Distribution Theory MT20 \/

Lecture G: o Adjoint identity
scheme

o Difterentiation W the
sense of c\\si'ribu-ﬁm\g

o Convolution with test
function

( pp. 31-36 W \ecture notesv

T

Given an operation on test
functions, sSoy difterentiation we

would like to extend v to

distribwtions .
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Suwose T s an opera’riuv\ on test
functons that we would like o

extend to distributions:
S+ S22 R opén subset
T: ()= IR) hnear map
Aesume there exists a Linear
. ®
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5: P(R) > L)
such that
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for al &4 € D) .
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s) = S(#) v ) .

avy ad join'k idev\h‘ty




Detine. for we D) | * 4
T, 4D = < SEY 3D

Thew T (w) - $(Sl\~5(£ 18 linear
and D— continvous :

CTFW), ¢+ M) = CF W), TN ‘

u,S are linear
W& {)S—B'D in R)

sSWNCEe

< -?(“) ) 4’)» ¥ =
SWLE S’u are D— contivuaus.
S Tws T € (o) , and therefore

- 3)'(57.) -—%3)'(51,\

37 i\(\syed\'ion we Seé v % len

ond € wu, > U W 3>'(J2)/ then
<T(w), ¢ = <u;, S@) ) Cu, S@)>
= <T(u),$> Tor ¢€JMQ)




Hence T : Y= B(R) is livear 1/
and I —eontinuous. Tne adjoiwt
ydentity @ ensures that T is
an extensiom of 1

Let L\-éﬁ)(ﬂ}. We ™ma Y consder
3y o bz & Aistributien (sT.,D and

get trom @ for $ € ()

CT(R), 4y = h, ¥ =
{ yS@)ax = \ Tl ¢ 9>

hewee (VS ¥ =Ty ) T =T),

[Ter miv\o\og‘/ ” Whev\ We. ex-\'ev\o\
xest fowelians to

of the above
do Y \77 the

on operac\'iovx own

Datributions by use
procedvre We say we
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@ Differentiation
Consider = %( on D(R).
Note D:DMR)DIR) Is linear

(aond  D— covkinuous ).
Can we extend it Yo

Need an adjoiv\\' idev\’(i’cyf

Focr ¢4 € aS(IR} we calevlate
by W\tegrahOV\ by ?Qr‘ts

distni bu')ws?
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PN S .
Len) =\ ¢wdx = -\

€= ~-0P -

| P\o’jowﬁ' )o’en’r|+y with T=D,S=-3d




\X/we,, note that S=-D 133(112\58/82\ G/
i1s  hinear and D —continuous as re?USmJ
o\y\d So ¢t ue€ i'(R) y

< Bu, ¢ =S¥, PEAR,
e ow extewsim of '-D-‘-f'; Yo
A dentity

Aicteibubions. he adjol
scheme ensures that
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We ge‘l s other words nothing /

neWlY . whewn w 1S C' dhne
distributional derivative - is just

Yne vsval derivativel
Becouse of this we wrike Bus=w' |

also wkevx u s a diS‘l’ﬁbu'HoV\.-“)us_

distributional derivatives are dewoted
like cassies derivatives, what 1S
meant 18 dear fram context ) ov
v\l be ewfhas'\iea(,

BMultiplication with € functisns

Lex f¢ C(R).
TF T@):=f¢ , then T (R\D(R)

s lineaC (omd D—continuous, by

Sev\era)iied Leibni2 fu)e)‘




_ g == 2
We clearly have an adyoivt id’Pm’y/

with S=T :
U gy ax = atey)ax o el
BY AN

\x/t COAWN e deﬁne 'fb\r uGS}'{]R)
<tu,dy = <uf)  $ED(R).

The adjpint \dentity scheme ensures
consistenty for W€ D(R) ; buY W
NS case \‘\ S tlear WE Whave

consistenty for alA reﬂu\mr distri=
" butions = f ué€ L\“ (R) , then

£ T, = Tpu .

Note alsp that we alsd cawn deﬁue

uf  and that we rivially have |
uf=zftuw  Hfor uem(nzwecm)'




Mah7 other operations on cy

Yest funechons can be ex tended 1o
Jdistributions :

Composi’f'\ou’w'\"f\\ C*  diteomorphism

& R—R C* diffeomerphism
(twat is, FEC bijective and ¥4o)

Note 40 & € D(R) ¥ $EIR)

et T (R DR,
T(y) = t° %

16 lineac, Extend
Need adjoint dewhity for %,Lr'eﬁ)(m\

wte vSiwg cubstitutisn farmula

T Yo d')S“’"i bu')'ions?

Co\\ Lvl
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Note S: D(R) = P(R) inear

qy\cj i-— CDY\'h.V\MOMS (OV\C MMS't
use both chaiv and Leibniz rules

for verificatiov of *5533.




We write & u for wed when "/
”@33,(5(\. Thus

<§~*\A/%}> o <U-, \¥b§-\\

\X/e have consistenty ~or fegtﬂar

distributions : £ we€ L}\OL(R\ ,‘t)\eh
{;Tu  — T“c_é |

\vnpgr'tom‘\ sye do\\ cales .

Teanslation  FG) = x40 (heR)’

Trowslation by W 1S devoted T,
<T U, ¢y T <u,T,$> 1*63}“‘:‘).
Di)ation $(x) = X (r>0)

Pilation by ¥ 1S denoted A
cau,$y = <utdt?, e D(R)




Note that here = d 18 L-dlation 4
with F: .
L dy)x) = F4(7)

Check +thai <-,': J;t'u y ¢ = Cu, d-¥>
Yiolds tor al we D (R) ’Qa eﬁ(R),r)o.

Reflection n oriaivx‘ F(x) = - X
< densted N

Reflection n ongiv \

<, ¥ T <u ey , ¥ €DR)

(So ’4\:0() = ¢(-x), X élkw

govx\/o)uﬁ'on with test function

Fix O€ D(R). -'
Tt T& = O¥% ¥y e D(R) .

Then T:D(R) D(R) livear
( ond 3-—cow)'inuaus>




Adjoivf)' idew}i-}y obtoned b7 vse '3/
of Fubini : o ¢4 €D(R), then

C org g dx = 5 Lol by vy

[/ o

= ( { 8GNyt dx dy

Note S3)i=Oxy $: P(R)V(R)

s bmear and j-fconh‘nuous.

By qd)'oivrl: identity scheme WwWe
Ay define for uE€ 3'(52)
Coru, ¢y = <u,Bx4y, ¢EUR)

We have cows\s’cencY when u 1S
a regqular distribution:  ve L, (R)

O+, = Tgyy holds.




Note alss thal we could similary Y
detine wx® Hor ué‘.’b‘(‘k},eéb(lﬂ

WY uxf=6xw st thsis nothing
new (e,xerc_‘\se: check 1t )

—

We h\gk\iah{ the definitions of

differentiation | mu\ﬁp\'\ca{'mw by -
CT functiow oand  convelution with

test fuwnction 1w the 3evxem\

Y\—oliwxevxsiom\ cade

As wn )-dimensiomal case WE have
consistency for W€ c') :
D.ST\L e Ta).u‘
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We therefere use the same netabm
fpr distributiona) partial derivatives

as for classicad partial derivatives:
oy

aju - })'H o BX’-

ete

VWhat is intended will be c\ear
trom cowfex‘l oxr W\\JS‘\' be Vﬂeh‘lib\ﬂd.‘

Note thalt g’,gké(, = Qk}jcp €br Qé
o) , so M 33,u= T
ue (). We can therefore also

LSEé muH’i- Sndex Y)o‘tai'fav\ ‘for t/fsfn';

utional partial derivatives:

fe ue D), AEN,
<Su > = e u, S e




DEE| Let ued), fE€ COQ(Q). 7
Then  <fu, &) = <u,fdy, 2 D@).

\— diwmensional case we have

As W
« digtributims:

covxs\s%evxcy $or regu)q
(‘.'T; - T-Fu 6 ué€ L\MCD—)

\X/e asp \have fu = uf .
Le D) tEC(R).

\\_Ié\bn\% ru\eJ

2, (fu) = QR Ju + f3;u
" and for XE€ NV\

T¢ by
for test +tuonctions.




DErl Let weD(W) 0eI(K). 7
Thew  <O*u, ¢ = <u, 0xF) SO

Be W = diwnensional case We have
consistenty for rea\)\qr distribut ioms:

(asun'(“;Ye“b\1 € ue \_‘\“(R“) |

Nole : when u€ L’uoc(ﬁ),éei(’f)

1 8 well- de€ined

Remark wWe alse have Oxusu*d
for W€ D(RY) pe MK .




