non-basis N such that Zy = 0 and

ABi'B =b.

The nonbasic components 7y are clearly integer valued, and using Cramer’s
Rule, we have

5. = det(A%)

e det(AB)’
where A% = [4;; - Aj_, b A5, - A5, ], Since A has integer components,
we have det(A%) € Z, and since det(Ag) = =£1, it follows that i is integer
valued. O

5.2 Total Unimodularity Theory

We can easily extend Theorem 5.3 to polyhedra in inequality constrained form:
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Theorem 5.4 (Total unimodularity implies integrality II). If A is TU, then for all
b € Z™, all extreme points of the polyhedron P(b) := {x € R" : Ax < b, x > 0} are
integer valued.

Proof. If Ais TU, then A = [ 1]is TU, so that by Theorem I, the extreme points
of
P'(b) := {z eER™™: Az =10, 2> O}

are integer valued. Let IIg» : z = (z,s) € R®™™  z be the projection onto the
first n components of the variables z. Then P(b) = IIg»P’(b) , and all extreme
points of P(b) are projections of extreme points of P’(b). Therefore, the extreme
points of P(b) are also integer valued. O

The following is a near-converse result:

Theorem 5.5 (Integrality implies total unimodularity). If A € Z™*™ is such that
all extreme points of the polyhedron P(b) := {z € R™ : Az < b,z > 0} are integer
valued for all b € Z', then A is TUL

Proof. Let A = [ 41]. We will prove in one of the problem sheets that all extreme
points of

P'(b) = {zER"+m: Az =1, ZZO}

are integer valued. Let A; ; be an arbitrary invertible square submatrix of A,
corresponding to row indices I and column indices J. Let

B=JuU{n+i:i¢l},

then Ap is an invertible m x m submatrix of A. If rows I of matrix Ap are
permuted into the top position by left multiplication with appropriate permu-
tation matrices P;, P, it is of the form

A A 0
PiAP,; = |: i’J I:| .

This process is illustrated in Figure 16. Hence det(Ap) = +det(A; ;), so that
det(A; ;) = 1 if and only if det(Ap) = +1.

Let e’ be the i-th canonical unit vector in R™, so that

and let
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Figure 16: The permutation required in the proof of Theorem 5.5.

Then , . _
b*'=4¢-Agl+é’,

is an integer vector Vi. The basic solution associated with the basis B and the
rhs. b is

xB:zﬁiglbi:5~1+Aglei20, zny =0,

s0 it is basic feasible and hence an extreme point of P’.

=xrg € Z™,
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5.3 Practical Tools to Recognise TU matrices

Verifying that a given matrix is TU seems a task of complexity exponential in
the size of the matrix.

There are two categories of simple tools to recognise special cases:

e Rules by which small TU matrices can be assembled into larger ones. By
applying the inverse of these rules, we may be able to recognise how
to decompose a matrix into smaller parts whose total unimodularity is
computationally cheaper to verify.

o Sufficient criteria that can easily be checked may allow us to identify
some important families of TU matrices.

The following rules are easy to prove: A € R™*" is TU if and only if any of
the following matrices are TU,

i)y AT,

ii) [a-A],
iii) A- P, where P is an x n permutation matrix
iv) P - A, where P is a m x m permutation matrix,

v) [ 5142 7], with J; = P;[§ 9]Q;, I an identity matrix, 0 a block of zeros, and
P;, Q; permutation matrices of appropriate size.

Example 5.6 (TU matrix). The following matrix is TU,
10

A=11 1 -1 -1
0 0

1 0

Indeed, it is trivial to check that [ 1] is TU. By application of ii),

10 -1 O
11 -1 -1

is TU, and by application of v),

10 -1 O
11 -1 -1
0 0 O 1

is TU. By permuting the last two columns we find that A is TU.
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Definition 5.7 (Consecutive ones). A 0, 1-valued matrix A has the consecutive
ones property if the rows can be ordered so that the 1s in each column appear consec-
utively.

Theorem 5.8 (Consecutive ones implies TU). If A € {0,1}™*"™ has the consecu-
tive ones property, then A is TU.

Proof. See problem sheet. O

Example 5.9 (Consecutive ones). The following matrix has the consecutive ones
property:

001 00 1O0
101 0 0 01
A=10 1 1 0 1 0 1
01 10101
01 00101

Example 5.10 (Workforce planning). Matrices with the consecutive ones property
occur naturally in workforce planning problems:

o Workers are assigned to shifts consisting of consecutive time periods in periods
i =1,...,m. There are thus at most ("”;1) possible shifts j = 1,...,n.

e Hiring for shift j costs c; per worker.
o In period i at last d; workers are needed to operate the machinery.

e How many workers x; to hire for each shift so as to minimise the total cost?

n
min Do
j=1

n
s.t. Zaijxj >d;, (i=1,...,m)
j=1

520, (j=1,..,n)
z; €Z, (j=1,...,n).

Each column of A = (a;;) is of the form [0 ... 01 ... 10 ... o]T because all shifts must
consist of a set of consecutive time periods. Therefore, the matrix A is TU.

5.4 Another Sufficient Condition for TU

Theorem 5.11 (Sufficient condition). Let A = [a;;] be a matrix such that

i) a;; € {+1,—-1,0} forall i, j.
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ii) Each column contains at most two nonzero coefficients,
m
> laijl <2 (5 €[1,n)).
i=1

iii) The set M of rows can be partitioned into (My, M) such that each column j
containing two nonzero coefficients satisfies

Zaij— Zaijzo.

i€ My i€ Mo
Then A is totally unimodular.

Proof. The proof is by contradiction, assuming that A is not TU.

Let B be a smallest submatrix of A such that det(B) ¢ {0,+1,—1}. Then
all columns of B contain exactly two nonzero coefficients, for else there exist
permutation matrices P;, P» such that

P,BP, = ﬁ)l g} 7

and then det(C) = £det(B) ¢ {0,+1,—1}, and C is the row permutation of a
strict submatrix of B, contradicting the choice of B. /

Because of iii), adding the rows of B with indices in M; and subtracting the
rows with indices in M5 yields the zero vector, showing that the rows of B are
linearly dependent and det(B) = 0, in contradiction to the choice of B. # [

5.5 Application to Graph Problems

Definition 5.12 (Graph). A graph G = (V, E) consists of a finite set of vertices (or
nodes) V and a finite collection of edges E C {{v,w} : v,w € V} consisting of
unordered pairs of vertices, referred to as the heads or endpoints of the edge.

If v is a head of e, we say that e and v are incident to one another.
Anedge e € E is called a loop at v € V if both heads of e equal v.

The vertex-edge incidence matrix of G is the matrix 0, £1-valued matrix
A(G) = (Aue(G))

1 if v is one of two distinct heads of e,
Ay e(G) =12 if e is a loop at v,
0  otherwise.

veV,eceE "’

Definition 5.13 (Bipartite graph). A graph G is bipartite if V = V;UV is a parti-
tionand E C {{v,w}: ve Vi, w e W}
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Figure 17: The graphs of Example 5.14.

Example 5.14 (Graph and bipartite graph). The drawings of Figure 17 give an
example of a graph and a bipartite graph with incidence matrices

110000
11000000 001100
10001210 000011

AG)=10 0 01 0 0 1 2 AGy)=1[1 00 0 0 0
00110000 001010
01101000 010001

000 1 0 0

Definition 5.15 (Digraph). A graph G is a digraph (directed graph) if E C {(v, w) :
v,w € V'} consists of ordered pairs, giving each edge (or arc) a direction from its tail
v to its head w. The vertex-edge incidence matrix is then defined as

1 if v is the head of e,

-1 if v is the tail of e,

' 0 if e is a loop at v,
0 otherwise.

Example 5.16 (Digraph). The graph of Figure 18 is a digraph with incidence matrix

0 -1 0 0 0 0
0o 0 0 -1 1 -1
A(Gs) = 0 1 -1 1 0 0
0O 0 1 0 -1 1

Theorem 5.17 (Incidence matrix of bipartite graph implies TU). The vertex-edge
incidence matrix of any bipartite graph is TU.
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Figure 18: The graph of Example 5.16.
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Proof. Each column of A(G) contains exactly two nonzero components, a 1 for
some v € V7, and a 1 for some w € V5. Therefore, the sufficient criterion of the
above theorem applies for the choice M; = Vi, My = Va. O

Theorem 5.18 (Incidence matrix of digraph implies TU). The vertex-edge inci-
dence matrix of any digraph is TU.

Proof. Each column A. .(G) corresponding to a loop is a zero vector. If e is not
a loop, then A. .(G) contains exactly two nonzero components, a +1 for the
head, and a —1 for the tail. Therefore, the sufficiency theorem applies with M;
=M, M, = 0. O

Example 5.19 (Shortest Path Problem). o Given is a digraph G = (V, E) with
nonnegative arc lengths c. for all e € E.

e Two nodes s,t € V are marked.

o Find a shortest path from s to t in G.

Foreach e € I, let x. = 1 if e lies along the path taken, and x. = 0 otherwise.
Foreachv € V,letb, = 1ifv=s,b, = —1ifv =t,and b, = 0 otherwise.

We write VT (v), V=1 (v) for the successor and predecessor nodes of v.

(SP) Z = min Z CijTij

(i,5)EE
s.t. Z Tsj — Z Tjs = 1
JEVH(s) JEV=(s)
Yo=Y, we=-1
JEVH(t) JEV (1)
doom— Y, xp=0 (ieV\{st}
JEVH (i) JEV=(9)
0<wzy; <1 ((i,)) € E)
z e 7Pl

In matrix form, we now have

(SP) min Z Cole

ecE
s.t. A(G)x = b,
0<z.<1, (e€kE),
z. €7, (e€kE).
The constraint matrix of (SP) (reformulated in inequality constrained form) is [AT, — AT 1]7T,

in which A = A(G) is the vertex-edge incidence matrix of a digraph, hence the model
is TU and may be solved via LP relaxation.
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Figure 19: Shortest path problem as a network flow problem.

Note: (SP) has an interpretation as an s-t flow problem with capacities 1 on
each edge and integrality constraints on the z., with flow conservation con-
straints at each vertex. See Figure 19 for an illustration.

Example 5.20 (Assignment Problem). The problem lives in a bipartite graph G =
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(V1, Vo, E) with Vi = {i1, ..., in} workers, Vo = {j1,...,jn} jobs, E = V1 X Va.
n n
,nin 2:32%‘

n
s.t. ZJ?U =1 fOl’iZL...,’n7

j=1
inj =1 forj:l,...,n,
=1

Tij € {0,1} fori,jzl,...,n.

Reformulating the problem in terms of the vertex-edge incidence matrix A(G),

min E Cele
JJGRTI Xn
eckE

st. A(G)r =1,
0<z.<1, (e€E),
z. €Z, (e€F),

we recognise the problem as totally unimodular.
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6 Lecture 6: Submodularity

6.1 The Maximum Weight Forest Problem

Definition 6.1 (Subgraph). A subgraph of a graph G = (V, E) is a graph G' =
(V',E")suchthat V' CVand E' C EN {{u,v}: u,v € V'}.

Definition 6.2 (Forest). A forestina graph G = (V, E) is a subgraph G' = (V', E")
that contains no cycles, that is, every pair of nodes are connected via at most one path
inG'.

Example 6.3 (Forests). The red edges in the following graphs form forests.

Let G = (V,E,c) be a graph with n = |V| vertices and m = |E| edges,

endowed with a set of edge weights ¢, € R for every e € E.

Definition 6.4 (MWF). The Maximum Weight Forest Problem finds a forest of max-
imal total weight in G,

(MWEF) max{ Z ce: B'CEst.G'=(V,E)is aforest} .
ec k'’

We will later reformulate this combinatorial optimisation problem as an
IP and see that the following O(n + m log m)-time algorithm solves (MWEF) to
optimality.

Algorithm 6.5 (Greedy MWE).
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// initialisation
order edges ¢y > - -+ > ¢y, by nonincreasing weights ;

set FO := (;

initialise function cycles;
// body
fori=1,....,mdo

if ¢; < 0 then
| return “F*=1 optimal”;

else if F'~1 U {e;} contains no cycle then
| Fii=F~tU{e);

else
‘ F1 — Fv',—l/.

end

if |[F'| = n — 1 ori = m then
| return “F" optimal”;

end

end

Notes:

e n — 1is the maximal possible cardinality of a forest.

e The second step in the body requires checking if adding the edge e; cre-
ates a cycle, which can be checked by calling Function 6.6 below.

Function 6.6 (Cycles).

// initialisation

create lists (connected components) Ly = {v1},..., L, = {v,};

create pointers v — L(v) to lists;

// input

e={v,w};

// body

if L(v) = L(w) then

| return “creates cycle”

else
merge L(v) and L(w);
return “creates no cycle”;

end

6.2 Submodular functions

Definition 6.7 (Submodularity). Let & := {A: A C{1,...,n}} forsomen € N.
A function f : & — Riis called

i) submodular if
f(A)+ f(B) = f(ANB) + f(AUB), VA BeZ,
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ii) non-decreasing if
f(A)<f(B) VACBe.

Example 6.8 (Submodularity).

o f: A |A|issubmodular non-decreasing.

o Let {vy,...,v,} C V bewvectors in a vector space V. Then
f:Awrank({v; : i € A})

is submodular non-decreasing, where rank({v; : ¢ € A}) := dim(span{v; :
i€ A}).

o Let {v1,...,v,} be a list of training samples (images, audio files, texts, ...),

G € Z (i=1,...,k)alist of groups of samples {v; : i € G;},and h : Ry —
R a concave non-decreasing function. Then

k

fr A=Y h(GiNA|)

i=1

is a submodular non-decreasing function (structured diversity function used in
machine learning, image segmentation, etc.).

6.3 Submodular Optimisation

Definition 6.9 (Submodular Polyhedron). Let f be a non-decreasing submodular
function for which f(0) = 0. The submodular polyhedron associated with f is
defined by

P(f) = {xeR”: 220, 3 z; < f(5), VS € @\{@}}.

Jjes

Given a vector ¢ € R", the submodular optimisation problem associated with f
and c is given by
(SOP) max{ctz: = € P(f)}.

Note that (SOP) is an LP with 2 — 1 constraints. Therefore, even for mod-
erately sized n the constraint matrix of (SOP) could not be held explicitly in the
memory of a computer, and the simplex method could not be applied.

Suprisingly, an efficient algorithm for solving (SOP) is nonetheless avail-
able:
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Algorithm 6.10 (Greedy SOP).
// initialisation
re-indexation s.t. ¢; > --- > ¢, > 0> ¢cppq > -+ > ¢y, Wherer = nif ¢y, > 0;
set SO .= ();

// body
fori=1,...,rdo
set S'={1,...,i};
set z; = f(SY) — f(S*71);
end
for j > r do
| setx; =0;
end

Lemma 6.11 (Law of diminishing returns). Let C C D € & such that D\ C =
{d} is a singleton. Then for all T € & with d € T, we have

fD) = f(C) < f(DNT) = f(CNT).
Proof. Applying the submodularity inequalityto A=Cand B=DNT,
FC)+ [(DNT) = f(A) + f(B)

> f(ANB)+ f(AUB)
= f(CNT)+ f(D), (sincedeT).

which proves the claim. O

Theorem 6.12 (Greedy solution of SOP). The greedy algorithm terminates in € (n(w s+
logn)) time, where wy is the amount of work required per function evaluation of f,
and its output x is an optimal solution for (SOP).

Proof. The complexity claim is immediate, as steps 2 and 3 take at most n - wy
time, and step 1 takes &'(nlogn) time.

Since f is nondecreasing, z; = f(S%) — f(S""!) >0 (i =1,...,r), and since
z; = 0 (i = r+1,...,n), the nonnegativity constraints > 0 are satisfied.
Further, forall T € &2,

S ai= > (f(87) - f(57")) (by construction of z)

JET JETNST
< Z (f(S9NT)— f(S7'NT)) (law of diminishing returns)
JETNS™
< Z (f(S9NT)— f(S"'NT)) (fis non-decreasing)
JjeST

=f(S"NT)— f(0) < f(T). (telescoping sum)

Therefore, z is (SOP)-feasible with objective value z* = 37, ¢; (f(S?) — f(S*™1)).
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To show optimality, we construct a dual feasible solution with dual objec-
tive value z*. The dual of reads

min 37 £(8) - ys

Sco
doysze (G=1,...,n)
S:jes
ys >0 VS e 2
Fori=1,...,r —1setygsi = ¢; — ¢;11. Set ys» = ¢, and set yg = 0 for all other

S € Z. Then y is (D)-feasible, since ys > 0 for all S € &2, and furthermore for
J<T,

r—1
> s = Zw =2 (e—an)+e =g,
S:jes i=j
whereas for j > r,
E: yS::02§q.
S:jeSs
The dual objective value at y is
r r—1 T
D F(Sysi =D F(S) e = cin) + F(S)er =Y e ( f57h) =27,
i=1 i=1 i=1
as claimed. O

6.4 Submodular Rank Functions

Definition 6.13 (Submodular rank function). f : £ — R s called a submodular
rank function if the following are satisfied,

i) f is non-decreasing submodular

ii) f(0) =0,
i) f(SU{jY) — f(S) € {0,1}, forall S € P and j ¢ S.

Example 6.14 (Submodular rank function). The following are examples of submod-
ular rank functions:

o Let{v1,...,v,} C V bevectors in a vector space V. Then
[ A= rank({v; : i € A})

is a submodular rank function.
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o Let G = (V, E) be an undirected graph, and let
f:2(E) =R,
A max{|F|: F C A, (V,F)isaforest}.
Then f is a submodular rank function.
Proposition 6.15 (Properties of submodular rank functions). If f is a submodular
rank function, then
i) f(A) <|A|forall Ac 2,
it) If f(A) = |A| then f(B) = |B| forall B C A.
iii) Let x* be the incidence vector of A € 2, defined by x5 = 11if j € A and
zt = 0 otherwise. Then z** € P(f) if and only if f(A) = |A].
Proof. i) Let A = {a,...,a,} and Ay, :={ay,...,ar}, (k=1,...,¢). Then
f(A) = f(Ag) < f(Ar-1)+1 < (f(Ar2)+ D)+ <o (- (F0)41) )+ =€ = |A].
(19)

ii) W.l.o.g. the elements of A are indexed so that B = Aj, for some k < /.
If f(A) = |4|, then all inequalities in (19) must hold as equalities, and then
f(Ag) = |Ag| for all k. In particular, f(B) = |B|.

i) If f(A) < |A] then Y7, 2 = |A] > f(A), and hence, z* ¢ P(f).
Conversely, if f(A) = |A|, then forall S € Z(N),
>oat =14ns| 2 f(Ans) < £(9).

j€S

Hence, 24 € P(f), as claimed. O
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7 Lecture 7: Matroids

7.1 Submodular Rank Functions Continued

Lemma 7.1 (Closure). Let f : & — R be a submodular rank function. If A, B € &
are such that f(AU {e}) = f(A) forall e € B\ A, then

(AU B) = f(A).

Proof. See Problem Sheet 2. O

Definition 7.2 (Independent set). Let N := {1,...,n} be a finite set and f :
P(N) :— N a submodular rank function. A set A € P (N) is called independent
under f if f(A) = |A|.

Proposition 7.3 (Properties of independent sets). ThesetZ = {A € & : |A| =
f(A)} of independent sets satisfies

i) 0eZ,
i2) if AC Band B € Z(M), then A € T(M),
i3) if A,B € Zand|B| > |A|, then e € B\ A such that AU {e} € T.

Proof. Property il) follows from Part i) of Proposition (Properties of submodu-
lar rank functions), while i2) follows from Part ii). If i3) doesn’t hold, then by
Lemma (Closure), f(AU B) = f(A), and then

|B| > |A] = f(A) = f(AUB) > f(B) = |B|. £

7.2 Matroids
Definition 7.4 (Matroid). A matroid M = (E(M),Z(M)) consists of

e afinite set E(M) (the ground set of M),

e a subset Z(M) of the power set 22 (E(M)) = {A: A C E(M)} that satisfies
properties

i1) VeI,
i2) if AC Band B € Z(M), then A € Z(M),
i3) if A,B € Tand |B| > |A|, then 3e € B\ A such that AU {e} € .

The rank function ry : 2 (E(M)) — R of M is defined by
A max{|X|: XCA XeI(M)}.
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Notes:

o Wlog, E(M)={1,...,n}.

e Axioms il) —i3) generalise the properties of sets of linearly independent
vectors.

e Matroids generalise aspects of both matrices and graphs.

Example 7.5 (Linear matroid). Let A = [v1 ... vn ] be a matrix over a field F (e.g.
F =R). Let

EM)={1,...,n},
I(M):={X C{1,...,n}: {v;: i € X} linearly independent}.

Then M = (E(M),Z(M)) is the linear matroid of A, and we say that A is a repre-
sentation of M over F'.

Example 7.6 (Graphic matroid). Let G = (V, E) be a graph, and let E(M) = E and
Z(M) be the set of forests in G. Then M = (E(M),Z(M)) is the graphic matroid
of G.

Theorem 7.7 (Matroid induced by submodular rank function). Let E := {1,...,n},
[+ P(E) — Rasubmodular rank function and T := {A € P (E) : f(A) = |A|}.
Then M = (E,Z) is a matroid with E(M) = E, Z(M) = T and rank function
rv = f.

Proof. Proposition (Properties of independent sets) shows that M = (E,Z) is a
matroid. Furthermore, the rank function associated with M is

rv: A max{|X|: X CA X eT}. (20)

Let X 4 be a maximising independent subset of A in (20). Then f(X4) = |X 4|,
and foralle € A\ X4, we have X4 U {e} ¢ 7 and thus,

f(Xa) < f(XaU{e}) < |XaU{e} = [Xa| +1=f(Xa)+1,
which implies (X4 U {e}) = f(X.). By Lemma (Closure), this implies
fA) = f(XaUA) = f(Xa) = | Xa| = ru(A),
as claimed. O

Theorem 7.8 (Submodular rank function induced by matroid). Let M = (E(M),Z(M))
be a matroid. Then vy is a submodular rank function with induced matroid M.

Proof. See Problem Sheet 2. O
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7.3 The MISP

Definition 7.9 (MISP). Let M = (E,T) be a matroid, and let each element e of E
be associated with a weight c.. The maximum weight independent set problem
(MISP) associated with M and c is given by

(MISP)  max {ch P A€ I} :

JEA

Theorem 7.10 (Greedy solution of MISP). The greedy algorithm applied to f = r;
and weights c solves (MISP) to optimality.

Proof. By Theorem 7.8, 7 is a submodular rank function, and by Theorem
(Greedy solution of SOP), the greedy algorithm solves the submodular optimi-
sation problem associated with rj; and ¢ to optimality,

JEN

(SOP) max {Z CjTj T € P(TM)} .

Since rjs is a rank function, the output z* of the greedy algorithm applied to
(SOP) satisfies ; € {0,1} for all j, by way of how the greedy algorithm is
constructed: x; = 73/ (S") — 7 (ST, (i =1,...,7).

Furthermore, it follows from Proposition 6.15 that

(MISP) maX{ch: AGI} :maX{focj : AEI}

jeA jEN

JEN

= max { Y mjjrxe{0,1} z € P(rM)} .

This shows that (SOP) is the LP relaxation of (MISP). Since the optimal solution
z* of (SOP) is (MISP)-feasible, it follows by relaxation that z* is also (MISP)-
optimal. O

Example 7.11 (Greedy solution of MWF). Let G = (V, E) be an undirected graph,
and let

M : c@(E‘) — R,
A max{|F|: F C A, (V,F)isaforest}.

Then rpy is a submodular rank function. The associated set of independent sets T is
the set of forests in G, and the associated maximum weight independent set problem
becomes the maximum weight forest problem for G.
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Step 2.ii) of the greedy algorithm for (SOP) reads

; - 1 if FimtU{e;} is a forest
;= Sz _ ) Sl 1 — ‘ I
@i =ra(S%) = ra(57) {O if Fi=1 U {e;} contains a cycle,
where F* denotes the forests built in the greedy algorithm for (MWF), which satisfy
Fi € argmax{|F|: F C S, (V, F) is a forest}.

Furthermore, for j > r, the greedy algorithm for (SOP) sets x; = 0, which co-
incides with the effect of the stopping criterion of step 2.i) of the greedy algorithm for
(MWE). Stopping criterion 2.iii) of the latter applies because if the main loop were con-
tinued, step 2.ii) would always result in the detection of a cycle, and hence F* = F'~1,
and hence x; = 0. Therefore, the greedy algorithm for (SOP) reduces exactly to the
greedy algorithm for (MWE) in this case.

Definition 7.12 (Matroid polytope). Let M = (E(M),Z(M)) be a matroid. The
matroid polytope associated with M is defined as

Pz = conv (z € {0,1}" : A€ Z(M)).

Corollary 7.12.1 (Matroid polytope and submodular polyhedron). Let f be a
submodular rank function. Then the submodular polyhedron P(f) equals the matroid
polytope of the matroid associated with f.

Proof. By Proposition (Properties of submodular rank functions)iii), z € {0,1}" €
P(f)if and only if z = 2 for some A € Z, and since P(f) is convex, this shows
that

Py € P(f).

Furthermore, Theorem (Greedy solution of MISP) shows that every linear
objective function is maximised over P(f) by a point in Pz(ss). Hence, all ex-
treme points of P(f) are in Pz(yr), and

P(f) € Pzou)-

7.4 Lovasz Extension

Lemma 7.13 (Ordered decomposition). Every nonzero vector x € [0,1]" has a
unique decomposition x = 37" | \ja? such that m < n, \; >0, (j =1,...,m),
w9 e {0,1}", (j=1,...,m) and

x12x2>~~2zm7é0.
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Proof. The proof is by a constructive algorithm. We make the stronger claim
that m < k(x) := |S(z)|, where S(z) := {i : x; > 0}] is the support set of z,
and that S(z™) € S(z™~ 1) C -.- C S(at).

Leti* € argmin{z; : i € S(x)}. Set \i = @4~ and 2! = 37,5,y ¢’. Then
S(zt) = S(z), and we have y := z — A2t € [0,1]" with S(y) € S(x).

If k(y) = 0, we are done. Otherwise, 0 < k(y) < k(z), and by induction
there exists a unique decomposition y = >, N\ja? with m — 1 < k(y) <
k(x) — 1 and such that

Sa™) ¢ S@E™ ) ¢ ¢ S(@?) = S(y) € S(ah),
which proves that z! > 2?%,--- > 2™ and z = Z;”Zl A
By definition of i*, we must have A\ = ;- for every decomposition z =

>oiy Ajal, so that \pz! is unique. Then y is unique, and by induction, the part
>oTto Nia! is unique. O

Definition 7.14 (Lovasz Extension). Let f : Z({1,...,n}) — R be a submodular
non-decreasing function with f(0) = 0. The Lovasz Extension of f is the function

fL : [0, l]n — R,

= ) Xf(SE),

wherex = 37, A @7 is the unique decomposition of Lemma (Ordered decomposition)
and S(x7) is the support of 7.

Theorem 7.15 (Convexity and integer minima of Lovasz Extension). The func-
tion fy, is convex, piecewise linear, and attains its minimum over [0, 1]" at a point in

(0,1},

Remark 7.16 (Minimisation of submodular functions). As a consequence, sub-
modular functions may be minimised using an algorithm that can minimise convex
piecewise linear functions, such as the subgradient algorithm (see Lecture 13). But we
note that fr, consists of exponentially many linear pieces!

Proof. (Proof of Theorem 7.15) Let x € [0,1]". We claim that fi(z) = w(x),
where

w(r) = max {Z ;% 2 € P(f)} . (21)
i=1
W.Lo.g. (after re-indexing), z1 > xo > -+ > x,,. Let Sy = 0 and S; = {1,...,j}
forj=1,...,n.
The proof of Theorem 6.12 shows that

w(z) = sz (f(T3) — f(Tj-1)) = Z (zi — zit1) [(Ty),
i=1 ;

i=1
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where z,41 = 0and T; = {1,...,j}. Writing \; := z; — 2,41, we get the

decomposition
T = Z )\ijj,
j: A >0
where 277 is the indicator vector of the set 7;. By uniqueness this must be

the unique decomposition of x according to Lemma (Ordered decomposition).
Therefore, as claimed, we have

fr@) = Y NAT) = w(@).

J: Aj>0

The proof of Theorem 7.10 applied to the SOP (21) with objective weights x
shows that

n
arg max {Z Xz 2 € P(f)} e {0,1}",
z
i=1
so that by Proposition (Properties of rank functions),

fr(x) =max{zTz: 2 =2 AcT}
is a pointwise maximum of linear functions. The pointwise maximum of a

finite set of linear functions is convex and piecewise linear.

Finally, suppose f;, is not minimised by an integer point, and let 2* =
arg mingepo,1)» f (). Since fr(0) = f(0) = 0, we have fr(z*) < 0. Let
a* =30 Ajz? be the decomposition of z* according to Lemma (Ordered
decomposition). Then A; > 0 and f(z7) > 0, so that

0> fo(z®)=>_ Nf(a?)>0. ¢
j=1
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Figure 20: Branch and bound splitting.

8 Lecture 8: Branch and Bound

8.1 Branch-and-Bound: A Divide and Conquer Strategy

LP based Branch-and-Bound is a divide-and-conquer strategy to solve any IP via
LP relaxation. We write

(F) z=max{c'z:z€ P xecl}

for some formulation (polyhedron) & and feasible set % = & N Z" and with
LP relaxation
(2) z=max{c'z: 2z € P},

yielding a dual bound Z that we track. We also keep tracking a primal bound z
(may be —oc0). The main idea of the method is a hierarchical splitting of .% into
smaller subsets.

Specifically, we
1. solve (&) to find %, possibly find z,

2. split the feasible set so that %, U.%, = &, but #,U%, C &, to guarantee
that Z1,29 < Z,

3. if z, > Z1, no need to split #; (pruning),

4. repeat with a subproblem stored at another node.
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8.2 Introductory Example

Example 8.1. For illustration, we will solve the IP instance

() z=maxdx; —x2
s.t. 71’1 — 21’2 < 14
Xro S 3
2.’L‘1 — 2:172 S 3
2
T € Zy.

Step 1: Bounding (.#). To obtain a dual bound, we solve the LP relaxation

(2) T =argmax4dr; — 2
s.t. Toy — 229 < 14
To <3
2r1 — 229 < 3
x>0

of (.%). Introducing slack variables x3, 24, 5 and applying the simplex algo-
rithm, we obtain the optimal tableau

1 0 1/7 2/7 0] 20/7
01 0 1 o0f 3

0 0 -2/7 10/7 1] 23/7
0 0 -4/7 -1/7 0| 59/7

We have Z = 59/7, z = —o0.

To obtain a primal bound, we could try finding a feasible solution Z of (IP)
via a heuristic and set z = 4%; — Z2. We would also keep & in memory as
incumbent. In this case, we did not produce a primal bound via a heuristic and
can use z = —oo as a valid lower bound.

Key Idea 8.2 (Tightening Bounds). So far we know that
z2<z<7Z.

In subsequent iterations we will produce improved primal bounds z < z, and im-
proved dual bounds Z < Z such that

§+SZ§§+

sandwiches the optimal objective value z in a narrower interval.

Each time the primal bound z increases, a new best feasible solution of (%) has
been found, and we update the incumbent.
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Should we ever encounter a situation where z = z, the incumbent must be an
optimal solution of (%), and we can stop.

Often, we run the algorithm on a fixed time budget and stop early. The bounds
then give an approximation guarantee, as the objective value z of the incumbent is at
most Z — z away from optimal or, assuming positive objective values, the incumbent is
within a factor of z/Z of optimal.

Step 2: Branching (.%).

¢ z <Z= (%) not soved to optimality.

e Fractional branching: Z; = 20/7 is not integer.

D= P fr: < L?J}, Py = PO {n: o > (2701}.

More generally, we can pick any index j such that 7; ¢ Z and set
F=FN{zx: x; <|75]},
Fo=FN{zx: z; > [7;]}.

Of course, futher down the tree we can use the same branching rule to subdi-
vide any .#; thus generated. In our case this leads to the two subproblems

(#1) z=maxdx, — x9 (%) z=maxdz, — 2
s.t. Tx1 — 229 < 14 s.t. Tog — 229 < 14
T2 <3 T2 <3
201 — 215 < 3 21 — 229 <3
1 <2 z1 >3
T € Zi, T € Zﬁ_.

So far we obtained the partial enumeration tree of Figure 21. Nodes .#; and
F5 still need to be explored. We mark these nodes as active. The node .# has
been processed and is inactive.

Step 3: Pick an active node. We pick active node (.%1).
Note: #; C & and 7T # &, implies

Z = max{ch cxe P} <z

and the inequality is strict in general.

More generally, upon solving the LP relaxations of the subproblems ob-
tained by up- and down-branching of a fractional variable, we will have

max{zl, 2} <z,
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Figure 21: The partial enumeration tree.

since said variable would have to be allowed to take the fractional value for z
to be attained as objective value. This will ensure that Z decreases.

Step 4: Bounding (.#; ). Need to solve the LP relaxation

(:@1) Z1 = max4xr; — xo
s.t. 7331 — 23’52 < 14, i) < 3, 2.%‘1 — 2332 < 3

1 <2, x>0.
Can we use a warm start?
(P) T=argmaxc'x (2) 7y =argminb'y
st. Az <b s.t. ATy >c
x>0 y>0
\ 1
(2)) maxclz (21) minbTy
st. Az <b s.t. ATy >c
1 <2 ys >0
x>0 y > 0.
Note: T infeasible (¥, ya = 0) feasible

Add new constraint to tableau (blue row, new slack variable corresponding
to red column):

1 0 1/7 2/7 0 0| 20/7
0 1 0 1 0 0 3
0 0 -2/7 10/7 1 0| 23/7
1 0 0 0 0 1 2
0 o0 -4/7 -1/7 0 0] -59/7

Eliminate basic variable z; in new row:
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1 0 1/7 2/7 0 0| 20/7
0 1 0 1 0 O 3

o o0 -2/7 10/7 1 0| 23/7
o o0 -1/7 -2/7 0 1| -6/7
0o o0 -4/7 -1/7 0 O ‘ -59/7

Apply dual simplex step to blue row: (—1/7)/(—-2/7) < (—4/7)/(-1/7) =
pivot on x4

10 1/7 2/7 0 0| 20/7
0 1 0 1 0 0 3

0o o0 -2/7 10/7 1 0| 23/7
o o0 -1/7 -2/7 0 1| -6/7
0o o -4/7 -1/7 0 0|-59/7

(=1/7)/(=2/7) < (—4/7)/(=1/7) = pivot on x4, i.e. eliminate all but red coef-
ficient in column 4:

1 0 0 0 0 1 2
0o 1 -1/2 0 0 7/2 10
o 0 -1 0 1 5 -1
o 0 1/2 1 0 -7/2|3
0o 0 -1/2 0 0 -1/2|-8

Take another dual simplex step, pivoting on Row 3:

10 0 00 1 |2
0 1 -1/2 0 0 7/2|0
00 -1 01 5 [
00 1/2 1 0 7/2|3
0 0 1/2 0 0 -1/2]-8
1000 0 1 2
01 00 -1/2 1 | 1/2
0010 -1 5| 1
0001 1/2 -1 | 5/2
0 0 0 0 -1/2 6/2-15/2

The re-optimised tableau yields the optimal solution of (1),
15 1

M=, @2 = (2 3)

Step 5: Branching. Fractional branching yields

ﬁ‘u:ﬁlﬂ{x: J?QSO}:ylﬁ{IS $2:O} (sincerZO),
912:f1ﬁ{g;: 1‘221}.
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Figure 22: The updated partial enumeration tree.

We now arrive at the updated partial enumeration tree of Figure 8.2, and the
new list of active nodes is %11, %12, %5.

Step 6. Choose the active node .%,. Using dual simplex, solve LP relaxation
(P3). We find P, = () = .Z5 = (). Prune by infeasibility.

Key Idea 8.3 (Pruning by bound). o Nodes whose bounds certify that they do
not contain an optimal solution need not be further processed.

o In particular, nodes with dual bound —oo need not be processed further (pruning
by infeasibility).

Step 7. We arbitrarily choose the active node .#;5 and sove the LP relaxation
(Z12) via dual simplex steps, yielding the optimal solution (5[112] , E[QH]) =(2,1)
and optimal value z!'% = 7.
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Figure 23: The partial enumeration tree.

Step 8. Since 7!'? is integral, this is a feasible solution for (.%;) and provides
a lower bound z['? = 7. In fact, .%;» can now be pruned by optimality. The
partial enumeration tree is now as in Figure 23.

Key Idea 8.4 (Pruning by optimality). Nodes whose bounds certify that their sub-
problem has been solved to optimality need not be processed any further.

Step 9: Updating the incumbent. We store (1,2) as the best integer solu-
tion found so far and update the lower bounds z + max(z,7) = 7, 2
max(z[1,7) = 7.

Step 10. Solve LP relaxation (1) of only remaining active node .%;;. Dual

simplex yields optimal solution (E[IH],E[QH]) = (2,0) and optimal value Z1] =

6.

Since z'!) < 2, we can prune .#); by bound and arrive at the partial enumer-
ation tree of Figure 24.

Step 11: Termination. There are no further active nodes left, and the al-
gorithm terminates, returning the optimal solution z = 7 and the maximiser
x = (2, 1) that achieves it.
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Figure 24: The final partial enumeration tree.

9 Lecture 9: More on Branch and Bound

9.1 General Branch-and-Bound Principles

Proposition 9.1 (Divide and conquer). Consider the problem
z=max{cTz: z € F},

where .7 denotes the set of feasible solutions (as we saw, .7 is usually defined implicitly
via constraints). If F can be decomposed into a union of simpler sets F = # 1 U---U
Fy, and if

M i=max{cTe: ze.Z} (G=1,....k),

then z = max; 2,

Proof. .7 is a relaxation of .Z;, so that 21/l < 2 for all j, and hence, max; 2V < 2.
Let 2* be optimal for the master problem, i.e., z* € .# such that z = ¢*z*. Then
z* € F; for some i, so that z = cTz* < 2l < max; 2l O

Example 9.2 (Enumeration tree). Let . be the set of feasible tours of the travelling
salesman problem on a network of 4 cities. Let node 1 be the departure city.

F can be subdivided F = F (1 ) U F(1,3) U F(1,4) into the disjoint sets of tours
that start with an arc (1,2), (1, 3) or (1,4) respectzvely

Each of the sets .71 2y, F(1,3) and F 1 4y can be further subdivided according to
the choice of the second arc, F(1 2y = F(1,2)(2,3) U F(1,2)(2,4) €tcC.

Finally, we see that each of these sets corresponds to a specific TSP tour and cannot
be further subdivided. We have found the enumeration tree of the TSP tours depicted
in Figure 25.
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Figure 25: The enumeration tree of the TSP example.

Proposition 9.3 (Bound propagation). Consider the problem
z=max{c'z: z € F},

and let F = F1U- - -U.Fy, be a decomposition of its feasible domain into smaller sets.
Let 2V < 201 < ZU e lower and upper bounds on 2! = max{cTz : = € F;} for
all j. Then

2= maxg[j] <z< maxf[j] =z
J J

gives an upper and lower bound on z.

Proof. Since (.F) is a relaxation of (.%;), we have 2/l < 2Ul < ; for all j, and
hence, _
max 2V < 2.

J
On the other hand, by Proposition (Divide and conquer), we have

z= maxzm < maXE[j].
J J

O

Proposition 9.4 (Pruning by bound). A branch Z; can be pruned when zV) < 2.

Proof. By construction of z, the incumbent 2* (our best solution for the root
problem (%) thus far encountered) satisfies

T =2>730 > Ty Ve F;.
Therefore, the incumbent cannot be improved by searching over .%#;. O

Proposition 9.5 (Pruning by infeasibility). If .%; = (0, then the corresponding
branch can be pruned.
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Fic. 3.3, Pruning by optimality.

Figure 26: Pruning in action.

Proof. This is a special case of pruning by bound in which zU/l = —cc. O

Remark 9.6. It may not be obvious that F; is empty, but this may be algorithmically
detected, e.g., by LP relaxation.

Proposition 9.7 (Pruning by optimality). When zUl = zUl for some j, then the
branch corresponding to .#; needs no further consideration.

Proof. 2Vl = 2l = Ul certfies that we have solved this branch to optimality.
The optimal point of the branch has automatically become the incumbent if it
is the best solution found so far for the root problem. O
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9.2 The General Branch & Bound Framework

Data Specification 9.8 (General B&B).
// input
objective x — f(x);
implicit description of feasible set x € % of root problem
z=max{f(z): v € F};
// working data
list AN of active nodes;
global primal bound z < z;
global dual bound zZ > z;
incumbent z*, i.e. best solution found so far;
subproblem primal bound 2V < 2U) := max{f(z) : 2 € Z;};
subproblem dual bound 219 > 2,
// outputs
global bounds z, Z to provide certificate of optimality (when z = Z) or
approximation guarantee;
incumbent x* as optimal solution (or solution with approximation guarantee
when z < z);

Methods 9.9 (General B&B).

// required methods
method to compute dual bounds by solving an easy problem

(%) zll = max{g;(z) : © € Z;}

e.g., gjlx)> flz) Ve € F; and #; O F; (relaxation);
branching rule to split #; = F;, U ---U.%;, so that subproblems

(%#;) max{f(z): z € ZF;}

all fall into the same problem class as root problem (.F) to which above methods
apply;

// optional methods

heuristic to find y € .7; and compute primal bounds 2V = f(y);

selection rule for (#;) € AN;
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Algorithm 9.10 (General B&B).

AN ={(#)}, z=—00;Z= 400, * =NaN; // initialisation
while AN # () do
choose (%;) € AN;

z

if zl/ < 2 then
| AN :=(AN\{(%,})); // prune by bound
else
solve 2Vl = argmax{g;(z) : © € %#;}; // relaxation of (%)
ZVl = gi(all); /7 2V = —00 if B =10
z:=max{zV : (#;) € AN}; // update global upper
bound
if Ul € Z; then
‘ ylil .= 2,
else
attempt to find yll € Z; via heuristic; // unassigned if
unsuccessful
end
2l = max(g[j]’f(y[j])); // set f(y[j]) =—o0 if yl!
unassigned

if zUl > 2 then

z*:=yll; // update incumbent

z:=2Vl; // update global lower bound

end

if 2] = zU]; then

AN := (AN \{%,});// prune by optimality resp.
infeasiblity

else

AN + (AN '\ {(ﬁj)}) U {(gzjl), ey (yjk)}; // branching

zbd =2Vl (¢ =1,...,k); // child nodes inherit
dual bound

end
end
end

9.3 LP Based Branch and Bound

Data Specification 9.11 (LP based B&B).
// input
objective x +— cTx;
description of F via formulation & (polyhedron);
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Methods 9.12 (LP based B&B).
// required methods
compute dual bounds zZV) = ¢Tzl! by solving LP relaxation

(2;) 2 = argmax{c"z: x € 2;};
branch on fractional variable xqb ] ¢ 7
Zj, =20 {w: @i < 2]}
P, = PN {x Dy > f:z:gjﬁ};

9.4 Adaptation to Specific Problems

Branch & Bound is a framework that can be used to build customised algo-
rithms for specific problem classes:

e choice of algorithm to compute dual bounds,

o choice of heuristics to compute primal bounds,
e branching rules,

e node selection rules,

e preprocessing,

e combination with cutting planes (see later lectures).

9.4.1 Choice of Algorithm to Compute Dual Bounds

For most IPs, LP-based B&B is significantly faster when the simplex algorithm
is applied to the dual of the LP relaxations (;) rather than on the primal
problem.

To understand why, let us see what happens when an LP

(2) max c'z
rER™
st.ajz<b;, (i=1,...,m)

z; >0, (j=1,...,n),
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where a] are row vectors, is amended by introducing a new constraint:

(2') max c'z
we]RTL

stajz<b;, (i=1,...,m)
a;l;z-‘rlx S bm+17
.Z'jZO, (j:l,...,n).
An optimal basic feasible solution (zp,zx) of (&) is not necessarily feasible

for (27)', which hinders us from re-optimising the solution via primal simplex
pivots.

The change in the dual

7 in b
() min b7y

m
s.t. Zyiai > c,
i=1

yi>0, (i=1,...,m)

is more benign, as the amendment of () into ()’ corresponds to the intro-
duction of a new variable 3,11,

(')  min by

yeRm+1

s.t. Zyiai + Ym41@mi1 = C,
i=1
yi >0, (i=1,...,m+1)
If (yB,yn) is an optimal basic feasible solution of (2), then setting y,,+1 = 0
and adding it to the set of non-basic variables yields a basic feasible solution

for (2’) that can be re-optimised via a few extra simplex pivots. = Use Dual
Simplex Method.

Special Cases: The simplex algorithm is not always the algorithm of choice
in LP-based B&B.

Example 9.13 (Greedy solution of knapsack LP). Consider the 0-1 knapsack prob-
lem

n n
N S . n
max E CjT; E a;jr; <b xeB” ),
=1 =1

where aj,c; > 0for j =1,...,n. The LP relaxation

n n
max chxj: Zajxj <b0<z; <1, (j=1,...,n)
j=1 j=1
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has special structure that makes it possible to solve it greedily:

Re-index the variables to that

—>..->—>0,
ai Qp
r—1 r
Zaj <b, Zaj > b.
j=1 j=1

The optimal solution of the LP relaxation is then given by x; = 1for j =1,...,r—1,

xr = (b— Z;;i a;)/ar and xj = 0 for j > r. (See problem sheet.)

9.4.2 Heuristics to Compute Primal Bounds

Example 9.14 (Knapsack primal bounds). Consider the 0-1 knapsack problem
z* = max Z Cix;
o

n
subject to Zajxj <b,

j=1
zj €{0,1}, (j=1,...,n),
where a; (j =1,...,n) and b are positive integers, and c; are rational numbers.

Let zpp be the optimal objective value of the LP-relaxation and zg, the primal
bound obtained from the greedy heuristic described on the next slide. Let r — 1 =

max{i: Y 5y a; <byand{ =b— Z;;i a;.
Then the following approximation bound holds,

zpp > 25 2> 2gn > (1— g) X ZLp-

Algorithm 9.15 (Greedy knapsack heuristic).

Re-index s.t. ¢c1 /a1 > cofag > -+ > ¢p/ay. Set z=0,v =1b;
// initialisation

forj=1,... ndo

if a; < v then
r; =1
VU —ay;
z=z+cy

else

‘ T; = 0,’
end
end

77



9.4 Adaptation to Specific Problems B6.3 MT 2021, Oxf. Math. Inst.

9.4.3 Branching Rules

Branching on most fractional variable. Let C be the set of fractional variables of
the solution z* to a LP relaxation. The most fractional variable approach is to
branch on the variable that corresponds to the index

- i 1= f
J argrpeacxmm{f“ fi},

where f; = o7 — |7 ].

Branching by priorities. In this approach the user can indicate a priority of
importance for the decision variables to be integer. The system will then branch
on the fractional variable with highest priority.

Example 9.16. Fixed charge network Consider a fixed charge network problem
min{c'z + fy: Nz =b, x <uy, v € R}, y € Z1},
where N is the node-arc incidence matrix of the network, and b is the demand vector.

Since rounding up the variables y; corresponding to large fixed costs f; changes the
objective function more severely than rounding y; corresponding to small fixed costs,
we prioritise the y; in order of decreasing fixed costs f;.

GUB/SOS branching. Many IP models contain generalised upper bound (GUB)
or special ordered sets (SOS) constraints of the form

k
> a =1,
Jj=1

with z; € B for all j. In this case it is not good to branch on a factional variable
x} from the solution z* of a LP relaxation, since the branching does not lead to
balanced sets:

51:{37652 CCZ':1}

contains only one point z; = 1, ; = 0V j # ¢, whereas
SQZ{QTESZ S(}Z‘ZO}
contains |S| — 1 points.
In these cases, a better choice of branching is given by fixing an order
Ji,- .., Ji of the variables and choosing
Si=8n{z:z;,=0,i=1,...,r},
Sy=SN{z:z;, =0,i=r+1,...,k},

where r = min{s: 37, 2% > i1
Strong Branching. This is used only on difficult problems where it is worth-

while spending more time to find a good branching. In this approach one
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i) chooses a set C' of candidate variables, branches up and down for each
T; € C,

ii) computes upper bounds z§ and 2 by solving the LP relaxations of the

up and down branching corresponding to x;,

iii) chooses the variable having the largest effect

j*=arg min{max(z](-],sz) :jeC}

as the actual branching variable for the branch-and-bound scheme.

That is, one explores several possible branchings and chooses to pursue the
branches below only the most promising branching variable.

9.4.4 Node Selection

Depth-First. A depth-first strategy aims at finding a feasible solution quickly,
by only choosing an active node that is a direct descendant of the previously
processed node. It is implemented by operating a last-in-first-out stack for the
active nodes.

Best-Node-First. To minimise the total number of nodes processed during
the run of the algorithm, the optimal strategy is to always choose the node
with the largest upper bound, i.e., S; such that

z[j] = max{z[i] : Sz S AN}

Under this strategy we will never branch on a node S; whose upper bound z!!
is smaller than the optimal value z of S. This is called a best-node-first strategy.

The depth-first and best-node-first strategies are usually mutually contra-
dictory, so a compromise has to be reached. Usually, depth-first is used initially
until a feasible solution is found and a lower bound z is established.
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10 Lecture 10: Delayed Column Generation

10.1 The Dantzig-Wolfe Reformulation

We will now explore a technique that can be applied to extremely large integer
programming problems of block angular form

K
(IP) z = max Z KTk
k=1

K
s.t. 2}4’“:01€ =b
k=1
¥ e XF = {aF ez . DR < dF}, (k=1,...,K).

The key features of such problems are the following;:

e The decision vector x = (z,...,2¥) is partitioned into K blocks z* €

R™,(k=1,...,K.
e The individual blocks are linked to one another only via the joint con-

straints Zszl AFx¥ = b, while the remaining constraints decompose.

o We assume that each X* = {5}k consists of a large but finite number
of points, so that we can write

Tk Tk
Xk = {xk ER™ b =) N2 Y N =1, M €{0,1}, (E=1,... ,Tk)} .

t=1 t=1

Example 10.1 (Uncapacitated facility location). The Uncapacitated Facility Loca-
tion Problem from Lecture 1 is of this form,

(UFL) z = min Z [Z cinZik + fryk

k=1 Li=1

n
st =1 (i=1,...,m)
k=1
T —yp <0 (Gi=1,...,mk=1,...,n) (“strong formulation”)
T e ]RTxna Y€ {0,1}”,

o ¥ = (z11,..., Tk, yx) are the blocks of variables that deal with the proportion

x;1, of customer i’s demand to meet from a fixed location k,

o the flag variable y, that indicates whether facility k is in operation,
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e the constraints Y _  xy = 1 (i = 1,...,m) that link each fixed customer to
decisions at all facilities play the role of the joint constraints
at 1
[Im 0m><1 Im Omxl . Im Omxl] E = R
" 1

that is, K = n and
Ap=[Im Omx1], (k=1,...,K).

The Dantzig-Wolfe Reformulation exploits the representations

Ty Ty
Xk = {xk eR™ : zF = Z/\k,txk’t, Zx\m =1, A\ €4{0,1} (¢ =1,... ,Tk)}
t=1

t=1

which are available in theory but generally not in practice, to make it possible
to use the Ay as decision variables.

Substituting 3°/*, A ;% for 2* in (IP), we obtain the IP Master Problen

T

(IPM) =z = max (TR,

Ty
s.t (Akﬂjk’t)Ak t =0,
k=1t=1
T
D Mi=1, (k=1,...,K),
t=1

et €{0,1}, (t=1,....Tyk=1,...,K).

This IP is of course equivalent to the original problem (IP), but inconve-

niently, it has many more variables, though on the plus side it has far fewer
constraints.

Example 10.2 (UFL continued). Let us consider UFL again, this time in the form of
the “weak” formulation

(UFLW) z = min Z[Clk co Cmk fk]iL'k
k=1

s.t. Zﬁcik =1 (i=1,...,m)
k=1

Doty Tie < My (“weak formulation”)
for(k=1,...,n),

Z‘k = [mlk coo Tmk Yk }T S {07 1}m+1.

81



10.1 The Dantzig-Wolfe Reformulation B6.3 MT 2021, Oxf. Math. Inst.

We have

Xk = {zk : ink < My, Tik € {Oal}v (Z = 1a'~'7m)7 Yk € {031}}
i=1

= {(2%,1)}scm U{(0,0)},

where x% is the incidence vector of S C M = {1, ..., m} (which we associate with the
variable \%), and (0, 0) is the zero vector (which we associate with the variable v*).

Note that in this case all X* are the same set (k = 1,...,n) with T, = 2™
elements, and if 2™t = (2%, 1), then Aka®t =1, 2% = 2k,

The IP Master Problem is the following,

(IPM) min Z > (Z Cik + fk> NG + fr\g

k=1 \S#p \icS

s.t.i ooXi=1 (i=1,...,m)

k=1 SCM:€S

SN+ Af+VF =1, (k=1,...,n)
520
Mo vk e {01}, (SCM;k=1,...,n).

Since fr, > 0, a solution could not be optimal unless M = 0 VEk, so that (IPM) is

equivalent to

(IPM) min zn: > (Z cik + fk> Py

k=15#0 \i€S
n

sty > Ak=1, (i=1,...,m)
k=1 SCM:€eS

DoM<, (j=1,...,n)
S£(
MNee{0,1}, BD#SCM;j=1,...,n).

Example 10.3 (Symmetric travelling salesman problem). A special case in which
K = 1 occurs for the STSP on a graph G = (V, E), which can be formulated as
follows,

min E Cele

ecE

st. Y w.=2 (i€N),
e€s(i)
re Xt
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where N is the set of nodes (cities), 0(i) the set of edges incident to i, x. the indicator
variable for edge e, and X! the set of indicator vectors of 1-trees of the graph.

A 1-tree is a subset E' C E of edges of which exactly two are incident to node 1,
that is,
|E'Né(1)] =2,

and E' \ 6(1) is a spanning tree on the remaining nodes 2, ...,n, and hence it is of
cardinality n — 2.

Every Hamiltonian tour is a 1-tree that satisfies the degree constraint |E' N6 (1)| =
2 for all nodes i € N. Conversely, every 1-tree that satisfies these degree constraints is
a Hamiltonian tour.

We use a conceptual enumeration {E* : t = 1,...,T'} of the set of 1-trees and

write
Te = Z )\t7

t:e€eE?t

subject to \; € {0,1} for all t and 3"}, N = 1. This defines the indicator vector of
the single 1-tree for which \* = 1.

The degree constraints become

Dme= Y > =) dx=2
t

e€d(i) e€d(i) t:ecE?t

where d is the degree of node i in the 1-tree E*. This yields the IP Master Problem

T
min Z (Z cexé) At
t=1

eckE

T
sty dix =2, (i€ N)
t=1

Z}\t:].,

t=1

A €{0,1}, (t=1,...,Ty).

10.2 LP Master Problem

To recap so far, starting with an IP of the form

K
(IP) z = max Z HF Tk
k=1

K
s.t. ZAkxk =b
k=1

b e XF = (¥ ez . DRI < dF}, (k=1,...,K),
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we have derived the IP Master Problem
K T

_ kT k.t
(IPM) z = max ZZ(C V) Akt
k=1 t=1
K T

sty Y (AFaPhN, =0,

k=1t=1

Ty,

S hi=1, (k=1,....K),

t=1

At €{0,1}, (t=1,....Tisk=1,...,K).

Next, we consider the LP relaxation of (IPM), called the LP Master Problem,

K T
LPM kT, kit
(LPM) =z = max Z Z(c V) Aot
k=1t=1
K Ty
st > Y (AFaPN . =0, (22)
k=1t=1
Tk
D hi=1, (k=1,...,K), (23)
t=1

)\k’tZO, (tzl,...,Tk;kzl,...,K), (24)

in which there is a column
kT kit

Akxk’t
€k

for every 2%t € X* (t = 1,...,T}) and every (k = 1,..., K), where e, is the
k-th canonical unit vector in RX. Equations (23) are called convexity constraints.

Associating (23) with dual variables {j;}X_,, and (22) with dual variables
{mi}7,, the dual of (LPM) is the following problem,

m K
(DM) 2PM — min Z b;m; + Z/Lk
w,m™
i=1 k=1
st T ARZE £y > KTk (af e X,
We now wish to apply the simplex algorithm to (LPM), but this is impossi-
ble because there are too many columns in this LP.
To get around this problem, we consider Restricted LP Master Problems
(RM) "M — maxét™h
st AN = l;,
>0

>
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that arise from (LPM) by retaining only a subset of columns, at least one from
each k.

Conceptually, this is the same as fixing A\x ; = 0 for (k,t) that do not corre-
spond to one of the chosen columns.

10.3 Delayed Column Generation

This is a simplex variant for solving LP Master Problem based on the following
ideas:

o Use the simplex algorithm to find an optimal solution of a given reduced
master problem (RM).

e Use this optimal solution to identify a further column to add (if neces-
sary) and generate a new reduced master problem (RM,).

e Solve (RM.) via warm-start simplex.

Thus, instead of generating all the problem data of (LPM) initially, data is
generated as and when it is needed. Typically, (LPM) is solved long before all
the columns are generated!

Let us now discuss the details of this approach. We start with a reduced
master problem
(RM) zBM — maxeét
st A\ = l;,
0

o
IV > sa

and solve for an optimal solution \* and an optimal dual solution (7, ) €
R™ x RE.

Note that \* can be extended to a primal feasible solution of (LPM) by set-
ting the A, ; = 0 for (k, t) outside the subset of columns chosen to form (RM).

Therefore, we have
m K
2RJ\4 _ ET)\* _ E ﬂ—ibi 4 E m S ZLP]\/I.
i=1 k=1

Next, we check whether (7, 1) is dual feasible (feasible for (DM)), that is,
whether
AT —7TAkz — . <0, (e X®k=1,...,K).
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This can be checked by solving an optimisation problem over each X*,
(CGIP,) i*F =arg max (F — 7T ARz — .
st.xe X ’“7

and by checking whether ¢, := (¥ — 7T AF)zk — py < 0.
Note that (CGIP},) is an IP problem with only nj, integer decision variables,
whereas the original IP had Zszl ny, integer decision variables.

Keep in mind that (CGIP;) needs to be solved for k = 1,...,K. Thus,
in solving these subproblems, the original master problem decomposes into
subproblems that can be solved in parallel!

Decision to terminate or add a new column:

o If ¢, < Oforall k, then \* is optimal for (LPM): since (7, 1) is dual feasible,
we have

m K
ZLPM 2 ERJW _ 6)\* _ § Wibi + E m 2 ZDM _ ZLPM,
i=1 k=1

and equality must hold throughout. Thus, the algorithm can be stopped
in this case.

e Otherwise, there exists k such that ;, > 0. In this case, adding the column
ck gk

€k

to (RLPM) leads to a new restricted LP master problem (RLPM ) that can
be reoptimised using warmstarting.

Note that solving the subproblems (CGIP;) automatically takes care of gen-
erating a new column on which we are guaranteed to make progress toward
solving Problem (LPM).

Discussion:

By iteratively adding columns as described above, we ensure that the al-
gorithm behaves like the primal simplex applied to (LPM) with a legitimate
sequence of pivots, but only the data of columns that are actually needed in
pivots is ever generated.

This leads to a massive reduction in memory requirements.

However, the reduced problem (RLPM) grows over time, unless columns
that leave the basis are discarded. At some stage this becomes a memory prob-
lem and the algorithm may have to be stopped before finding an optimal solu-
tion to (LPM).
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We are then interested in knowing how closely the final primal bound z :=
ZEM approximates 2™ To this end, a dual bound z > 2FM is required.

The primal and dual bounds z and Z are also extremely useful when apply-
ing column generation in the context of branch-and-bound.

Calculating Dual Bounds:
A dual bound is obtained by recycling the work we have already done:

By construction of ¢;, we have
(¢F —mAM)a — iy — G <0, (v € XF),

which shows that (7, u + () is dual feasible for (LPM). Therefore,

is a valid upper bound.
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11 Lecture 11: Branch and Price

11.1 Recap on Delayed Column Generation

We can summarise the delayed column generation method as follows:

o Take a Restricted LP Master Problem
(RM) "M — maxét™h
s.t. AN = Z;,
>0,

obtained by setting all but a few \;, ; = 0 and forcing them to be non-basic
variables. Only the remaining columns of (LPM) need to be generated.

e Using the simplex algorithm, find an optimal solution A* of (RM) and, by
complementary slackness, the corresponding optimal solution (7, 1) €
R™ x RX of the dual of (RM).

e In parallel, for all k£ € [1, K] solve the column generation IPs
(CGIP,) iF =argmax (¥ — 7T ARz —
stz e Xk
e If the reduced prices ¢ := (¥ — 7T A¥)2k — ;. < 0 for all k, then (7, 1) is
(DM)-feasible and A* is (LPM)-optimal.

e Otherwise, pick k such that ¢;, > 0 and add the column

ckik
Ak gk
ek
to (RLPM) to obtain a new restricted LP master problem (RLPM_). Re-

optimise using warmstarting.

e At every iteration, we monitor our progress toward solving (LPM) by
storing the primal and dual bounds

K K

FN <A <+ e+ > G
k=1 k=1
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11.2 The Branch & Price Algorithm

The application of column generation in the context of branch-and-bound for
binary IPs is called branch-and-price.

k,

e The master problem is in the format, where the vectors z*-* are binary,

K Ty

Z = max Z Z((ck)Txk’t))\k,t
k=1t=1
K Tk

sty Y (AFaPhN, =0,

k=1t=1

Ty

D Mi=1 (k=1,...,K),

t=1

et €{0,1}, (t=1,...,Tis k=1,...,K).

o If all subproblems have this same format, we already know how delayed
column generation is able to generate dual bounds that can be used in
branch & bound.

e We need a branching method that guarantees that that subproblems have
the same format as the master problem.

e Since the points 2% € X* are all distinct 0-1 vectors, which are all ver-
tices of the unit hypercube, we have that

Tk
.i‘k _ E Ak,txkyt
t=1

is a 0-1 vector if and only if ) is integer valued.

e If the optimal solution A of (LPM) (found by delayed column generation)
is not integer, there exists therefore «, j such that 27, the j-th component
of 2%, is fractional.

e We would like to branch by splitting the feasible set S = S, U S; into
So=8N{x: 2§ =0},
Sy =85n{x: zj =1}.

What are the corresponding master problems?

For § = 0, 1, the requirement that
Ty
§=uaf = Z )\,Q,tx;”’t
t=1
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implies that x?’t = ¢ for all t with A, > 0. Therefore, the master problem for
55 is

Z(Sg):maXZZ((Ck)kat Kt + Z T nt Kt

k#k t=1

st ZZAk kt)\k:t"'_ Z AK Ht }t:b
k#k t=1
}:Mtf1 (k # k),

Z:Am_l

=4
M¢ewJL (t=1,....Tis k=1,...,K).

Thus, the problem has the same structure as the master problem for 5, but
some of the columns are permanently excluded. This has the beneficial effect
that the deeper the node in the branch-and-bound tree, the fewer patterns z*!
need to be considered.

The column generation subproblems are unchanged for & # &,
= argmax ((cF)T — n ARz —
st.xe X k,

but for k = k they take on the new form

#%(S5) = argmax ((¢®)T — 1Az — p,,
st.xe XF,
Tj = 0.

Similar further restrictions apply of course deeper down the branches, where
the subproblems are further branched.

11.3 The Cutting Stock Problem

The above ideas can be applied to solve the cutting-stock problem in an ap-
proach developed by Gilmore & Gomoroy.

Example 11.1 (Cutting Stock Problem). A factory has an unlimited stock of 20-inch
paper rolls that it can cut into rolls of smaller widths.

They receive an order of 301 9-inch paper rolls, 401 8-inch paper rolls, 201 7-inch
paper rolls and 501 6-inch paper rolls.
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Assuming both trim loss and overproduction are waste, how to fill all the orders
under minimal cost?

Details of Branch-and-Price for the Cutting Stock Problem:

e More generally, if the stock rolls have width W and there are m different
widths w; (i = 1,...,m) in the order, we can generate all patterns a; =
[a15 - am; ] of patterns consisting of a;; rolls of width w; that can be cut
into a roll of width W, i.e., such that

m

Z Wi Qi S w.
i=1

e Note thata;; € Z; ={0,1,2,3,... } forall, j.

o Conceptually, we assemble the columns a; into a matrix A (although we
never want to generate the full data).

e Decision variables: z; € Ny, the number of times pattern j is used (j =
1,...,n). (Note: the z; play the roles of variables A; ; used earlier.)

o Constraints: if there are b; orders of width w;, filling the orders requires
Az > b, and due to the assumption that overproduction is waste, w.l.o.g.,

Az =b.
e Objective: minimise ", x;, the total number of stock rolls used.

o This yields the IP model (Integer Cutting Stock in form similar to a Master
Problem)

e The LP relaxation is given by

(LCS) minITz
s.t. Ax = b,
x>0,

which has the dual

(DCS) maxbTy
st ATy < 1.
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The number n of patterns can be huge, so apply delayed column genera-
tion to solve (LCS), e.g., starting with initial restricted pattern set

[W/w:] 0
A=
0 [W/wm]
Here we select only m patterns in each simplex iteration, i.e., the columns

corresponding to the basic variables. All other variables (the non-basic
variables) are forced to zero.

To solve the restricted subproblem, we only need to solve a linear system,

&=A""b
Theorem (Complementary Slackness) implies that the optimal dual vari-
ables of the restricted LPM are given by §j = A~ 1.
If § is dual feasible (feasible for (DCS)), 7 is optimal for (LCS).

Else there exists a pattern j (a column of the full matrix A that has not yet
been generated) corresponding to a non-basic variable z; such that

m

Z aijg]i > 1.
i=1

Although pattern j has not yet been generated, we can find out whether
or not it exists by solving the knapsack problem

(KS) p" =arg m;xx ;&Tp

m
s.t. sz‘pi <w,
i=1
pEZ.

If §Tp* < 1, then § is dual feasible, and we are in the first case. Else take
(@ij)i%q = (p})i~, as the entering pattern j.

The exiting variable is determined in the usual simplex fashion, and the
dictionary/tableau is pivoted in the usual fashion.

Example 11.2 (CSP continued). We follow through by applying delayed column
generation to solve the LP relaxation of the ICS of our example. Since A, &,y change
in each iteration, we write A% x(*) y(*) for the corresponding data in iteration k,

and we write () = 3 ; xg-k) for the objective value.
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o Using the initialisation discussed above, we have

2.0 0 0
w-fpa Y,
000 3
3017  [150.5
-y 11 -t
501 | 167
20 = 618.5, (objective value)
1 [1/2
o= (3| = 1
1] 11/3

o To find the entering variable x ;, we need to identify whether or not a correspond-
ing column exists and generate it, i.e., solve the knapsack problem

1111
(KP) p* = argmax op1 + p2+ 5ps+ =ps

2 2 2 3

s.t. 9p1 + 8p2 + Tps + 6p4 < 20,

pZ'EZ_,_, (ZZI,,4)

e Solving (KP) with branch-and-bound, we find p* = [0,0,2,1]T. Since (y(©)p*
4/3 > 1, p* will enter the basic cutting patterns as a column of A,

o To identify the pattern that corresponds to the leaving basic variable, we must

calculate

20 ./(A(O))

“1p* = [00, 00, 140, 500] L.

It is w3 that imposes the most restrictive bound, thus the third column of A(®)

leaves the basis.

o Next iteration: For simplicity of solving the restricted LP subproblems we dis-
card the leaving column. This is a variant of delayed column generation that
guarantees that the subproblems don’t grow in size, but this comes at the expense
of possibly having to re-generate a discarded column again at a later iteration.

2 0 0
Wm_ 1020
AT =10 0 2

00 1

2D — (A(l))fl

301
401
201
501

0
0
0 )
3
150.5
2005 1y _
= 1lo0s]: =" =585
133.5
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Solving another knapsack problem identifies p* = [0,1,0,2]" as entering pat-
tern, and column 4 of AWV as leaving pattern.

e Next iteration:

2 000 150.5

@ |02 01 (2 _ |100.375 @

AB =10y ol 2P = s | 2 = 551625,
001 2 200.25

e This time the optimal solution of the knapsack problem yields (y*))Tp* < 1,
showing that y?) is dual optimal, and hence, ©?) is primal optimal.

e The dual bound z(2) = 551.625 could now be used in a branch-and bound algo-
rithm to solve the (ICS).

o Alternatively, note that rounding down the usage of each pattern leaves a short-
fall of 1 roll of each of the ordered widths, which can be covered by two additional
stock rolls cut into patterns [1,1,0,0] and [0, 0, 1, 1]. This shows that

551.625 < zrp < 550 + 2,

and hence, z;p = 552 and we have found the optimal solution.

o This rounding procedure cannot be guaranteed to yield the optimal solution in
general, but it produces a primal and a dual bound which often sandwich z;p in
a narrow interval, thus yielding an approximation guarantee.
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12 Lecture 12: Lagrangian Relaxation

12.1 Introductory Example: Uncapacitated Facility Location

Many IPs have a structure

(IP) z=maxc x
st. Az < a
Dz <d
x>0, x €Z",

such that relaxing the constraints Dz < d yields a substantially more tractable
problem where Az < a is a benign set of constraints (e.g., totally unimodular)
in the sense that the following is easy to solve,

max CTI

st. Az < a
x>0, zeZ™
Thus, we may interpret Dx < d as “malicous” constraints that render the prob-
lem (IP) hard to solve.

Note that what is benign or malicous is in the eye of the beholder, as it may
be that

max CTZE

s.t. Dz <d
r>0,zeZ"

is also an easy problem, but it is really the combination of the two constraint sets
Az < g and Dz < d that renders the problem hard.

Example 12.1 (Uncapacitated facility location (UFL)). Consider the uncapacitated
facility location problem from Lecture 1,

(IP) 2z = max Z Z CijTij — Z fivi

i€eM jEN JEN
st. Y wij=1 (i€M)
JjEN

zi;—y; <0 (i€ M,j€EN)
z e RMPINL y e fo,1)M,

where

o M is the set of customer locations,
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o N is the set of potential facility locations,
o f; are the fixed costs for opening facility j,

o we replaced the original servicing costs c;; with —c;; to turn the problem into a
maximisation problem.

One may take the viewpoint that it is the demand constraints
S miy=1, (ieM) (25)
JEN
that render the problem hard, because these constraints introduce a functional depen-
dence between the decisions pertaining to different facility locations.
Instead of imposing these constraints, let us add a multiple u; of each residual
L=y
JEN
to the objective function. The objective function is now
DD e — > fiyp+ Y w1 =Y @),
i€M jEN JEN €M JEN
and we say that the constraints (25) have been dualised.
The new problem is called a Lagrangian relaxation,
(IP(u)) z(u) = max Z Z(cij — U;)Tij — Z fiy; + Z u;
ieM jeN JEN i€M
s.t. Tij — Yj <0 (iGM,jEN)
z e RIMXINI et 13N,

Note that because the constraints that linked the different facility locations to one
another have been subsumed in the objective function, (IP(u)) decouples,

z(u) = Z zj(u) + Z u,
JEN ieM

where z;(u) is the optimal solution of the following problem,

(IPJ(’LL)) zj(u) = max Z(Cij — ’U,Z)(EZ] — ijj
€M
s.t. l‘l]—ngo (ZGM)

zi; >0 (i € M), y; € {0, 1}V

Furthermore, (IP;(uw)) is easily solved by inspection:
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o Ify; =0, then x;; = 0 for all i, and the objective value is 0.
o Ify; =1, then all clients i for which c;; —u; > 0 will be served, and the objective
value is ), max(0, ¢;; — ;).
Therefore, z;(u) = max(O, Y ien max(0, ¢ij — ug) — fj).

Definition 12.2 (Relaxation). A relaxation of an integer programming problem (IP) z =
max{f(z) : © € F} is any optimisation problem (R)

w =max{g(x): z € Z}

with feasible set # 2 F and an objective function g(x) that satisfies g(x) > f(x) for
allx € 7.

Lemma 12.3 (Dual bounds by relaxation). If (R) is a relaxation of (IP), then w > z.

Proof. See Problem Sheet 4. O

Corollary 12.3.1 (Optimality by relaxation). Let 2* € argmax{g(x) : x € Z}. If
z* € Fand g(x*) = f(x*), then x* is an optimal solution of (IP).

Proof. By Lemma (Dual bounds by relaxation) then the following inequality
holds for all z € .7,
O

Example 12.4 (UFL continued). Problem (IP(u)) constructed in Example (UFL) is
indeed a relaxation:

o Giving up on the requirement
feasible set.

jen Tij = 1 constitutes an enlargement of the

o The restriction of the new objective

max g(z,y) = DD iy v+ Y wil =) i)

iEM jEN JEN ieM JEN

to the feasible set of the UFL coincides with the objective of the latter,

P (3 Rk ¥} f_]y]7

i€eM jeEN JEN

as any (UFL)-feasible solution (x, y) satisfies the demand constraints 3, x5 =

1, which implies
Z ui(l - Z J)ij) =0.

ieM JEN
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12.2 Generalisation

Let us now consider an (IP) in the slightly more general form

(IP) z=maxc'z
s.t. Dll' < dl,
DQI = dg,

re X ={zxeR": Ax<a,z>0,ze€Z"}
where 2" is a feasible set of "benign” type.

We write D = [D], DI|T and d = [d], d3]T in block form and denote the set
of row indices of D that correspond to inequality constraints by Z and indices
corresponding to equality constraints by £.

Definition 12.5 (Lagrangian relaxation). A Lagrangian relaxation of (IP) is a
problem of the form

(IP(u)) z(u) = max{c'z +u"(d— Dz): z € 2}
where u € R™ is a fixed vector Lagrange multipliers chosen so that u; > 0 for i € .
Proposition 12.6 (Lagrangian relaxations). Problem (IP(u)) is a relaxation of prob-
lem (IP).
Proof. The feasible region of (IP(u)) contains that of (IP), since
X 2D2F ={xe X : Dix <dj, Dz =dsy}.

For all (IP)-feasible x, the objective function of (IP(u)) is at least as large as that
of (IP),
'z +u"(d— Dx) =ctz + Z ui(d; — D;.x) > ¢l
i€
O

In the context of Lagrangian relaxations, Corollary 12.3.1 can be recast in
terms of a complementarity condition:

Proposition 12.7 (Optimality by Lagrangian relaxation). Let x(u) be an optimal
solution of the Lagrangian relaxation

(IP(w)) x(u) € arg max {¢"e+uT(d—Dz): z e 2}

If x(u) is (IP)-feasible, that is D;x < d; for all (i € T) and D;x = d; forall (i € &),
and if the complementarity conditions

are satisfied, then x(u) is an optimal solution of (IP).

Proof. By complementarity, z < z(u) = cTz(u) + v (d — Dz(u)) = Tz (u) < z,
hence cTz(u) = 2. O
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12.3 Lagrangian Relaxation of STSP

Example 12.8 (Lagrangian relaxation of STSP). Recall our formulation of the sym-
metric travelling salesman problem from Lecture 1,

(IP) 7~ = min Z CeTe

eckE
st Y me=2 (i€V)
ecd(i)
Z T, <|S| -1 (SCVst2<|8<|V]-1)
e€E(S)
z e {0,117

Lemma 12.9 (Redundant subtour elimination constraints). Half the subtour elim-
ination constraints .. p(s) Te < |S| — 1 are redundant.

Proof. For any x feasible for the LP relaxation of (IP) we have
1 1
Sl= 2 we=52 > wem D, me=5 ), v
ecE(S) 1€S e€d (1) e€E(S) e€d(S,5¢)

where §(.5, 5¢) is the set of edges in E that are incident to one node from S and
one from 5S¢ :=V'\ S.

Since §(S, S¢) = §(S¢, S), we now have

Sl Y wme=y Y =l Y
)

ecE(S) e€d(S,5¢) e€E(S¢
and hence, ZeEE(S) Te < |S| -l1e ZeEE(SC) ZTe < |SC| — 1. O
Example 12.10 (Lagrangian relaxation of STSP continued). o Introduce a new

(redundant) constraint
straints.

ccp Te = m, obtained by summing all degree con-

o Eliminate all subtour elimination constraints corresponding to sets S that con-
tain node 1, which are redundant by Lemma (Redundant subtour elimination
constraints).

e Dualise the degree constraints .5y Te = 2, (i # 1).
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This yields the following Lagrangian relaxation of (STSP),

(IP(u)) z(u) = min Z (Ce —uj —uj)ze + 2 Z u;

e=(ij)€E i€V

> w2
e€d(1)

> we<|S|-1, VSCVst2<[S<|V]-1,1¢8
e€E(S)

Swo=n
eckE
z € {0,1}Fl

For notational convenience we included a term uy (2—3 ¢ 5(1) @) = 0in the objective.

Lemma 12.11 (1-Tree Characterisation). A binary vector x € {0,1}1"lis (IP(u))-
feasible if and only if its support E(z) := {e € E : xz. = 1}) is a 1-tree in G =
(V, E).

Proof. ».c5(1)%e = 2 guarantees that in the subgraph G, := (V, E(z)) exactly
two edges are incident to node 1 .

Constraints ) .. p(s) Ze < |S| — 1 guarantee that when node 1 is removed,
then there is no cycle left in E(z) \ 6(1).

> ecr Te = n guarantees that |E(x) \ §(1)] = n — 2 is a cycle free subgraph
on |V \ {1}| = n — 1 nodes, which is only possible if E(z) \ §(1) is a spanning
treeon V' \ {1}.

Conversely, if E(z) is a 1-tree, then 2666(1) re =2and ) .px. = n are
clearly satisfied, and since E(x)\d(1) a tree, the subtour elimination constraints
are satisfied. O

Example 12.12 (Lagrangian relaxation of STSP continued). Let us now look at a
numerical example and consider the STSP on 5 nodes with edge cost matrix

— 30 26 50 40

30 — 24 40 50
[c]=1{26 24 — 24 26
50 40 24 — 30
40 50 26 30 —

Note that the Lagrange multipliers u are unrestricted, as the constraints we du-
alised were equality constraints. Therefore,

u=[0 0 =15 0 0 0

is a legitimate choice.
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Writing &;; := ¢;j — u; — u;, we obtain the revised edge cost matrix

— 30 41 50 40

30 — 39 40 50
[G]=[41 39 — 39 41
50 40 39 — 30
40 50 41 30 —

Using the greedy algorithm, we find that {(1,2), (1,5),(4,5),(2,3),(3,4)} is a
minimum weight 1-tree for the revised edge costs. Since this is a Hamiltonian tour, all
degree constraints are satisfied and the complementarity condition holds. Proposition
(Optimality by Lagrangian relaxation) thus implies that this is an STSP-optimal tour.

12.4 The Lagrangian Dual Problem
In summary so far, it follows from Proposition (Lagrangian relaxations) and
Lemma (Dual bounds by relaxation) that for all v € R™ with u; > 0 fori € Z,
z(u) == max{c'z +u"(d - Dx): z € 2}
is a dual bound on the optimal objective value of problem (IP),
z= max{cTa: cx € X, Dix <dy, Dox = da}.

Definition 12.13 (Lagrangian Dual). The problem of finding the tightest upper
bound obtainable in this fashion can now be cast as an optimisation problem over the
Lagrange multipliers u as decision variables,

(LD) wrp =min{z(u): v e R™, u; >0 (i € 7)}.
This is called the Lagrangian Dual of problem (IP),

Theorem 12.14 (Characterisation of Lagrangian dual bound). The Lagrangian
dual bound is characterised as follows,

(LD') wrp = maxc'z
s.t. Dlx S dl
DQLL' = dg
x € conv(Z).
Proof. We give the proof in the special case where 2~ = {z[',... 2[M} is a

finite set. Then

wrp = min _ z(u) = min {max{chm +u(d—Dathy: t=1,... 7T}}
u; >0, i€ u;>0,i€T

= min {77: n > el 40T (d — Dzt (tzl,...,T)7ui20,i€I}

(n,u)eR™+1

=  min {17+0Tu: 77+(Dx[t]—d)Tu20Txm,(tzl,...,T)7ui207i€I}.

(n,u)eR™+1
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Taking the dual of the latter LP, strong LP duality implies

T T
- T [t] [t _ ;
wLDiré%)%{tzzl,ut(c x ; +(Dx )i <0, (i € 1),

T
Zut(Dx[tLd)i:o, (i € &), Zuhupo}

= max {ch Dix —dy <0, Doz —dy = 0, x € conv({z,. ..,a:[T]})} .
ne
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13 Lecture 13: Lagrangian Dual

13.1 The Strength of the Lagrangian Dual

Let us consider the IP

(IP) z=maxc 'z
s.t. Dlx < dl7
Doz = dy,

reXX ={zxeR": Az <a,z>0,z€Z"},
with Lagrangian relaxation
(IP(u)) z(u) = max{cTz+u(d— Dz): =€ X},

and let us compare the dual bounds associated with the Lagrangian Dual and
the LP relaxation of (IP),

(LD) wrp =min{z(u): u e R™, u; >0 (i € 1)},

(LP) wpp = max{cTa: : Dyx < dy, Dex = da, Ax < a, z > 0}.

Theorem 13.1 (Lagrangian dual and LP relaxation). The Lagrangian dual bound
is at least as tight as the LP relaxation bound,

z<wrp <wrp.

If {x e R": Az < a, x > 0} is an ideal formulation of 2, then wrp = wr.p.

Proof. We have 2" = {x € R" : Az < a, x > 0} NZ". Therefore, £ C {z €
R™: Az < a, z > 0}, and hence,

conv(Z) Cconv({z € R": Az <a,z>0})={zxeR": Az <a, xz > 0}.

It follows from Theorem (Characterisation of Lagrangian dual) that (LP) is a
relaxation of (LD), and hence, wip < wrp, as claimed.

Moreover, if {z € R" : Az < a, x > 0} is an ideal formulation of 2", then
{r eR": Az <a, x>0} = conv(Z),

so that (LD) and (LP) coincide. O

In the latter situation the Lagrangian Dual offers an alternative to solving
the LP relaxation directly in cases where this is too costly.
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13.2 Choosing a Lagrangian Dual

Many problems have several reasonable Lagrangian Duals. In this case it is
worthwhile thinking about the advantages and disadvantages of the different
formulations before starting any calculations.

Example 13.2 (Generalised assignment problem (GAP)). Consider the gener-
alised assignment problem

(IP) z = max i icij:vij

j=1i=1

n
sty ;<1 (i=1,...,m),
j=1

m

Zaijxijgbj (j:l,...,n),
i=1

x € {0,1}m™x",

In this case we have multiple choices of a Lagrangian dual:

1. Dualising both sets of constraints

(IP(U)) Z(U) = mfmx Z Z(Cij — U; — aijvj):cij -+ Z u; + Z "Ujbj
i=1 j=1

j=1i=1
s.t.x € {0,1}™ ™.

1t is certainly easy to solve this IP, as the remaining feasible set 2" = {0, 1}™*™ has the
ideal formulation {x € R™ : 0 < z; < 1 Vi}. By Theorem 2, solving the Lagrangian
dual min, > z(u) yields the same result as the LP relaxation of (IP). However, it might
still be of interest to solve the Lagrangian dual, as (IP(u)) can be solved by inspection:

- 1 ifcij — U — A3V > 0
Y 0 otherwise.

2. Dualising only the second set of constraints The advantages and disadvan-

tages of this relaxation are similar to the first case, since the constraint matrix has the
consecutive ones property.

3. Dualising only the first set of constraints

(IP(w))  z(u) = mg?x Z Z(Cij — Ui)xz‘j + Zm
i=1

j=11i=1

m
s.t. Zai]‘l‘i]‘ < bj (] = 1, R 7n),
=1

x € {0,1}™ ™,
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Here the remaining feasible set 2" = {x € {0,1}™*™ : 3" a;;x;; < bj, j=1,...,n}
is not of the “easy” type, as

conv(%)C{xGR”: Ogazigl,i1,...,m,Zaijzij§bjj1,...,n}

is generally a strict inclusion. Consequently, wy,p may be a strictly tighter bound than
the bound obtained from the LP relaxation.

The Lagrangian dual is more difficult to solve, but (IP(u)) decouples into blocks
({wij : i=1,...,m})}_, and can be parallelised.

13.3 Subgradients

By the definition of a Lagrangian Relaxation, the map
u s z(u) = max{c'z +u"(d— Dzx): x € '}

is a piecewise linear function of u. Therefore, z(u) is a convex function on
2 ={ueR™: u; >0, (i € Z)} by virtue of the following lemma:

Lemma 13.3 (Pointwise maximum of convex functions). Let {fi(u) : 2 —
R|i € N'} be a set of convex functions defined on a convex domain 9. Then

U — max j;(u
iEN fl( )
isa Convexﬁmction on 9.

Proof. Forall uy,us € Z and X € [0,1],
max f; (Auy + (1 = Mug) < max (Afi(ur) + (1 = A)fi(uz)) < Amax fi(u1)+(1-A) max f(us).
O
Note that z(u) is not differentiable at breakpoints u where arg max{c'z +

u"(d — Dz) : z € 2} contains more than one point.

Lemma 13.4 (Gradient characterisation of convex functions). Let 2 C R™ be a
convex domain and f : 2 — Ra convex function with gradient v = V f(u) at u € 9.
Then the first order Taylor approximation is a lower bounding function:

fw)+vTw—u) < f(v), (ve D).
Proof. By definition, f is convex if for all u,v € 2 and A € [0, 1],
f o+ (1= Mu) <Af(v) + (1= A) f(w).
Therefore,
¢ LA =)
and taking the limit A\ — 0 yields the result. O
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Definition 13.5 (Extension of a convex function). Let 2 C R™ be a convex do-
main and f : 2 — R a convex function. We extend f to a proper convex function
defined on R™ by setting f(u) := +oo for u ¢ 9. The extension satisfies satisfies

FOu+ 1 =Xv) <Af(w)+1Q-=Nf(v), (u,veR™ Xel0,]1].

Motivated by Lemma (Gradient characterisation of convex functions), the
notion of gradient can be generalised to non-differentiable points of convex
functions:

Definition 13.6 (Subgradient and Subdifferential). Let v € R™ and let f : R™ —
R be a proper convex function. A subgradient of f at v € R™ is a vector v € R™
such that
fw)+~T(w—u) < f(v), (veR™).
The subdifferential Of (u) of f at w is the set of subgradients of f at w.
Proposition 13.7 (Properties of the subdifferential). i) If f is differentiable at
u, then 0f (u) = {V f(u)} is a singleton containing only the gradient.
ii) Of(u) is a convex set.
iti) u* € argmin f(u) if and only if 0 € df (u*).
iv) Let z(u) := max{ctz + uT(d — Dz): x € 2°}. Then
9z(u) = conv ({d — Dz* : 2* € argmax{c"z +u"(d — Dz): z € 2}}),

where arg max is the set of all maximisers.

Proof. See problem sheet. O

13.4 Solving the Lagrangian Dual

Algorithm 13.8 (Subgradient Algorithm for Solving (LD)).
Initialise:
choose u € R™ withwu; > 0, (i € T);
X* = argmax{cTz + uT(d— Dz): z € 27},
Vi={d— Dz*: z* € X*},
while 0 ¢ conv(V) do
choosev € V, > 0;

if - € 7 then

‘ Ui 1= max(ui — [, O); // Step (*)
else

| i =y — g
end

X* = argmax{cTz +uT(d— Dz): 2 € 27},
Vi:i={d—- Dz*: z* € X*};
end
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Notes:

e In each iteration of the main loop the Lagrange multiplier vector is im-
proved by correcting it in a direction —v that makes the objective function
z(u) decrease.

o Note the built-in safeguard mechanism (Step (*)) that prevents individual
components of the updated u to become negative for i € 7.

e The termination criterion of the main loop can be evaluated by solving
an LP (see problem sheet).

e The choice of step length 1 requires further discussion.

We want to choose the step length ;1 > 0 to guarantee that the algorithm
converges to the optimal solution of the Lagrangian Dual. The following lemma
gives further insight:

Let

o ul¥ vl¥l and iy, be the values of u, v and y in the k-th iteration of the main
loop,

o 2, = z(ulf),
e U* :=argmin, z(u), wrp := min, z(u),

o dist(ul'l, U*) := min, ¢y~ [|[ul) —u*||5 (measures how far from an optimal
value we start the iterations).

Lemma 13.9 (Convergence of the subgradient algorithm). If there exists G > 0
such that ||v¥||y < G for all k, then

; (1] r= 2yk 2
min 2 2 < dist(ut, U )k-i- G*Y o .
iE[l,k] 22i=1 ,U'Z

Proof. For any u* € U*,

k+1]

! —u*]2 < Jul™ — ppol®t —u*||2 (see problem sheet)

= [Ju™ — w13 = 240" T (@ — ) + ][5
[%]

< ™ — w13 = 2us (21 — 2*) + p2G?  (since v/l is a subgradient).

By recursion, [[ul* 1 — w3 < [[uld — w3 — 200 i (2 — 2%) + b u2G?,
and hence,

k k
2 (; ,ui> X (Zgﬁri] zi — z*) < QZZ;M (zi — 2%) + |Jult ) — ¥ 2

k
< Jul — w3+ ) pic.

i=1
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Corollary 13.9.1 (Basic step length choice). If (u,)n C Ry is chosen such that

D) 3k =00,
i) 3321 i < 0o,

then z(u[k]) — WLp-

13.5 Practical Subgradient Algorithm

Theorem 13.10 (Improved step length choice). i) If 3, e — oo and py, —
0as k — oo, then z(ul*l) — wpp.

i) If py = pop” for some fixed p € (0,1) for po sufficiently large and p sufficiently
close to 1, then z(u*) — wy p.

iii) if 2(ul®) > w > wrp and

er X (2(ulM) —w)
Pk = K] |[2 ’
[0

where 5, € (0,2) for all k, then either z(ulFl) — wrp for k — oo, or else
w > z(u[k]) > wy,p occurs for some finite k.

Step length choice iv) gives the most useful step lengths in practice, but
note that for y, to be positive, we need an upper bound @ € (wzp, z(ul®l)). In
practical applications such a bound is not available explicitly.

Note however:

e Lower bounds w of wrp are often available by ways of using heuristics
that produce primal feasible solutions.

e If the bound @ in Rule iv) is chosen too low, i, is positive but possibly
too large. If z(ul**1) < z(ul*!), this does not pose a problem, as descent
is achieved and the point ul**1 can be accepted as the next iterate.

o If z(ul**1) > 2(ulF), the step ps took the iterate to a point where the
objective function z(u) increases again. The guess of w then needs to be
increased to reduce the step length (.

Algorithm 13.11 (Practical Subgradient Algorithm for Solving (LD)).
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Initialise:
fixe € (0,2), choose u € R™ withu; > 0, (1 € Z);
X* = argmax{cTz +uT(d— Dz): z € 27},

Vi={d—Dx*: z* € X*};
ﬁ?’ldl’ cF =N {Dlx < dl, DQiL’ = dg},’
set W= w := cTa;

while 0 ¢ conv(V) do

choose v € V;

2t = —+00;

while 2™ > 2(u) do

w = #; // this is our guess of a suitable
dual bound
e(z(u)—w
p o= ST,
if i € 7 then
‘ u;|r = max(ui — v, 0); // compute candidate updates
else
‘ u;r ‘= u; — pv;; // compute candidate updates
end
2t :=2z(u'"); // evaluate candidate updates
end
u:=u";// accept candidate updates as actual
updates
=w

< g

*:=argmax{ctr +u(d— Dx): z € 27},
:={d—Dz*: z* € X*},

end

13.6 An Example

Example 13.12 (STSP). We revisit the Lagrangian Dual of the STSP, this time with-
out assuming that we have a priori knowledge of the optimal w.

The dualised constraints were the degree constraints

er:2 (ieV).

e€d(i)

Since these are equality constraints, the Lagrange multipliers u are unconstrained,
and the updating rule is

ugkﬂ] = ugk] + (2 — Z xZ(u[k]))
e€d (i)

The STSP being a minimisation problem rather than a maximisation problem, we
have to replace all mins by maxes, lower bounds by upper bounds and so forth.
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We step length rule iii) with e, = 1, that is,

w — z(ulF)

Kk = — PR
Yiev (2= Xeesqy wi(ulk))
where w is a lower bound on wy, p, and where we had to invert the sign of pu, because
(LD) is a maximisation problem.

Initialisation: We apply the greedy heuristic and find the tour 1 -+ 2 — 3 - 4 —
5 — 1 of length 148.

As no lower bound w on wr, p is known at present, we use the primal (upper) bound
W = 148 instead and see how far this allows us to increase z(ul)), knowing that at a
later time we will probably have to replace W by a smaller value, as 148 is usually not
a lower bound.

Iteration 0: Starting with ul® = [0,0,0,0,0], the revised costs are given by

Al =y~ l? il =

Solving the associated min-cost 1-tree problem, we find the optimal 1-tree with edge
incidence matrix

-1 1 0 0
- -1 0 0
@t = |- = = 1 1],
- - - 0

leading to the objective value z(ul”l) = 130.
The subgradient of z(u) at ul® is

(2= Y ar@),_, ]1=10,0,-21,1],

e€d(4)

and as jy = (148—130)/6 = 3, we find ul"! = u%'4-3-/0,0, -2, 1,1] = [0,0, —6,3, 3].

Iteration 1: The new cost matrix is

— 30 32 47 37
- — 30 37 47
= [ey; —ull —all] = |- = = 27 29
- - - - 2
The optimal 1-tree is found as
-1 1 0 0
- -1 0 0
w@h = |- = = 1 o],
- - - 1
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leading to the objective value z(ul'l) = 143 + 23", ugl] = 143.
Updating the Lagrange multipliers, we obtain

148 — 143 17 11
2] — 11 4 228 T 10 1.0.1] = i f].
uP) = ult) 4 T (0,0, -1,0,) = 0,0, 5,3,
Iteration 2: The new cost matrix and optimal 1-tree are
— 30 345 47 345 -1 0 0 1
- = 325 37 445 - -1 0 0
Eh=1- - - 205 20|, [@))=|- - - 0 1],
- - - - 215 - - - -1

leading to the objective value z(ul?) = 147.5.

This means that 147.5 is a lower bound on the optimal value z of the STSP. But
since [c;;] are all integer valued, this implies

148 = [147.5] < 2z < W = 148,

which shows that the greedy tour 1 — 2 — 3 — 4 — 5 — 1 was STSP-optimal!
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14 Lecture 14: Cutting Planes

14.1 LP Preprocessing

LP or IP models can often be simplified by reducing the number of variables
and constraints, and IP models can be tightened before any actual branch-and-
bound computations are performed.

Example 14.1 (Preprocessing an LP). Consider the LP instance

max 2z1 + X2 — T3

s.t. bry — 2xo + 8x3 < 15
8r1+3x2 —x3>9
1+ 20+ 23 <6
0<xr;1 <3
0<z,<1
1< x3.

Tightening bounds: Isolating x; in the first constraint and using x4 < 1, —x3 <
—1 yields
51 <154 2w9 —8r3 <154+2x1-8x1=9,

and hence, 1 < 9/5, which tightens the bound z, < 3.
Likewise, isolating x5 in the first constraint, and using the bound constraints, we
find
83 <154 222 — 0521 <154+2x1-5x0=17.
This implies x3 < 17/8 and tightens x5 < occ.
And finally, isolating x5 in the first constraint,

2z9 > 521 +8x3—152>25x04+8x1—-15=—7

yields xo > —7/2 which does not tighten xo > 0.

Proceeding similarly with the second and third constraints, we obtain the tightened

bound
8r1 29 —-3x,+23>9-3+1=7,

yielding the improved bound x1 > 7/8.

As some of the bounds have changed after the first sweep, we may now go back to
the first constraint and tighten the bounds yet further. Isolating x3, we obtain

7 101

yielding the improved bound x5 < 101/64.
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Continuing the second sweep by isolating each variable in turn in each of the con-
straints 1-3, and using the bound constraints, several bound constraints may further
tighten in general, but not in the present example.

How many sweeps of this process are needed? One can show that after two sweeps
of all the constraints and variables, the bounds cannot improve any further!

Redundant Constraints: Using the final upper bounds in constraint 3,

+ + <9+1+101<6
Tl T T2 353_5 64 ,

so that this constraint is redundant and can be omitted.

The remaining problem is

max 221 + To — X3
5x1 — 2xo + 8x3 < 15
8r1 +3x9 —x3 > 9
7 9 101

g <, 0<a<1, 1<a3< —.
g ="t=p =2 3= 61

Variable fixing:

o Increasing xo makes the objective function grow and loosens all constraints ex-
cept zo < 1. Therefore, in an optimal solution we must have xo = 1.

o Decreasing x5 makes the objective function grow and loosens all constraints
except 1 < x3. Thus, in an optimal solution we must have xs = 1.

b

This leaves the trivial problem

max {23:1 =< x <

®©|
o] ©

14.2 1P Preprocessing
In the preprocessing of IPs we have further possibilities:

e For all z; with an integrality constraint z; € Z any bounds [; < z; < u;
can be tightened to [I;] < z; < |u;].

e For binary variables new logical or Boolean constraints can be derived that

tighten the formulation and hence lead to fewer branching nodes in a
branch-and-bound procedure.

The latter point is illustrated in the next example:
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Example 14.2 (Preprocessing Binary Programming Problems). Consider a BIP
instance whose feasible set is defined by the following constraints,
7(E1 +3$2 — 4.’E3 — 21[,’4 S 1
—2x1 + Txo + 323+ 24 <6
—2(1,‘2 - 3$3 — 6334 S -5
3x1 — 2x3 > —1
z e {0,1}%
Generating logical inequalities: The first constraint shows that 1 =1 = x5 =

1, which can be written as ©1 < w3. Likewise, v1 = 1 = x4 = 1, or equivalently,
1 < 24.

Finally, constraint 1 also shows that the problem is infeasible if x4 = xo = 1.
Therefore, the following constraint must hold,

1+ 22 < 1
We can process the remaining constraints in a similar vein:

o Constraint 2 yields the inequalities xo < x1 and x4 + x3 < 1.
o Constraint 3 yields xo + x4 > 1l and x3 + x4 > 1.

o Constraint 4 yields x1 > x3.

Although the introduction of the new logical constraints makes the problem seem
more complicated, the formulation becomes tighter and thus easier to solve. Further-
more, we can now process the problem further:

Combining pairs of logical inequalities: We now consider pairs involving the
same variables.

o 11 < X3 and T Z T3 ]/ZEld 1 = I3.

o 1+ 22 < land xy < xy yield xo = 0, and then xo + x4 > 1 yields x4 = 1.

Simplifying: Substituting the identities x5 = 0, x5 = x1 and x4 = 1 we found,
all four constraints become redundant.

We are left with the choice x; € {0, 1}, and hence the feasible set contains only two
points
5={(1,0,1,1),(0,0,0,1)}.

14.3 The Cutting Plane Algorithm

The above discussion of preprocessing steps shows that it is possible to derive
valid inequalities for the integer feasible solutions of an IP from its polyhedral
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formulation. This idea can be generalised and systematically exploited in the
design of algorithms.

Consider the problem

(IP) max cTz
steeZ=2n7",
where Z = {z € R": alzx=1b;, (i=1,...,m), z > 0}.
Definition 14.3 (Valid inequalities and cuts). A valid inequality for 2" is an

inequality of the form
otz < ay

that is satisfied for all v € 2~ (but not necessarily for all v € ).
Acutfor x* € P\ X is a valid inequality for 2" such that

atz* > ag,

that is, 2 N {z : aTa < ay} is a tighter formulation of 2 that excludes x*.

Algorithm 14.4 (Cutting Plane Algorithm).
solve LP relaxation z* = argmax,{cTz: x € #};// initialisation
while z* fractional do
find a cut oz < o for x*;
P Pn{r: Tz <apk;
// (xz* is cut from the new formulation)
solve LP relaxation x* = argmax,{c'z: v € 2};
end

Notes:

o The algorithm relies on systematic methods to generate cuts, an issue we
will discuss further.

e In contrast to the Branch & Bound Algorithm, the convergence of the
Cutting Plance Algorithm is not guaranteed but depends on the nature
of the cuts that are applied.

o Ideally, one would like to apply cuts that are easily computed and cut off
a large part of &, but the two goals are often contradictory.

o The Cutting Plane Algorithm can be combined with the Branch-and-Bound
Method, which yields the most powerful black-box solvers for IPs (Branch-
and-Cut Algorithm).
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14.4 Chvatal Cuts
Example 14.5 (Chvatal cut). Consider the IP min,{—x1 —x2 —x3 : * € 2"} with
2 =PN7Z3and
@:{xeR3: 1+ <1,x94+23<1, 21 +23<1, x>0}
Using slack variables x4, x5, x¢, the vector z* = (0.5,0.5,0.5,0,0,0) is optimal for

the LP relaxation of (IP),

1'1+J?2+I’4:1
(LP) min —xy — 29 —2x3 St {ao+a3+x5=1
x>0

T1+ax3t+xg=1

Multiplying the three equality constraints with 0.5 and adding them yields
r1 + 22 + x3 + 0.5y + 0.525 + 0.5 = 1.5.

Using the non-negativity of x4, x5, x¢, this implies v1+x2+x3 < 1.5, which is a valid
inequality not only for 2" but also for &. Now using the integrality of x1,x2, x3, we
obtain the valid inequality

x1+x2 +w3 < 1,

which is a cut for «* because x§ + x3 + x5 = 1.5.

We now generalise the approach described above: For any r € R", let [r| =
(lrad, -y Lrnl]

Definition 14.6 (Chvatal cuts). Let () = {z > 0 : Az = b} be a polyhedron
given by a system of m equations and n non-negativity constraints, and let u € R™.
The Chuatal cut associated with  is given by

otz < ap,
where o™ := |uTA| and ap := |uTh].

Lemma 14.7 (Chvatal cuts are valid inequalities). All Chvatal cuts are valid in-
equalities for the set 2~ = 20 Nz

Proof. x € 2 implies Az = b, and hence, uT Az = uTb. Using z > 0 this

implies [uTA]z < u™b, and using integrality of z;, (i = 1,...,n), this implies

|l ut Az < [uTb]. O
We state the next result without proof.

Theorem 14.8 (Separation of non-integral vertices). Let 2* be a vertex of &%)
such that x* ¢ 7. Then there exists a vector u € R™ such that

luTAlz < |ub|

is a cut for x*.

116



14.5 Chvatal Closures B6.3 MT 2021, Oxf. Math. Inst.

14.5 Chvatal Closures

In general, not all valid inequalities for .2 can be obtained as Chvatal cuts of a
given formulation 2(%):

Let us write Az < bV for the set of all Chvatal cuts that can be derived
from the formulation 2 of 2, and let us define the new set

PV = {z>0: Az =b, AWz <pV},

The next result is given without proof.

Lemma 14.9 (Polyhedrality of Chvatal closure). Only finitely many of the inequal-
ities ANz < b(Y) are essential (non-redundant), that is, V) is a polyhedron, and
we assume without loss of generality that the system A®Ma < b(Y) lists only essential
Chwatal cuts, and that there are my of these.

We can now repeat this construction an apply new Chvatal cuts
[uT A+ wf AW |z < [uTb + w bW |

with u € R™ and w; € R} to 22(). Denote the essential inequalities of this
form by Az < b(?). By Lemma (Polyhedrality of Chvatal closure), there are a
finite number my of new inequalities, hence

P2 .= {r>0: Az =b, AWy < b(l), APy < b(Q)}
is a polyhedron.
Applying this process iteratively, for k € N we obtain polyhedra
Pk = {x>0: Az =, AW < b(l), o, ARD g < b(kfl)}

that generate a new set of my, inequalities A®z < b(¥) defined as the set of
essential Chvatal cuts of the form

k k
|luT A + Z ijA(j)Jx < luTb+ Z w;-rb(j)J
j=1 j=1
withu € R™ and w; € R}, (j =1,...,k).
It is clear from the above construction that
20 5 0 5 ... 0 pk o conv(2)

is a nesting of ever tighter formulations of 2. The next result, given without
proof, shows that this process is finite.

Theorem 14.10 (Finiteness of Chvatal rank). For any polyhedron 2V) and 2" =
P O) N\ Z" there exists a finite k for which ) = conv(Z).
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Definition 14.11 (Chvatal closures). 22*) is called the k-th Chvatal closure of
2O, and min{k : 2% = conv(2)} is called the Chvatal rank of 2. In
particular, 22°) is an ideal formulation if and only if its Choatal rank is zero.

Notes:

e We started with an equality constrained IP max{c'z : Az = b}, which
is why the vectors u are unconstrained, but the vectors w;, used to take
linear combinations of added inequalities A® 2 < b%) must be chosen
wy > 0. Alternatively, note that A®*)_ b(*) are integer valued, so that if the
IP is brought into equality constrained form by adding slack variables
stk = p(k) — A(R)z, these are forced to be integer valued variables too.

e The use of an essential Chvatal cut in each iteration of the cutting plane
algorithm guarantees finite termination, because an ideal formulation of
Z is found after applying finitely many iterations. However, there ex-
ist examples for which the Chvatal rank is larger than the number n of
decision variables.

e In general even the number of essential inequalities AD gz < pM) in the

n

first Chvatal closure is of order m; = O((m )) Applying the cutting
plane algorithm with Chvatal cuts is thus very inefficient in practice.

e However, to solve an IP it is not necessary to find an ideal formulation.
A more economical approach is required that only applies cuts that make
the optimal solution emerge.
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15 Lecture 15: Gomoroy Cuts

15.1 Gomoroy Cuts

Let Z = {z € R": alx =b;, (i =1,...,m), x > 0} and consider the IP
problem
(IP) max c'z

streZ=2nN7".
The LP relaxation is given by
(LP) max{c'z: Az =b, x >0}

with A = [a1 .. an]T and b = [b: ... b, |T. Let 2* be obtained by solving (LP)
with the simplex algorithm.

By permuting decision variables we may assume w.l.o.g. that B = [1,m)],
i.e., the columns so that the basic variables associated with z* appear in the
first m x m block. The optimal tableau looks as follows,

L, An| b
0 ‘—z*

where 2* = ¢To*, A = AZ'A, b= A'b = v and ey = ey — AL AL T ep (see
Lecture 2).

If b € Z", 2* solves (IP). Otherwise there exists t € B s.t. 2} is fractional and
the ¢-th row of the tableau reads

xre + E atjxj :bt,
JEN

Definition 15.1 (Gomoroy Cut). The Gomoroy cut associated with variable x} is
the valid inequality

T+ Z i) < |be).

JEN

Lemma 15.2. The Gomoroy cut associated with variable x; is a cut for *. This is a
special case of a Chvatal cut.

Proof. Let e, be the t-th canonical unit vector. The Gomoroy cut is then obtained
as the Chvatal cut associated with vector u = A" e, and it is a cut for z* since

af + > g lay = ;> |by).
JEN
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Indeed, we have
uTA=el A A =efA=a},
uTh = eTAG = eXb =, .
O

Subtracting the equality constraint z; +

jen @tjT; = b, from its associated
Gomoroy cut

T + E atj bt
JEN

we obtain ) v —¢(as)z; < —¢(b;), where we write ¢(a) = a — |a] for the
fractional part of any real number a. This yields the Gomoroy cut in fractional
form,

Z —w(dtj)xj +s= —L,O(Bt), s € Ng,
JEN

where s is a nonegative integer valued slack variable.
15.2 Cutting Planes with Gomoroy Cuts

We may now use Gomoroy cuts as a way to generate cutting planes in the
cutting plane algorithm. Adding the cut to the formulation of our IP, we have

S

(IP) maX[S]T["”]
[i] c Xt .= gz-i—mZn-H

where

P ={[%]: ze 2} {[gg] Z—go(atj)xj—i-s:—ap(bt)}.

JEN

Writing ¢(a,,.) for the vector [¢(ay,;)|7_;, the LP relaxation of this new for-
mulation is given by

(LP’) H;i,aXCTx
s~t[ o ) [ [l
s> 0.

The Gomoroy cut can be added to the tableau corresponding to z*, which
now has one extra row (for the cut) and column (for the new basic variable s),
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L Ay 0 b
0 —p(a,n) 1| —p(b)
0 E% 0 ‘ —z*

which now represents a basic (but infeasible) solution of (LP’).

However, we can re-optimise the primal tableau via dual simplex steps,
because the dual solution y* remains feasible by extending it to (y*,0).

15.3 An Example

Example 15.3 (IP by cutting plane algorithm with Gomoroy cuts).

(IP) max x2

s.t. 3x1+2x2+x3 =6
—3z14+2x2+24 =0
220,20, €Z, (j=1....4).

and after a few pivoting steps, the optimal tableau is found:

The initial tableau is found as

w

Y
_=IN N

1
0
0

S
S|= D
SIS

1 0 16 -1/6| 1
0 1 14 1/4 | 32
0 0 -1/4 -1/4 ‘ -3/2

from which we read off the LP-optimal solution x* = [1,3/2,0,0]. Since x5 is frac-
tional, row 2 yields

xo + 025.%3 + 025$4 = 1.5,
=22+ 0x2x3+0x124 < L15J,
=19 < 1.

Introduction of a slack variable x5 and subtraction of the two equations yields

Tot+ax5=1 x5>0,25 €7Z
—(z2 + 0.2523 + 0.2524 = 1.5)
= —0.25x3 — 0.2524 + x5 = —0.5, x5 >0, x5 € Z.

Add this equation to the tableau,
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0 16 -1/6 0| 1

1 14 14 0] 372
0 -14 -1/4 1| -172
0 -14 -1/4 0| -372

SISO =

This tableau describes a basic solution (the intersection of m active constraints)
by setting xy = 0, but the solution is not feasible, because x5 = —1/2. To render
this variable non-negative, we must use row 3 as a pivot row in which to eliminate a
different variable.

To decide on which column to pivot, note that if the pivot row t were to read
n
Z C_ltj(ﬂj = bt
j=1

with a;; > 0(j = 1,...,n) and b < 0, then no matter how = > 0 is chosen,
constraint t cannot be satisfied. In that case, we would have to conclude that the
primal problem is infeasible.

Luckily, in our case, this is not so, and in pivoting on column h with a., < 0, the
last row changes as follows,
_ _ Ch _
Cj < Cj — — Q.
J J Gih J
To ensure that dual feasibility is not destroyed, we must not allow any ¢; to become
positive, that is,

_ Ch _

¢j — @““ <0, (j=1,...,n) (notaproblemifa,; > 0,sincecy, < 0and a, <0)
Cj Ch . _

—— ——<0, (Jell,n],a; <0

] Jau] = U E k<0

< he argmax{ G je[l,n], a; < 0}.
|1

For example in our case, t = 3, h € {3,4}. Eliminating x5 in row 3 reoptimises the
tableau,

10 16 -1/6 0] 1 1 0 0 -1/3 2/31|2/3
0 1 1/4 1/4 0|30 01 0 0 1|1
0 0 1 1 4|2 700 1 1 4|2
0 0 -1/4 -1 0 |37 0 0 0 0 1]

Row 1 yields the Gomoroy cut x1 — x4 < 0, or in fractional form,

Ty —x4+26=0, x6>0,26 €7Z
—(x1 —1/324 +2/3x5 = 2/3)
= —2/3x4 —2/3x5 + 26 = —2/3, w6 >0, x6 € Z.

Add this equation to the tableau,
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1 0 0 -13 2/3 0| 2/3
0 1 0 0 1 0| 1
0 0 1 1 -4 0] 2
0 0 0 -283 -23 1|-2/3
0 0 0 0 -1 0 ‘ -1

Now t = 4, h = 4. Eliminating x4 in row 4 reoptimises the tableau,

1 0 0 -13 23 0 |23 1 0 0 0 1 -12]|1
0 1 0 0 1 0 1 0 1 0 0 1 0 1
0 0 1 1 -4 0 2 -0 0 1 0 -5 32 |1
0 0 0 1 1 32| 1 0O 0 0 1 1 -32)|1
0 0 0 O -1 0 -1 0o 0 0 0 -1 0 ‘ -1

The new optimal solution is * = [1,1,1,1,0,0], and the IP is now solved by LP
relaxation.

Note: Alternatively, the second Gomoroy cut x1 — x4 < 0 could have also been
reformulated using the substitution x4 = 3x1 — 22, yielding

To < 27.
Notes:

e The use of Gomoroy cuts is easy to understand and apply, and it guaran-
tees that the cutting plane algorithm converges. However, the technique
is not particularly effective, because the cuts become very shallow very
quickly.

e To help the method select deeper cuts, it is advised to generate the Go-
moroy cut from the most fractional variable z7, that is from the row corre-
sponding to arg max; ¢ (7).

o If the objective vector cis integer, then the objective z associated with any
integer feasible solution is integer, and one can also use the last row

—z + Z Cjxj = Co
JEN
of the optimised tableau to generate a Gomoroy cut when & is fractional:
> ole s < leo) + 2
JEN

E Cjx; = Co + 2,

JEN

which yields
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This is a cut for ¥, since } ;.\ ¢(¢;)x; = 0, but () > 0, as ¢ was
assumed fractional.
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16 Lecture 16: Branch and Cut

16.1 The Branch & Cut Framework

Data Specification 16.1 (Branch & Cut).

// input data

objective max c'x;

constraints Ax = b with A, b integer valued, defining feasible set;
X ={xeZ": Ax =b, x > 0};

// global data

global pool of valid inequalities Az < b©® for 2°;

global dual bound z;

global primal bound z;

list AN of active nodes;

node counter k;

// local (node level) data

local inequalities AVlz < blil;

local polyhedron 21, defining node feasible set ' = 2Vl N 7",
node dual bound z19:

node primal bound z9);

Methods 16.2 (Branch & Cut).
function [z19) U] = addCuts(2U], 2Ul)
// input zUl = argmax{cTz: z € P2V} optimised via simplex
while 22! £ ), 2Vl fractional and 3 sufficiently deep cut in pool do
find cut AP'z1) > % in pool of valid inequalities;
2l Pl {x: Az <),
re-optimise x19! via dual simplex;
end
while 2! o ), 2V fractional and sufficiently deep new cuts generated do
generate cut oTzll > o with Tz < ag a valid inequality for 2°;
{AL < plO} « {A)y < b U {aTz < ag}; // add valid
inequality to pool
2l  plil N {z: oz < ap);
re-optimise xU! via dual simplex;

end

if 2U] = () then
| 2l = NaN;

end
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Algorithm 16.3 (Branch & Cut).

k=1, Al bl = ¢, AN= {1}, 2 = —00, Z = +o0, 2* = NaN,
{Ally <pl1} =¢; // initialisation
while AN # ) do
choose j € AN;
if zUl < ; then
‘ AN < AN\ {j}; // pruning

else
PUl = {z e R": Az =b, AUlz <bll 2 >0},
2l .= argmax{cTz : x € 2V}, // simplex warmstart

from parent’s initial subproblem

[zU], 2Ul] = addCuts(zl9), 2U1); // global pool of cuts
mined and expanded here

) = Tl /7 30 .= —o0 if 2l = Nan

z:=max{z¥: £ € AN}, // update global upper bound

if 21 integer valued then yli! .= zll;

else attempt to find ylI! € 2°U) via heuristic;

20l =Tyl /7 set 2Vl := —0 if yl! unassigned

if zUl > 2 then

z* :=yUl; // update incumbent

2=zl 7/ update global lower bound

end

if 3 ij ] fractional then

{AlFtily < ple+id) = LAVl <
Wi U {{x < Lx%{]J}, (i=1),

{z > [/}, (=2

global pool not passed on to child nodes!

zlh+id .= zU), (i =1,2); // inherit dual bound from
parent

AN + (AN\{j}H U{k+1,k+2}, k< k+2;,// branching

end

end

end

i

// cuts from

16.2 Algorithm Design Steps

Adapting the branch-and-cut framework to a specific problem class involves
the following steps:

1. Identification of structural properties of the problem class.

2. Use polyhedral analysis to translate the structural properties into classes
of valid inequalities to be used as cuts.
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3. For each class C of valid inequalities, identify an efficient procedure to
solve the associated separation problem: Given z* ¢ £, find a valid
inequality T2 < aq for 2" among class C such that aTz* > ay.

Example 16.4 (Search index construction). The following example is due to Fis-
chetti:

Relational data bases use a small number of search indices to use in queries of m
different types. We need to choose which among a set of candidate indices {1,...,n}
to build and maintain so as to minimise the expected cost. j = 0 represents a default
index available without fixed cost:

n m n
min E CiY; + E E Vi Tij
It

i=1 j=0

s.t. Zdjyj S D
j=1

oay=1, (i=1,...,m)
§=0

m

injgmyj, (j:l,...,n)

=1

JCij,ij{O,l}, (i:l,...,m;j:O,...,n).

o x;; = liff using index j for type i query,

d; memory requirement for index j,

D memory budget for all indices,

o z;; = 1 forsome i = y; = 1 expressed as big M contraint,

index 0 free and available.
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In our example, let n =5, m =6, D =19,

[6200 1300 6200 6200 6200 6200
2000 900 700 2000 2000 2000
. _ | 800 800 800 800 800 800
sl = 6700 6700 6700 1700 6700 2700
5000 5000 5000 2200 1200 4200
12000 2000 2000 2000 2000 750

[ 200
1200
[e;] = | 400 |,
2400
| 250
[10

5
[d;] = |10
8
6

The optimal solution (x*,y*) of the LP relaxation can never give a tight dual

bound, because the big-M constraint ) ;" | x¥; < my; and the optimality of y* imply
that

m

1
* 2 *
yj - m 4 xij
=1

is always fractional, unless all x;; = 1 for the same index j.

Variable fixing: v;; > vio = x;5 = 0. This removes all variables x;; apart from
105+ --5L60, L11, 21, 22, 43, T53, T54, 45, T55, L5, and it allows to tighten the

big-M constraints to
m

> a < |ly;,
1=1

where |]J| = {Z DY < '7@’0}-

Now solving the LP relaxation yields the dual bound 8,940 and the following non-
zero values x5, = 6/10, x5, = 1, yi = 7/10, 3, = 1, 23, = 4/10, y5 = 1,
T =iy =1,y =1/3, af; = 1.

In a similar discussion of the UFL we previously noticed that the big-M constraint
S wiy < |Ijly; may be replaced by the strong formulation given by the valid
inequalities

Class C1: Tij < Yis (_] S [1,77,]7 1€ IJ)

Rather than imposing all of these constraints at each node of the branch-and-cut

algorithm, we only use these as cuts when needed. In our case, the valid inequality
x11 < yy is a cut of x*, because x, =1 > yi.
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The separation problem associated with class C1 is straightforward to solve via
enumeration and scanning. In addition to the cut x11 < y1, we also find the cut
Zes < Ys-

After adding the two cuts to the formulation, we re-optimise the LP solution via
dual simplex pivots and obtain the dual bound 9,900 and the following nonzero com-
ponents: x5, = 1, x§y = 3/4, yi = 1, 27, = x5 =1, y5 = 3/4, z}3 = 3/4,
why = 3/4, y5 = 1/4, x5 = a5 = 55 = L.

None of the inequalities of class C1 are violated. However, note that y; + y3 < 1
is a valid inequality, because di + ds > 19, hence this is a cut for (z*,y*). More
generally, we consider the following valid inequalities

Class C2: > y; <|S|—1, VSC[,n] st. > d;>D.

JES JES

To solve the separation problem associated with class C2, we need to find the indi-
cator vector z € {0,1}"™ of a set S such that

Syiz=Y yr>IS-1=) z—1,
j=1 j=1

jeES
> dizj=) dj>D+e
j=1 Jjes

for some sufficiently small e.

We can find the deepest cut from this class by solving the knapsack problem
w™ = min Z(l — ;)2
j=1

n
s.t. Zdej >D+ g,

zj € {071}7 (.7 € [Ln])

and checking if w* < 1. The knapsack problem is quite easy to solve via branch-and-
bound and allows for variable fixing z; = 1if y; = 1, which reduces the number of
variables.

Adding the cut y1 + y3 < 1 from class C2 to the formulation and re-optimising
the LP relaxation via dual simplex iterations yields the dual bound 10,880 and non-
zero variables x4, = 1,y = 1, 23, = a3, = 1, y5 = 3/8, 2t, = 3/8, y& = 1,
Thy =25 = 1, w55 = 5/8.

Class C1 does not yield any violated inequalities, but from C2 we find the cut
Y1 + ya + ys < 2. Adding this inequality to the formulation and re-optimising the LP
yields the dual bound 11,100 and the non-zero variables x5, = 1, yf =1, 27, = a5, =
1, y2 =1, 2}y = xis = xgs = 1, which is integral valued and hence (IP)-optimal.
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Note that no branching was necessary in the above example. In general,
using cuts from classes C1 and C2 in the branch-and-cut framework reduces
the number of nodes generated by 2 or 3 orders of magnitude over straight-
forward branch-and-bound when applied to larger search index construction
problems.

Class C2 can be generalised to other binary programming problems, where
they are known as cover inequalities.

16.3 Cover Inequalities

Definition 16.5 (Cover Inequality). Let a™z < r witha € R'},r € R, bea
constraint on binary decision variables x; € {0,1}. A cover of this constraint is a
subset C C {1,...,n}suchthaty ; ca; >r.

A cover is minimal if no strict subset S C C is a cover.

The cover inequality associated with a cover C' is the inequality

jec fﬂj S |C|71

Proposition 16.6. i) The cover inequality 3, - x; < |C| — 1 associated with

a cover C of the constraint a™x < r is a valid inequality for {x € {0,1}" :
atz <r}.

i) If S C C'is also a cover, then the cover inequality .. s x; < |S|—1is stronger
than the cover inequality associated with C.

iii) Only cover inequalities associated with minimal covers are essential.

Proof. i) Suppose to the contrary that 3z € {0,1}" such that a2 < r and
>_jec Tj = |C|. Since x is binary, this implies 2; = 1V j € C, and then, using

aj Z O/
atx > Zajmj = Zaj >r. ¢
jec jec

ii) We need to show that forz € {0,1}", 37, <
|C| —1 (but not necessarily the other way round). Let S§ = {j € C\ S : z; =0}

and S¢ ={j € C\ S: z; =1}. Then

Sa =N a+ Y a IS — 14185 < (0] - 1.

jeC jes jess

zj < |S|-1limplies ) o2 <

iii) If the cover C' is not minimal, then there exists a cover S C C, and by
Part i) the cover inequality associated with S renders the inequality > ;.- z; <
|C| — 1 redundant.
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Algorithm 16.7 (Minimal cover separation).
Input: a € R7, r € Ry, 2* € {0, 1}" such that a™z* > r;
Output: minimal cover C whose associated cover inequality is a cut for x*;
Initialise: C =0, ¢ = 1;
compute list I = {j1,...,jx} = {j : @} > 0} ordered such that
ajy, = 2 Qg
while ¢ < k and Zjec a; <rdo
C+Cu {jz},’
{0+ 1;
end

Definition 16.8 (Extended cover Inequality). Let aTz* > r witha € R ,r €
Ry, and let 37,z < [C| — 1 be the cover inequality with the minimal cover C
constructed by Algorithm (Minimal cover separation), and o* := aj, = maxjec a;.
Let E = {j : a; > a*}. The associated extended cover inequality is defined as

EjeCuE z; <|C] - 1.

Note that, although C'UFE is a cover, the extended cover inequality is not the
cover inequality associated with C'U E, because the right-hand side is |C| — 1,
not [CUE| — 1.

Proposition 16.9. i) The extended cover inequality >~ ;.o pr; < |C| —1lisa
valid inequality for the set {x € {0,1}" : aTx <r}.
ii) The extended cover inequality is stronger than the cover inequality ;o x; <

c| - 1. -

Proof. i) Suppose to the contrary that 3z € {0,1}" such that aTz < r and
> jecur j = |C|. Then z is a binary vector with at least |C| components equal
to 1. Using a;,z; > 0V jand a; > a* Vj € E by construction, we find

atr > Z ajijZaj>r. ¢

jECUE jec
ii) We need to show thatfora € R, 37 coup 2 < |Cf—1implies 3, 2 <

|C| — 1 (but not necessarily the other way round). This follows trivially from
the disjointness of C' and F and z; > 0. O

16.4 Lifted Cover Inequalities

This section consists of non-examinable material.

Lemma 16.10 (Lifting valid inequalities). Let S := {j1,...,J:} C [1,n], ao, o, >
0,(s =1,...,t), a € R} and r € Ry be given such that S ajr < agisa
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valid inequality for the set {x € {0,1}" : aTx <r}. Let ;41 € [1,n] \ S and

¢
Ct41 1= max E o T
s=1

t
s.t. E aj, Tj, + aj, ., <1,

s=1

Z;j, 6{0,1}, (SZl,...,t).

Then for every o, ., € [0,00 — (441] the lifted inequality Sl ajx, < agis
valid for the set {x € {0,1}" : a¥x < r}. Furthermore, the larger o 1, the stronger
the inequality.

Proof. Let z € {0,1}" be such that a™z < r. If ;,,, = 0, then the lifted in-
equality follows from the validity of the unlifted inequality. If z;,., = 1, then x

satisfies the constraints of the optimisation problem, and hence, >>'_, o z;. <
Ci+1, with (;+1 > O because o, z;, >0, (s =1,...,t). Therefore,
¢

Z Qj,Tj, + QG Tjy < Gl + 0 — G = Q.

s=1
Furthermore, if 0 < alt) < ol? < ay — (41, then for z € R?, Sz, +
allz; . < ag implies !, aj.z;, + oVlz;,,, < ag, but not necessarily the
other way round. O

Let z* € R% be such that a*2* > r with a € R, r € R;. We would like to
use a tight lifted cover inequality to cut z* from the set {z € {0,1}" : aTa < r}.
The following algorithm solves this separation problem:

Algorithm 16.11 (Separation by lifted cover inequalities).
using Algorithm (Minimal cover separation), find minimal cover inequality
Sjects <ICI- 1
fix an ordering ji,...,j, of [1,n]\ C;

fort =1topdo
using branch & bound, solve knapsack problem

t—1
(+ = max E o T, + E Z;
s=1

jec
t—1
s.t. g a;,xrj, + E ajrj +a; <,
s=1 jecC

z; €{0,1}, (JjeCU{js: se[l,t—1]});

aj, =[C|=1-=(

end

t
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Proof. (Proof of Correctness) By construction, the cover inequality >, - z; <
|C| — 11is a cut for z*, and applying Lemma (Lifting valid inequalities) recur-
sively, it follows that the lifted cover inequality >-7_, aj 2, +3 ;.o 2 < |C]—1
is a valid inequality stronger than the cover inequality. Hence, it is also a cut
for *. O

Example 16.12 (Generalised Assignment Problem by Branch & Cut). A fairly
general class of IPs is the Generalised Assignment Problem (GAP) that takes the fol-
lowing form, which uses a combination of knapsack and assignment constraints:

(GAP) ng?X zm: Xn:pzjxij

i=1 j=1
s.t. Z CijTij < bi; (Z = 1, N ,m) (26)
j=1
Say=1 (=1....n) 7)
i=1

zi; €{0,1}, (i=1,...,m;j=1,...,n).

GUB/SOS branching (see Lecture 9) on the assignment constraints (27) ensures
that the feasible sets of subproblems are balanced (children of the same parent node have
approximately equal cardinality).

Cuts for optimal solutions x* of LP relaxed subproblems can be constructed in the
form of lifted cover inequalities deriving from the knapsack constraints (26).

The branch & cut algorithm solves the problem in two to three orders of magnitude
fewer nodes than the branch & bound approach.
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