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2.(a) Let b and o be continuous functions on R and define a = o2.

Define what it means for a one-dimensional diffusion process X on
(Q, F,(Ft)t, P) with generator

to satisfy

(i) the martingale problem for the operator A with initial point x;

Definition 3.2

(ii) the martingale problem M(a, b).
Definition 3.11



(b) Now assume that there is a constant § such that a(x) > § > 0. Show
that, if the diffusion process X on the probability space (Q2, F, (F:),P),
satisfies M(a, b), then X is a weak solution to the stochastic differential

equation
t t
Xt_xo+/ b(Xu)du—l—/ (X,) dBy,
0 0

where B is a Brownian motion.

Theorem 3.12



(c) Now assume that there is a unique (in law) weak solution X to the
stochastic differential equation

t
xt:xo+/ k(0 — X, du—i—/ o\/X,dBy, (1)
0

where k, 6, 0 are strictly positive constants and B is a Brownian motion.

Give an integral expression for the scale function and give the density of the
speed measure for this process.



(c) A: (Scale function)

Solution 1: From Definition 6.1, the scale function is given by

S(x) = / T e =)/ (2 dz g / (y)z“(’/”zezn(y—yo)/oz dy
X0 x Y0

X

where xg, yo > 0 are arbitrary positive real numbers.



(c) A: (Scale function)

Solution 1: From Definition 6.1, the scale function is given by

S(x) = / e hpa-2/Paz / (y)z“(’/”zezn(y—yo)/oz dy
X0 xo YO

X

where xg, yo > 0 are arbitrary positive real numbers.

Solution 2: The scale function satisfies 1 (6 — x)S'(x) + 302xS"(x) = 0.
Denoting u(x) = S'(x),
u(x)  2k,0 2k6

2K
ux) ~ o2l T D T legulx) = =5 logxd o Go

Therefore §'(x) = u(x) = e%x—268/0° g2rx/7* hence

S(X) — /X eCoy—2fi9/UzeQ,‘iy/O'2 dy .
X0



(c) A: (Speed density)
By definition,

_ 1 _ 1 C0X2n9/aze—2nx/02 .



(d) For the diffusion X satisfying
t
Xt:Xo+/ k(0 — Xy du+/ o/ XudBy, (2)
0

let To = inf{t >0:X; =0}.

By considering the exit probability from the interval (¢, b) as € — 0
determine conditions on the parameters for which the process cannot reach
the origin in that P*(Ty < co) = 0 for all x > 0.



(d) A: Let T, =inf{t >0 : X = a}. Then

BT < 7y = SO = S0 _ [y e dy
‘ P17 5(b) - S(e) feb y—2r0/0% g2ry /02 4y




(d) A: Let T, =inf{t >0 : X = a}. Then

PA[T. < Ty] = S(b)—S(x) [Py 0/t e2/o qy
‘ ol S(b) — S(e) febyf2ﬂ9/aze2ny/02 dy

We have feb y*2”‘9/"2e2*”’/"2 dy —c_0 oo if and only if 2k0/02 > 1.



(d) A: Let T, =inf{t >0 : X = a}. Then

BT, < 7] = SB) = S() _ foy I dy
‘ ol S(b) — S(e) febyf2ﬂ9/aze2ny/02 dy

We have feb y*2”‘9/"2e2*”’/"2 dy —c_0 oo if and only if 2k0/02 > 1.
Therefore PX[Ty < Tp] = limc_,o PX[T. < Tp] = 0 if and only if 26 > o2.

Therefore PX[Ty < oo] = PX[UX,{To < Tp}] = 0 if and only if 20 > 0.



