(C8.2: Stochastic analysis and PDEs
Solutions to Problem sheet 4

The questions on this sheet are divided into two sections. Those in the first section are compulsory and
should be handed in for marking. Those in the second are extra practice questions and should not be
handed in.

Section 1 (Compulsory)
1. Let r satisfy the stochastic differential equation

d?“t = —ﬁrtdt + U\/7Ttth,

where {W; }+>0 is standard P-Brownian motion and 3, 0,19 > 0.

Suppose that {u(t)}1>o satisfies the ordinary differential equation

du o?

E(t) = —Bu(t) — 7u(zt)z, u(0) =0,

for some constant 8 > 0. Fix T > 0. For 0 <t < T find the stochastic differential equation
satisfied by
exp (—u(T — t)ry) .

Hence find the moment generating function for rr. Calculate the mean and variance of rr and
P[TT = O]

It is not hard to check that 0 is an exit boundary for r. Thus r; > 0 for all t > 0.

Applying Ito’s formula to M; = exp (—u(T — t)ry), we have

2
AM; = (W(T —t) + u(T —t)B + %U(T — ) Mydt — ou(T — t)/reMydW .

Using the fact that u satisfies the ODE we have that dM; = —ou(T — t)/riM;dW5, so that M
is a local martingale. As the solution to the ODE is bounded (since % is negative) and r is
positive we have M < 1. Thus M is a bounded local martingale and hence a martingale. Taking
expectations we have
E [exp(—u(0)rr)] = exp(—u(T)ro).
To find the moment generating function for rr, it thus suffices to solve the ODE for u(T'). As
u(0) = 0, we have
Ge= BT

T 1t ~O — ~Be=PT’

u(T)

where v = ¢2/23. Then

rofePT )

$u(6) = E[exp(~6rp)] = B fexp(~u(0)rr)] = exp ( = 555



By differentiating the MGF 1(6) we have E[rr] = roe™?T, var(ry) = roo2e T (1 — e PT) /5.
Note that, for every x > 0,

lim e 7% =
H—o0 1 ifz=0.

e {o if 2> 0,

Therefore, by dominated convergence,

—BT
Plrr = 0] = jim Blexp(-0rr)] = exp (~ro_s o1 s ).

. Use the Feynman-Kac stochastic representation formula to solve

aj(t >+1 2827}7
ot T G2

subject to the terminal value condition

(t7 {L') =0,

F(T,z) =z

Assuming that the Feynman-Kac representation is applicable (which is not immediately clear
since z# is unbounded), we have F(t,z) = E [X%‘ X = x], where X; = oW;. Using properties of
the normal distribution, this expectation is given by F(t,z) = 30*(T — t)? + 60%(T — t)x® + 2*.
One can now readily see that this choice for F' is indeed a solution.

. We can use the Feynman-Kac representation to find the partial differential equation solved by the
transition densities of solutions to stochastic differential equations.

Suppose that
dXt = M(t,Xt)dt+U(t, Xt)th (1)

For any set B let
pp(t,x;T) £ P[Xr e B|X;=z|=E[15(X7)| Xt = ].

Use the Feynman-Kac representation (assuming integrability conditions are satisfied) to write
down an equation for
s
ot
Deduce that the transition density of the solution {Xs}s>o to the stochastic differential equa-
tion (1) solves

(t,z;T)

0
‘§§@7w;72y)+-Ap(aa:71y) =0 (2)

p(t,z;T,y) — oy(x) ast—T,

where A is the generator. Equation (2) is known as the Kolmogorov backward equation (it
operates on the ‘backward in time’ variables (t,x)).

By the Feynman-Kac representation (subject to the integrability condition)

08 (4 4Ty 1 App(t.a:T) = 0 3)

ot
pp(T,z;T) = 1p(z),



where

Af(t,2) = p(t,2) 2

Writing |B| for the Lebesgue measure of the set B, the transition density of the process {Xs}s>0
is given by

1 0?
(t,2) + 30°(t,2) 2 5 (1, 2).

1
T y) 2 lim —P[Xp € B| X, =2x].
p(t7$a 7y) Bliny ‘B’ [ T E | t ZL']

(We are assuming existence of the density). Since the equation (3) is linear, we have proved that
the transition density of the solution {X}s>0 to the stochastic differential equation (1) solves (2)
as required.

We can also obtain an equation acting on the forward variables (T,y). In the above notation,

O (N — A¥p(t
aiT(t’xaTvy) =A p(tvvav y) (4)

where
2

AF(Ty) = 2 T T ) + 22 (P V)T y).

dy 20y?
Heuristic explanation: By the Markov property of the process {Xi}i>o0, for any T >r >t

p(t, 2T, y) = / p(t, @57, 2)p(r, = T, y)de.

Differentiating with respect to r and using (2),

/ {%(t, 2 (25 Toy) — plt,asr, 2) Ap(r, 25 T, y>} dz = 0.
o LOT

Now integrate the second term by parts to obtain

/ {;p(t,m; r,z) — A*p(t, x;r, 2)}19(?“, z;T,y)dz = 0.

This holds for all T > r, which, if p(r, z;T,y) provides a sufficiently rich class of functions as we
vary T, implies the result.

Equation (4) is the Kolmogorov forward equation of the process {Xs}s>o0.
. Suppose that {X;}i>0 solves
dX; = /.L(t, Xt)dt + O'(t, Xt)th,

where {Wi}1>0 is a P-Brownian motion. For k: Ry xR — R and ® : R — R given deterministic
functions, find the partial differential equation satisfied by the function

Fltz) 2 E [exp (— /tTk(s,Xs)ds) B(X7)

Xt:.%':|,

for0<t<T.

Evidently F(T,z) = ®(z). By analogy with the proof of the Feynman-Kac representation, it is
tempting to examine the dynamics of

Zy = exp (— /t k(u,Xu)du) F(s, Xs).

3



Notice that if this choice of {Zs}i<s<7 is a martingale we have that
Zt :F(t,{li) :E[ZT|Xt :.T]

Thus the partial differential equation satisfied by F'(¢,z) is that for which {Z;}o<;<7 is a mar-
tingale.

Our strategy now is to find the stochastic differential equation satisfied by {Z}+<s<7. We proceed
in two stages. Remember that ¢ is now fixed and we vary s. First notice that

d (exp <— /t k(u,Xu)du>> (s, X,) exp (- /tsk(u,Xu)du> ds

and by Ito’s formula

oF oF 10°F 9
dF (s, Xs) = P — (s, X5)ds + — o (s, Xs)dXs +28 5 (8, Xs)o™ (s, Xs)ds
_ F OF L O*F
= { G X 4l X0 G (6K + 506 X G X0 f s
U(S,Xs)gi(s,Xs)dWS.
Hence

S
dZs = exp </ k(u, Xu)du) X
t

OF OF L o O*F
{0 P50 4 G 00X (s, XD G5, X + 5076, X g | s

F
a5, X) G (5, X |

We can now read off the solution: {Z;}:<s<7 will be a martingale if F' satisfies

1, 0’F

%—Z(s,x)—i—u(s,x)(zi( )—1—20 (s, )W(s,x)—k(s,:r)F(s,x):Q

. Let B be a Brownian motion in R and consider A; = fg Iig,>01du, the amount of time that
Brownian motion spends in the positive half line up to timet. Let F(t,z) = E(exp(—0A:)|By = z),
the Laplace transform of Ay given that the Brownian motion starts from x. By setting r(t, By) =
—01(p,>0) (in the Feynman-Kac formula in the notes) and ¥ = 1 and using a time reversed
version of the Feynman-Kac formula, show the PDE satisfied by F, is

"qm

OF %@F 0F >0,t>0
o | 1%L x <0,t>0.

i

specifying the initial conditions and, carefully, the continuity conditions at 0. By taking Laplace
transforms, F(X\, ) = [;° exp(—=At)F(t,z)dt and solving the resulting ODE, show that

1

FOO=RhTe

(5)



From this we can derive Levy’s arcsine law,

5 1 2 S
P(A; < s|X :O:/du:arcsin\[,ogsgt.
(t— ‘ 0 ) Oﬂ_\/m T ( t)

To see this compute the Laplace transform of the arcsine law by suitably integrating to show that
the transform is as given in (5).

Let .
At:/ IBu>0dU7
0

and
F(t,z) = E [e*HAt\BO = :z:]

= E [6—9f5 ]Bu>0du|BO — x} .

Now suppose [ satisfies the following PDE for some function 7,

of _10%f

E(t,x) = 5@(2&,1:) +r(z)f(t, ), (t,x) € (0,00) xR

with initial condition
f(0,z) = ¥(z).

This is a heat equation with dissipation, and the Feynman-Kac formula gives that
t
f(t,z) = E[exp ( —/ r(Bu)du)\IJ(Bt)|Bo - x]
0
Hence for our function F' given by

F(t,z) = E[exp ( . e/ot IBu>0du>\1J(Bt)\BD - x]

the PDE is, for t > 0,
OF _ | 398 —0F, forz>0
N %82—F for x <0

with F'(0,2) = 1 and continuity at 0, in that F(¢,0+) = F(¢,0—) and %—I;(t,O—i—) = g—f(t,O—).
(Strictly speaking, in the lectures we only considered F € C? and we had to know a priori that a
solution to the given PDE exists; here %—f - %%27127 will have a discontinuity at x = 0 and it is not
immediately clear that a solution to the PDE exists. We can rest assured that these technical

points do not cause any fundamental problems.) Now consider the Laplace transform
“ oo
F(\z) = / e ME(t,x)dt.
0

Then, denoting F”(\, ) the second derivative in z of F(\, z),

%F”()\,x) —0F(\,z) forz >0

F(\ ) - F(0,2) = :
AF(N\, z) (0,z) { LE(A, ), for z <0



ie. F'(\x) —2XF(\,2) —20FE(\,2) +2=0, x>0
and F"(/\,m)—Q)\F()\,x)+2:O, z <0.

Solving these ODEs, for x <0,
. 1
F(\z) = ApeVPe 4 BV 4 Y
and for z > 0,

B\, 7) = Ao V20500 1 gy 20500 4
+

To determine Ay, By, Aa, Bo, observe that

e as r — 00
F(t,x) —

1, as r — —o0,

hence
1

. 5  as T — 00
F(x ) — 310

X as r — —oo.

Also by the continuity condition F'(¢,0+) = F(t,0—) and ‘g—l;(t, 0+) = %—f(t,O—) we get

F(\04) = F()\,0-)

and R R
F'(\,0—) = F'(\,04).
Therefore
r——o00 = DB =0,
r—o00 = Ay=0 and
1 1 1 1
A — =B — = A =B _——=
D e W e D Wi R\
V2AA] = —/2(A+ 0)Bs.
Finally

\/ﬁ<32 - )\()\0_1_9)> = —V2(A +0)B;
(VA4 VO3 50)) By = ——

VA +0)
0
B = oo JOr o)



0 . 1
A +0) (VA+/OTa)) MY
O+ X+ V/AA+0)
A4 VAN F6)

0N — /AN +0)) + 2% — (A2 + \0)
-0

1
A+0

1
A+0
1

VAN F6)

as required.

To show that this is the Laplace transform for the arcsin law, consider the random variable Y;

with
ds
P(Y; € ds) = , 0<s<t
m/s(t — s
t ds
so Ee 0t = / e 0 = F(t,0)
0 m\/s(t — s)

o0 [e.e] 1
(u=t—s) = / e T 0H s _—_ quds
0 0

00 —Au oo ,—(0+A\)s
S R e
T™Jo Vu 0 Vs

Using the substitution a = v/2u, then u = % and du = ada, we have

/oo 6—/\u 1
du = —.
0o VTu o\

In the same way we have

o0 6—(6+)\)sd 1
/0 Jrs T N
1
VIO N

Thus as the Laplace transform of A is given by this expression we must have

and hence
F()\0) =

ds

]P)(At S ds) = m

Section 2 (Extra practice questions, not for hand-in)



A. Consider a three dimensional Brownian motion started at the origin and stopped at the first time
it exists the unit sphere. Fix 0 <r < 1. In which of the annuli

Ala) ={z eR3 : a—r <|z| < a} forac [r1]

is the expected occupation time maximal?

Denoting by U the unit ball and T' = inf{¢t > 0 : B, € 90U}, recall that

T
Eo{ [ taa(Bods} = [ Gu.wdy,
0 Ala]

where Gy (z,y) = G(z,y) — [5; G(z,y)p(z,dz) is the Green’s function of U, u(z,dz) = P[Br €

_ 2
dz] = ?mliigw(dz) is the Harmonic measure and 7 is the uniform measure on OU, and G(x,y) is

the potential kernel given by

G(Q?,y) = C’l’ - ylil

-1
27r3/2

with constant C' = . Recall further that

1—|z? ||
G(z,y)m(dz) = C—5— .
Lo st =Cp

It follows that
Gmumwz/ (Cly™t - C)dy .

[a]

Ald]

We can do the calculation in polar coordinates:

-1 _ “ 1_ 2
/A[a](mm Cydy — CM/H(T 1) 2 dr

a? a3 (a— T‘)Q (a— T)3
"mﬁ?_i_ 2 T3 )

= C47r(r(a —a®) +r%(a—1/2) - 7‘3/3) .

We note that this is maximal if 7(1 — 2a) + r? = 0 i.e. exactly if @ = (1 + r)/2, if the annulus
is in the middle. Note that the expected occupation time in the inner ball ¢ = r and the outer
annulus ¢ = 1 are the same.

B. Suppose that v(t,x) solves

ov 1, 50%

E(t,x) + 30°% @(t,x) —ro(t,z) =0, 0<t<T.
Show that for any constant 9,
(t ) L % t 072
vo(t,z) = v (t—

18 another solution.

Probabilistically, the point is that for a geometric Brownian motion {X;}o<¢<7, dependence of
X7 on X; is only as a multiplier.



C. Suppose that for 0 < s < T,
dXs = u(s,Xs)ds +o(s, Xs)dWs, X;=u,

where {W}i<s<7 is a P-Brownian motion, and let k,® : R — R be given deterministic functions.
Find the partial differential equation satisfied by

T
Flt,z) = E[(X7)| X, = ] +/t E [k(Xs)| X, = 2] ds.

Using the same reasoning as question 4 we apply It6’s formula to F(s, X,) + [, k(Xy)du and
integrate with respect to s over [t,T] to see that

oF or 1 262F
ot ox ox
and F(T,z) = ®(x).
D. In the Vasicek model, the interest rate {ri}i>0 is assumed to be a solution of the stochastic

differential equation
dry = (b — ary)dt + odWy,

where, as usual, {Wi}i>o is standard P-Brownian motion.

Find the Kolmogorov backward and forward differential equations satisfied by the probability den-
sity function of the process. What is the distribution of ry ast — 00 ?

op(t,T;w,y) 1 @ N
TR L Rl Ui e
8p(t,T,1},y) o 1 2@ 2 _

Consider u; = e%ry.

duy = be™dt + ge™dW;.

Integrating and substituting back gives

¢ t
re = e %o+ e_at/ be®®ds + / oe =) g,
0 0

Thus 7, is normally distributed with mean e™%rq + 3(1 — e~ %) and variance ‘2’—2(1 e~20t). As

t — 00, r; tends to a normally distributed random variable with mean b/a and variance o2 /2a.
E. The process usually known as Geometric Brownian motion solves the s.d.e.
dSt = uStdt + O'Stth.

Find the forward and backward Kolmogorov equations for geometric Brownian motion and show
that the transition density for the process is the lognormal density given by

2
p(t,x;T,y) = B exp (_ (log(y/az) - (u - %02) (T — t)) ) ‘

oyr/2m(T —t)



Substituting in our formula for the forward equation we obtain

dp 1 92

0
- . — 7 (.2 . o, .
aT(t,x,T,y) 59,2 (v°p(t,z; T, y)) "oy (yp(t,z;T,y)),

and the backward equation is

P Uy Y o,
E(taxaTay) - _50 T @(tvvaay) _/Ll'%(t,.CC,T,y)

It is enough to check that the lognormal density solves one of the Kolmogorov equations.
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