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Index of Notation

B(a,r) the open ball of radius f centred at a.

B(a,r) the closed ball of radius r centred at a.

B(X,Y) the space of bounded linear maps 5 : X — Y between normed vector spaces X and Y.
By the closed ball B(0x, 1) of radius 1 centred at Oy in a normed vector space X.

ekU,Y) for k a non-negative integer this is the space of continuous functions f: U — Y
defined on an open subset U of a normed vector space X taking values in a normed
vector space Y which are k times continuously differentiable.

C®(U,Y) the space of infinitely differentiable functions on an open subset U of a normed vec-
tor space X taking values in a normed vector space Y.

LV, W) the space of linear maps a: V — W between vector spaces V and W.
Mat,, ,(R) the space of n X m matrices with entries in R.
Mat, (R) the space of n X n matrices with entries in R.

Oy the zero vector in a vector space X. If V = R, we write 0, in place of Ogn, and if
the vector space in question is clear from the context we suppress the subscript and
write 0 rather than Oy.

Oy (|| the space of functions f defined on a neighbourhood of Oy in a normed vector space X
taking values in a normed vector space Y with the property that there exist constants

C,r > 0 such that 17Co < Cfor all x € B(0x, 7).

[Rd]

oy ([IxID the space of functions f defined on a neighbourhood of 0y in a normed vector space

X taking values in a normed vector space Y with the property that lim,._,, I _ 0

x|

(U,a) a pointed set, i.e. Uisaset and a € U is an element of U.

Course Outline

« Definition of a derivative of a function from R” to R™; examples; elementary properties;
partial derivatives; the chain rule; the gradient of a function from R" to R; Jacobian. Con-
tinuous partial derivatives imply differentiability. Mean Value Theorems. [3 lectures]

« The Inverse Function Theorem and the Implicit Function Theorem (proofs are not exam-
inable). Lagrange multipliers [3 lectures]

« The definition of a submanifold of R". Its tangent and normal space at a point, examples,
including two-dimensional surfaces in R3. [2 lectures]



1 Review from A1: Linear maps and continuity

Everything in sections §1.1 and §1.2 apart from Definition 1.10 is covered in the Metric Spaces part of
the A.1 core course. The only significant new result is proved in section §1.3: Theorem 1.17 shows that
a linear map between normed vector spaces whose domain is finite-dimensional is automatically
continuous.

1.1 Normed vector spaces

Before discussing the notion of differentiability for functions of many (real) variables, we begin
by reviewing the relationship between the conditions of continuity and linearity for functions,
in the natural context where both notions are defined, namely that of normed vector spaces.

Definition 1.1. A normed vector space (X, ||.||) is a pair consisting of a real' vector space X and a
function |.|| : X - R which satisfies, forallv,w € X and 1 € R:

1. ||v|| = 0 with equality if and only if v = 0. (Positivity.)
2. ||[A.v|| = |A].lv|l. (Homogeneity.)
3. [[v+w| £ vl + |w|- (Triangle inequality.)

We write Ox for the zero vector in X (or simply 0 if there is no possibility for confusion). Taking
A =01in (2) we see that ||0x|| = 0 and thus by (2) and (3) we must have

0= [0x] < [loll + I = vll = 2jv].

Hence (2) and (3) in fact imply the inequality in (1), however the implication | =0 = v =0
does not follow from (2) and (3). A normed vector space is automatically a metric space, where
the distance between v;, v, € V is defined to be ||v; — v,||

Remark 1.2. We will normally write |.| for the norm on an arbitrary vector space, as it will be
clear from context which vector space is in question. When there might be ambiguity?, such as
when we consider more than one norm on the same vector space, we will decorate the norm with
a subscript, e.g. ||.|lx or ||.||;-

We will largely follow the notational conventions of the Metric Spaces and Complex Analysis
course, and write, for example, fora € X andr > 0

B(a,r)={x€X :|x—a|<r}, Bla,r)={xeX:|x—a|<r},

for the open and closed balls respectively about a of radius r. Note that in a normed vector space,
unlike in a general metric space, if r > 0 then the closed ball B(a, r) is always the closure B(a, r) of
B(a,r). When V = R" we will write 0,, in place of Ogn.

We will also write By for the closed ball B(0x,1) and Sx = {v € X : |jv| = 1} for its boundary,
the unit sphere centred at Oy.

Recall that if X is a normed vector space and a € X we say that a subset U C X is a neighbour-
hood of a if there is some r > 0 such that the open ball B(a, r) of radius r centred at a is contained
in U. We say U is open if it is a neighbourhood of each of its points, that is, for every x € U there
is some r, > 0 such that B(x,r.) C U.

Example 1.3. If X is one-dimensional, it is easy to understand all possible norms on X. Indeed if
we picke; € X\{0}, thenforanyv € X thereisauniquel € Rsuchthatv = Ad.e;. Nowif f: X = Ry,
is homogeneous, so that f(t.v) = |t|.f(v) for all t € R, then f(v) = |4].f(e,). Since it is easy to check

'In fact one just needs a field with a sensible notion of “absolute value” - for example the complex numbers equipped
with the modulus function.
21f you find an ambiguity I have missed, please let me know.



that the absolute-value function ¢t — |t| on R is a norm, it follows from the formula f(v) = |1|f(e;)
that f is a norm on X provided f is not identically zero. Since any norm on X necessarily satisfies
the homogeneity condition, it follows that any norm ||.| on X has the form |v| = c.|[4| forc > 0 a
positive real number (where, as above, v = d.e;).

If dim(X) > 1 - indeed even for dim(X) = 2 - one cannot give such an explicit classification of
all possible norms?®, but we will shortly see that, for finite dimensional vector spaces, all norms
are equivalent in a sense which immediately implies they all yield the same notion of convergence,
continuity, and uniform continuity.

Example 1.4. Let X = R". Then there are many norms which are natural to consider. Perhaps the
three most commonly used ones are the following: For v = (v, ...,v,) € R", we set

v = max |X;
ol = max |,

n

lolly = 2 1l

i=1

lvllz = (lé xiz)

Where itisimportant to emphasize which norm we are using on R", we will write €;3 forthe normed
vector space (R", |.|l+) (Where T € {1, 2, co}).

1/2

Example 1.5. The normed vector space ¢4 is an example of an inner product space, meaning that
the norm comes from a positive definite symmetric bilinear form (or inner product): if x,y € R",
then the pairing (x,y) = Z?:l x;y; (the standard “dot product”) is such a form and ||x| = (x, x)!/2.
Inner product spaces have both a notion of distance and angle.

If X and Y are are finite-dimensional inner product spaces, and we write (v;, U,)x denote the
inner product on X and (w;, w,)y the inner product on Y, then, as in A0 Linear Algebra, for any
T € £L(X,Y), there is a unique T* € £(Y,X) such that

(T(v),w)y =, T*(wW))x, YvEX,WEY. @)

Indeed if one picks orthonormal bases By and By for X and Y respectively, then applying ()
to the elements of By and By shows that if T has matrix A with respect to these bases then T*
must have matrix A’. On the other hand it is easy to see using bilinearity (“multiplying out”) that
if T* satisfies () for v € By and w € By then it satisfies () for allv € X and w € Y, thus T* is just
the linear map corresponding to the matrix A’ and the bases By, By. Notice that this also shows
tr(T) = tr(T*) since the trace of a matrix is equal to that of its transpose.

When X and Y are inner product spaces, we can make £ := £(X,Y)) into an inner product
spaces by setting

(S1,82)c = trx(S7S;) = try(S3S1), VS, S; € L(X,Y)

where the second equality holds because (S7S,)* = S5(S7)* = S35, and since, as noted above, for
any T € £L(X,Y) we have tr(T*) = tr(T), this is a symmetric bilinear form.

If we pick orthonormal bases By = {b,, ..., b,} and By = {cy, ... ¢;,,} of X and Y respectively, then
if A = (a;;) = B, [S]p, is the matrix of S with respect to these bases, we have q;; = (c;, S(b;))y, and
hence

(S,8); =tr(A'A) = Y ajapc= D, a

1<k<n 1<k<n
1<j<m 1<j<m
$Giving a norm |.|| on a real vector space V is equivalent to giving the set B | = {fv eV :|v| £1}of vectors in its

closed unit ball. Such a set B ; must be convex and “symmetric” in the sense that it is preserved by the map x ~ —x,
and satisfy both | J >0 tB =V and N >0 tB = {0}, but is otherwise unconstrained.



hence (S, T), is positive definite - indeed it follows that £ has an orthonormal basis consisting
of the linear maps corresponding to the elemenary matrices {E;;},<; j<,- The associated norm on

L(X,Y) is called the Hilbert-Schmidt norm, ||S||gs = (S, S&/z_

1.2 Bounded linear maps

Definition 1.6. If X and Y are vector spaces, we write £(X,Y) for the vector space of all linear
maps from X to Y. If X = Y then we write Iy for the identity map from X to itself. (In the case
where X = R" we will usually write I,, rather than Iyn.)

If we pick bases By = {ey, ...,e,}of X and By = {fj, ..., f,} of Y respectively, then we can identify
L(X,Y) with Mat,, ,(R) the space of n-by-m matrices where if « € £(X,Y) the a = A = (a;;) with
alej) = Zzl a;;fi- If dim(X) = dim(Y) = n, then we write Mat,(R) instead of Mat,, ,,(R).

Definition 1.7. Alinear map T: X — Y is said to be bounded if there is some constant C > 0 such
that
ITx)| < C.lx]|, VxeX.

We will write B(X,Y) for the set of bounded linear maps from X to Y. Note that, for x # 0, this con-
dition is equivalent to ||T(”;C—”)||§ C, thus T is bounded if and only if ||T(x)| is bounded on B(0x, 1).

Exercise 1.8. In Problem Sheet 1, you are asked to show that a linear map T € £(X,Y) is bounded
if and only if it takes bounded subsets of X to bounded subsets of Y.

Bounded linear maps are clearly continuous, indeed Lipschitz continuous: if C is an upper
bound for T: X — Y on B(0x, 1) then if x;, x, € X then ||T(x;) — T(x,)|| = |T(x; — x3)|| £ C.|lx1 — X35
so that T is Lipschitz continuous with Lipschitz constant C. The following Lemma refines this
observation slightly, using the notational conventions described in §5.1 of the Appendix.

Lemma 1.9. Let X and Y be normed vector spaces. Then if C°(X,Y) denotes the space of continuous
functions from X to Y we have

B(X,Y) = Oy (o) N £(X,Y) = €%X,Y) N L(X,Y) = No(X,Y) N L(X,Y)
In particular, B(X,Y) is a vector space.

Proof. If T: X — Y is bounded then it is clear from the definition that it lies in Oy(]|.||), and we
have already seen above that it must be continuous. Since continuity implies continuity at Oy, to
complete the proof it suffices to show that if T is continuous at Oy, then it is bounded. But if T is
continuous at Oy, then there is a § > 0 such that | T(v)| < 1 for all v € B(0x, §). But then for any
v € X with |lv|| £ 1, we have (1/26).v € B(0x, d) so that | T((6/2).v)|| £ 1, and hence for allv € V with
[vll £ 1 we have |T(v)|| < 2/8, that is, T is bounded. o

Definition 1.10. The space of bounded linear maps B(X,Y) is a normed vector space, with the
norm, known as the operator norm given by T + ||T|, Where || T|| is defined as above. Using
standard facts about suprema, you can check that this norm is submultiplicative, in the sense
that if X, Y and Z are normed vector spaces, S: X — Y and,asabove T: Y — Z, then ||T o S| <

1Tl o- 1Sl oo

Remark 1.11. In Metric Spaces, you studied the space B(X) of real-valued bounded functions on an
arbitrary set X and, for a metric space X, the space of bounded, real-valued, continuous functions
Cp(X). In that setting, a function is said to be bounded if its image is a bounded set. The image
of a non-zero linear map a: X — Y between normed vector spaces is never bounded, thus the
usages are not, at first sight, consistent.

This apparent inconsistency is not, however, impossible to resolve*: Since it is compatible
with scaling, a linear map « is completely determined by its values on By = B(0x, 1), indeed if

41t, of course, is perfectly acceptable to just remember the apparent inconsistency in usage.



v # 0thenu = v/||v|| € Bx and a(v) = |v]ja(u). Thus we get an injectivemapr: B(X,Y) - C(Bx,Y),
from B(X,Y) to the space of continuous functions on By taking values in Y. Here r(a) is just the
restriction of a to the closed ball Bx. By definition, it gives an isometric embedding of B(X,Y),
equipped with the operator norm, into C,(Bx,Y), where the latter space is equipped with the
usual supremum norm: || f||l, = sup{||f(x)| : x € Bx}.

Definition 1.12. If X and Y are normed vector spaces, we say that a € B(X,Y) is a topological
isomorphism if it has a bounded linear inverse. More precisely, « € B(X,Y) is a topologial isomor-
phism if thereisa f € B(Y,X) such thatao 8 = Iy and o a = Ix. By Lemma 1.9, this is equivalent
to the condition that a has a continuous linear inverse. When such an isomorphism exists, we say
that X and Y are topologically isomorphic.

Note that because a linear map is continuous if and only if it is uniformly continuous, and
indeed Lipschitz continuous, if X and Y are normed vector spaces and X is a complete, then if
Y is topologically isomorphic to X, it must also be complete, since uniformly continuous maps
preserve Cauchy sequences.

Definition 1.13. If X is a vector space with two norms |.||, and |.||», then |||, and ||.||, are equivalent
if the identity map is a topological isomorphism from (X, ||.||,) to X, ||-|lp)-

To make this explicit, let ¢ : (X, ||.||g) = (X, ].|lp) be the identity map viewed as a map between
two different normed vector spaces (X, |.||5) and (X, ||.||p)- The fact that ¢ is bounded is equivalent
to the existence of a constant C; > 0 such that, for all v € X we have ||v|| = [|(()|p £ Ci.||V|q- On
the other hand, the fact that (~! is bounded is equivalent to the existence of a constant C, > 0
such that ||[v[|l, = [i72(V)|lq £ Cy.|lv]lp- Setting ¢ = C; and C = C,, this is equivalent to the existence
of constants ¢, C > 0 such that

clullp < lvllg < Cflvlly, Vv €X. (1.1)

If ||.|| and ||.||p are equivalent, then they yield the same notions of continuity, convergence,
and uniform continuity and a function f is o(| x||,) if and only if it is o(||x||p)-

Example 1.14. Consider the norms|.||; and |.||, on R" defined above. We claim that they are equiv-
alent. Indeed if x = (x4, ..., X,), then clearly

n

n n
2
I3 = 2 1xil® < D0 1l + 2 35 el = () 1xil)” = Il
i=1 i=1

i<j i=1

and u, = (|x;], ..- » | x,|), we see that

so that ||x||; < |x[;- On the other hand, applying Cauchy-Schwarz to the vectors u; = (1,1...,1)

n

n
Ixlly = 5 bl = 5 Ll < n2x),,
i=1 i=1
Remark 1.15. Let X = C(]0,1]) be the space of continuous functions on the interval [0,1] and
let Y = C4([0, 1]) be the space of continuously differentiable functions on the same interval (with
one-sided derivatives at the end-points) which vanish at the origin. View both X and Y as normed
vector spaces using the supremum norm. Then we have alinearmap T: X — Y, where if f € X,

() (x) = f Fodt.
0

The fundamental theorem of calculus shows that T(f) is indeed in Y = C}§([0,1]) if f € C([0,1]),
and the triangle equality for integrals shows that | T(f)|| < fol lf(®)ldt < ||fllos SOthat T € B(X,Y).
While T is invertible with inverse D: Y — X, where D(g) = g’ forallg € Y, it is easy to see that D
isunbounded. Thus while T is a linear isomorphism, it is not a topological isomorphism.

This difference between integration and differentiation is closely related to the ideas dis-
cussed in Picard’s Theorem in Differential Equations 1.



1.3 Finite dimensional normed vector spaces

Lemma 1.16. Let X be a normed vector space and let T : ¢} — X be a linear map, (where €} =
(R™,]l.l1))- Then T is automatically bounded, and moreover, if T is bijective, then it is a topological
isomorphism.

Proof. Let{ey,...,e,} be the standard basis of R", and set M; = max{||T(e;)| : 1 < i < n}. Now any
. n
X € R" can be written as x = Zi:l A;e;, and hence

n n
ITCOI = 11, 4Tl < D5 Wil IT(en]l < My x|,
i=1 i=1

and so T is bounded.

Now suppose that T is bijective. Its set-theoretic inverse is automatically linear, and to show
it is continuous, i.e. bounded, we must show there is some M, > 0 such that |T~1(v)||; < M,|v],
for all v € X, or equivalently (setting x = T~!(v) and C = M5 !) some C > 0 such that

Now if S; = {x € R" : ||x|; = 1} (the “sphere” of unit radius in the ||.||;-norm) then, by Bolzano-
Weierstrass, S; is compact, and x — ||T(x)| is continuous, its image is closed and bounded in R.

Now since |T(x)|| > 0 for all x € S; (since |.|| is a norm) m = min{||T(x)| : x € S;} > 0, and hence
we may take C = m. O

X
Cllxh < 1T = < |r(=-)
E

Theorem 1.17. Let X and Y be normed vector spaces. If X is finite-dimensional then £(X,Y) =
B(X,Y), that is, every linear map from X to Y is automatically continuous. In particular, any two
norms on X are equivalent.

Proof. Let n = dim(X) and suppose T: X — Y is a linear map. Picking a basis B = {v;,...,U,}
of X induces an bijective linear map ¢ : R" — X given by ¢5(4;,...,4,)" = 2:;1 A;v;. Then by
the previous Lemma we see that ¢ is a topological isomorphism, and also that the composition
To¢p: R" — Y is continuous. But then T = (T o¢g)o ¢3! is a composition of continuous functions
and hence is continuous as required.

For the final sentence, let |.||, and ||.||; be two norms on X, By the first part of the Lemma, the
identity map, viewed as a map from (X, ||.||5) to (X, ||.||p) is continuous, as is its inverse, which is the
identity map viewed as a map from (X, ||.||p) to (X, ||.|l,), which precisely says that |.||, and ||.||, are
equivalent. O

Corollary 1.18. Let X be a normed vector space and let F be a finite dimensional subspace. Then F
is a closed subset of X.

Proof. If dim(F) = k, then Theorem 1.17 show that a linear isomorphism ¢ : R¥ - F is automat-
ically continuous (viewing R¥ as a normed vector space with the |.||;-norm). Since a continuous
linear map is automatically Lipschitz continuous, and R¥ is complete, so is F. As a complete sub-
space of a metric space it must be closed (see the proof of Lemma 6.2.1 in [G] - a closed subset of
a complete metric space is complete, but a complete subspace of a metric space is always closed
whether or not the the ambient space is complete). O

Remark 1.19. The upshot of the previous discussion is that, for the purposes of this course, we
do not lose any generality by assuming our normed vector spaces are of the form R" equipped
with the ||.|, norm associated to the standard dot product (and thus the spaces of linear maps
between them can also be viewed as an inner product space using the Hilbert-Schmidt norm, or
as a normed vector space using the operator norm). However, the results of this section shows
that we are free to use whichever norm is convenient (e.g. in the proof of the previous corollary,



the ||.|; norm is the simplest to consider) and that, even if we state results for (R", ||.||,), they hold
for any finite-dimensional normed vector space.

Indeed part of our goal in this course is to show the advantages of being able to choose good
“local” coordinates when studying differentiable functions, by analogy with the way in which we
study linear maps by finding a basis with respect to which they are as simple as possible (e.g.
diagonalisable) we will take care however to point out when the concepts we study require a
choice of basis for our vector space or not.



2 The derivative in higher dimensions

Suppose that U is an open subset of R" and f : U — R"™ is an R™-valued function. We would like
to extend the one-variable notion of the differentiability to functions of this kind, which have
both higher-dimensional input and output. First however, it is important to note that we must
equip R" and R™ with metrics in order for the notion of a limit to make sense, and if such a metric
obeys some natural compatibilities with vector addition and scalar multiplication, it is induced
by a norm. Thus a more invariant (or “coordinate free”) way to phrase our goal, is the following:
Given (finite-dimensional) normed vector spaces X and Y and an open subset U of X, what is a
sensible definition of the derivative of a function f: U — Y?

To extend the notion of differentiability to the case where n > 1, it is useful to recall some
of the natural interpretations of the (one-variable) derivative: In dynamics, the derivative arises
from the notion of instantaneous speed or velocity, while in geometry, the derivative at a point a
gives the slope of the tangent line to the graph of f at the point (a, f(a)).

2.1 The one-dimensional case

Let us first consider the case of a function f: X — Y, where dim(X) = dim(Y) = 1. Recall that, for
a function g: R — R, the derivative of g at a point a € R is defined to be

ey - i 80 — 8(@)
Dg(a) = g'(a) := }C%W

_ i 8@+ W) — 8@
h—0 h

(2.1)

But now if we are given a function f: X — Y between two 1-dimensional different vector
spaces, the if x # a are vectors in X, the difference f(x) — f(a) is a vector in Y, while x — a is
a vector in X, so it seems meaningless to consider their quotient. The obvious response to this
problem is to pick coordinates so that we can identify both X and Y with R, and then apply the
standard definition. Thus let us pick a basis vector e¢; € X and a basis vector e, € Y, and let us
identify X with Rviat — i;(t) = a+te;, and similarly we identify Y with R via s — i,(s) = f(a)+se,,
that is, we centre our coordinates at a and f(a) respectively.

Using these identifications, we obtain a scalar function F, ., : R — R, which is given by the
equation

F(@) +Ey o, (02 = fla + tey).
One can view this equation as the requirement that, in the diagram:

an—f>Y9f(a)

ﬂ E

0eR R>0

€1,€2
if one goes from the bottom left to top right by either of the possible compositions, one gets the
same answer, that is foi; =i, o F, . . Note thatF, . (0) =0, and, as a function from R to itself we
can ask if F, ., is differentiable at t = 0, that is, as F,, ,,(0) = 0, if

lim ‘Fél,ez(t)
t=0 t

exists. If it does, we denote it by D, ., f(a) = F, ,(0).

If D, .,f(a) was actually independent of the choice of bases {e;}, {e,}, then it would give a
natural defintion of the derivative of f at a. However, if we choose different basis vectors e} = A.e;
and e, = u.e,, then the associated scalar function Ey o is given by Fei,e;(t) = y‘l.Fel,ez(/l.t), and
hence ng, eé(O) = (A/W).F;, ¢,(0). In other words Dy 1 f(a) = (A/u)Dy, ¢, f(a).

9



Remark 2.1. One conclusion we might draw from the calculations above is that this is not the
correct definition. With a bit more thought, however, it turns out that the correct conclusion to
take from them is that the derivative D f(a) is not in fact a scalar! It is instead an object to which
we can associate a scalar once we choose bases of X and Y respectively. Moreover, if we know
this scalar for one choice of bases {e,}, {e,}, we can determine the scalar associated to any other
choice of bases provided we can express those bases in terms of the bases {e;}, {e,}.

If this sounds esoteric, it is worth noticing that in fact we already knew this from physics:
Recall that if a particle moves in space so that its position x(t) is a function of the time ¢, then
the derivative %(t) is the velocity of the particle at time ¢. But velocity is not a dimensionless

scalar, it has (S.I.) units ms~!, and the factor A/u we found above matches those units: the choice

of e; provided our “units”, or scale, for the domain of f (which in the case of x(t) is time, which is
measured in seconds) and the choice of e, provides “units” for the codomain of f, which for x(¢)
is space, and distance is measured in metres. Viewing a change of the choice of bases from {e, }
and {e,} to {e}} and {e}} as a change of units, for example, changing the unit of time to hours, so
that h = 3600s, and the unit of distance to kilometres, so that km = 1000m, then if the velocity is

u(t) = dd—x(t) in ms~!, it becomes 3.6 = 3600/1000 times v(t) in km.h~!, which is precisely the factor
(1/u) which we just observed above.

The previous remark hopefully confirms that Df(a) has to be something other than a scalar,
but perhaps it does not quite tell us how what kind of object we should expect Df(a) to be. We
can gain some insight into this simply by considering more carefully where we are forced to take
coordinates (rather than just picking coordinates wherever we can). Noticing that in a vector
space we can of course divide by any nonzero scalar, we see that it makes sense to ask if the limit

jim 1@+ 120) = (@

t—0

exists - that is, the standard formula for the derivative becomes syntactically coherent as soon
as we chose a basis {e,} of X, so we did not need to pick a basis for Y. For ¢; € X non-zero, we may
therefore define

(2.2)

D, f(a) := }I_I)‘I& fla+ t.etl) — f(a)

wherever this limit exits. Note that D, f, is now an element of Y, rather than a scalar. However,

as
f(a + tel) — f(a) Félaez(t)
= .ez,
t t
it follows easily that that D, f(a) = D, ., f(a).e,. Thus simply by replacing D, ., f(a) by the cor-
responding multiple of e, we remove the dependence on the choice of a basis is Y. Now consider
(2.2) when e; € X is arbitrary:

(i) If we take e; = Oy in (2.2), then f(a + t.0x) = f(a) and hence the limit on the right-hand side
exists, and is equal to Oy.

(ii) It follows that if the limit in (2.2) exists for some non-zero vector in X, say a vector e, with

leol = 1. Then (2.2) defines, for any v € X, a vector D,f(a) in Y where if v = Ad.ey then
Dy f(a) = A.D,, f(a). Since dim(X) = 1, this shows that v ~ D, f(a) is a linear map from X to
Y.

Thus we have finally have a natural description of what Df(a) is: it is a linear map from X to Y
sendingv € XtoD,f(a) €Y.

Remark 2.2. Of course, in addition to velocity and speed, the classic interpretation of the deriva-
tive of a function f at a point a is as the “slope of the tangent line” to the graph of f at (a, f(a)).
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Indeed the tangent line is just the graph of the function f(t) = f(a) + f'(a)(t — a). Here again we
can see that viewing the derivative, or slope, as a scalar is adequate if one is considering func-
tions from R to itself, but as soon as we consider functions f: X — Y between two arbitrary
one-dimensional vector spaces, we see that the tangent line must be the graph of a function of
the form t » f(a) + a(t — a), where o € £(X,Y) is linear. Thus we are also led to consider Df(a) as
a linear function from X to Y by the “slope” interpretation of the derivative.

Notice that when X = Y, the scalar multiplication action of R on X gives a natural isomorphism
R - £(X,X). Thus when X = Y = R the linear map really is just the scalar which gives its slope.

Remark 2.3. The considerations above for the one-dimensional case also really only used the
fact that dim(X) = 1 - the dimension of Y was not important. Thus we have in fact obtained a
definition of the derivative for functions from an open subset of a one-dimensional vector space
to a vector space of arbitrary dimension.

Definition 2.4. (The 1-dimensional case.) Let X and Y be normed vector spaces and suppose that
dim(X) = 1. Let U C X be an open set and suppose f: U — Y is a function. If a € U then we
define the derivative of f at a to be the linear map Df, € £(X,Y) given by

fla+tv)— f(a)
; ,

D =1
Ja() lim

where this limit exists. As noted above, the limit is compatible with scalar multplication, so that
Df,(A.v) = A.Df,(v) forany 4 € R and v € X, and as X is 1-dimensional, this implies Df, is a linear
map. Indeed this also shows that if we know Df,(v) exists for a single non-zero vector v, € X,
then it exists for any v € X.

2.2 The general case

Our consideration of the one-dimensional case gives some indication of what we should seek in
the higher dimensional context: If X and Y are arbitrary finite-dimensional vector spaces, and
f: U — Yisafunction defined on an open subset U of X, then for a € U, given our examination
of the one-dimensional case, it is natural to demand that the derivative® Df, of f at ais an element
of L(X,Y).

Moreover, our definition in the one-dimensional case also yields a sensible notion in higher
dimensions:

Definition 2.5. Let f: U — Y be as above and suppose a € U and v € X. The directional derivative
of f at a € U in the direction v is defined to be

avf(a) — }1_1;13 f(a+tl;)_f(a)’

where this limit exists. Assuming it exists, it is an easy exercise to check that, for any s € R, we
have d , f(a) = s5.0,f(a). That is, the directional derivative is homogeneous in v. For this reason,
when taking a directional derivative we normally assume the direction vector v has unit length,
i.e. |v|| = 1. Note also that, if dim(X) = 1, then we have Df,(v) = 9, f(a).

The above definition and its relation to the derivative in the one-dimensional case suggests
that either of following might be reasonable:
Provisional Definitions: If f: U — Y is a function defined on an open subset U of a normed
vector space X taking values in a normed vector space Y, then:

1. Proposal 1: f is differentiable at a if all the directional derivatives at a exist, and we define
its derivative® at a to be the function B f,(v) = 3, f(a).

SWe write D f, rather than D f(a) because Df, € £(X,Y) so it is a function itself, and D f,(v) is more compact to
read than D f(a)(v).
5The use of the letter “P” is to indicate “provisional”.
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Figure 1: Graph of f(x1,x,) = x1x,(x; + x,)/(x? + x3). All its directional derivatives exist at 0, but
it is not differentiable there.

2.

Proposal 2: f is differentiable at a if there is a linear map T € £(X,Y) such that for allv € X,
we have T(v) = J,,f(a). This linear map T, if it exists, is certainly unique, and will be denoted
Bf,. Clearly, when it exists B f, = B f;-

The following examples show that these proposals are genuinely different:

Example 2.6.

@

(iD

Let f: R? > R in Figure 1 given by

X xp(ey + x)/(XF + x3), (x1,%5) # (0,0),
Hi(xy,x3) = { e 02, P (xll,xzz) =(0,0)

Consider the directional derivative of f; in the direction v = (vy,3 ).

filtxy,tx;) _ £o,0,(v; + vy) _ U1.02(V1 +0,)
t -0 t(t2v3 + t20%) v? + 03

3,f(0) = lim = f(v)

Thus all the directional derivatives exist, and so using Proposal 1, fj is differentiable at 0,
with B fo, = fi, thatis, f; is its own derivative at 0,! On the other hand, since f; is clearly not
a linear function, f; is not differentiable in the sense of Proposal 2.

Let Q be the open subset {(x;,Xx,) € R> : 0 < x;,0 < x, < x}} and let f, = 1 be the
indicator function of Q, so that f,(x;,x;) = 1if (x1,x,) € Q and f,(x;, x,) = 0 otherwise. To
calculate the directional derivatives of f, at 0,, suppose that v = (v, v,) € Sga. Clearly, since
fo(t.(vq,03)) = 0 whenever v,.0, < 0, J,f,(0,) = 0 unless v;.v, > 0. But if v;.v, > 0, then
if |t] < |v,a|/U3, t.(v1,0,) & Q, hence lim,_,  f,(t.(vy,0,))/t = lim,_,,0/t = 0. Hence all of the
directional derivative 0, f,(0) exists and equal 0,. It follows that f, is differentiable in the
sense of both proposals, with it derivative B f,, being the zero linear map.

The function f; above shows the difficulty with Proposal 1: this notion of differentiability
will only be useful if we first develop a theory of homogeneous functions, as D f;, will only be ho-
mogeneous, i.e. be compatible with scalar multiplication, rather than linear. If you note that a
homogeneous function is determined by its values on the unit sphere Sy, and that any contin-
uous function f: Sy — Y from the unit sphere on X to a normed vector space Y extends to a
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homogeneous function from X to Y provided f(—x) = —f(x) for all x € Sy, it is clear that the
space of continuous homogeneous functions from X to Y is a much more complicated one that
the space of linear maps from X to Y, so any such theory will be much harder than linear algebra.
Indeed the function f; in Example 2.6 is differentiable at 0, according to suggestion 1, but by the
provisional definition B, the derivative is Df} ,(v) = f;(v), so that passing to D f; does not provide
a simpler object to study.

On the other hand, the function f, shows that simply demanding that the directional deriva-
tives yield a linear function may not be the correct condition: If we recall the idea that the deriva-
tive at a point a should provide the tangent plane to the function at a, then the plane T given by
x3 = 0, thatis, T = {(x,%,,0) : x;,x, € R} does not seem like a reasonable candidate for the
tangent plane to the graph of f, at 0,.

Moreover, f, is not even continuous at the origin. Indeed if we consider the curve c(t) = (¢, t3)
for t € R, then since for t € (0,1) we have 0 < 3 < 2, we see that lim,}o f,(c(t)) = 1, while
lim, ), f5(t.v) = 0 for allv € R%,v # 0,. This example suggests one way in which our consider-
ations so far might be deficient: In one dimension there are only two ways to approach a point
(from the left or the right), however, even in two dimensions, there are infinitely many different
curves through which one can approach a point, and moreover many more than simply by trav-
elling along a straight line - focusing on directional derivatives therefore does an injustice to the
geometry of linear spaces of dimension greater than 1.

This issue can be resolved easily however, in that it was already addressed in the Metric Spaces
material of A0: if f: X — R is areal-valued function on a metric space, then for f(x) to tend to a
limit « as x — a € X, the values of f must be close to « for all x sufficiently close to a. There is
simply no need to specify a curve on which x lies as it tends to a. In order to be able to use this idea
however, we need to rewrite the expression we have for a directional derivative in a way which
only uses the norm functions. Let us do this first in the one-dimensional case: the condition that
Df,(v) is given by the directional derivative as

i f(@+ 1) = f(@ = Df(tv)

t—0 t

1
||

=0y < }1_{% |f(a+tv)— f(a)—Df(tv)]| =0 YveX,v#0.

Notice that this formulation does not utilise the norm on X. This is however a relic of the
Prelims definition we started with: by the homogeneity of directional derivatives, we may assume
vl = 1, and then if we let x = a + t.v € X, then ||x — a|| = |¢|, and the above condition becomes

lim &) = f(@) = Dfex — Il

x—a ||x - Cl||

0 (2.3)

But it makes sense to ask for the same limit to hold for any f: U — Y defined on an open
subset U C X taking values in Y, where X and Y are normed vector spaces, and this (finally!)
gives us the definition of the derivative in higher dimensional that we will use:

Definition 2.7. Let X and Y be finite-dimensional normed vector spaces and let U C X be an open
subset of X. If f: U — Y is a function and a € U, we say that f is differentiable at a if there is a
linear map T € £(X,Y) such that if the functione: U — Y given by ¢(a) = 0 and, for x € U\{a} by
the equation

fx)=f(a)+ T(x—a) + ||x — al|.e(x),

then ¢ is continuous at a, that is lim,_,, e(x) = 0y = €(a). If such a map T exists, it is unique and
we denote it by Df,.”

Remark 2.8. This definition takes some time to absorb!

"The total derivative in this sense is sometimes called the Fréchet derivative.
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. Note that for x # a,
J&x) = fl@)=T(x-a)

Ix = all

e(x) =
so that the continuity of € at a is precisely the condition of Equation (2.3).

. The function f, from Example 2.6 is not differentiable at a = 0, in the above sense. Indeed
because all of the directional derivatives of f, exist and equal 0, the only candidate for Df, ,
is the zero linear map. But since 0, lies in the closure of Q, we have |f,(x) — f,(0,)| = 1 for x
arbitrarily close to 0,, and so |f(x) — f(0,)|/||x|| is unbounded near 0,, hence the zero linear
map fails to satisfy the requirement of Definition 2.7. In particular, it is important to note
that Definition 2.7 requires more than the existence of all directional derivatives.

. As the previous point notes, the linear map Df, is unique if it exists, because its values are
given by the directional derivatives, which are certainly unique (again, assuming they exist).
One can also prove the uniqueness of the linear map Df, directly, and the problem set asks
you to do this.

. One can write the condition required of the linear map Df, using the little o notation, that
is, as f(a + h) = f(a) + Df,(h) + o(||h||), where h = x — a.

. If U is an open subset of R" and f: U —» R™, then if f = (fy,..., fn), then, as promised in
the discussion of the definition of differentiability, f is differentiable at a € U if and only if
each f;is, and Df, = err:ll Df; q.e;, thatis, if v € R", we have Df,(v) = erzl Df;q(v).e;. This
can be checked directly, and is in essence a very special case of the multi-variable version
of the Chain Rule, which we will prove shortly.

. Itisstraight-forward to check that equivalent norms yield the same notion of differentiabil-
ity, as they will yield the same notion of convergence. Since all norms on finite-dimensional
vector space are equivalent, it follows that the definition of the derivative is independent
of the choice of norms on X and Y when both X and Y are finite-dimensional.

[*Non-examinable: Since norms on an infinite-dimensional space need not be equivalent how-
ever, in the infinite-dimensional setting, the notion of differentiability may depend on the
norm. Moreover, in the infinite-dimensional setting, the total derivative Df, is required to
be a bounded linear map, a condition which, by Corollary 1.17, is automatic in the finite-
dimensional setting.]

. If f: U - Y is differentiable on U, then it defines a function Df : U — £(X,Y). Viewed as
a function “taking values in (linear) functions” it appears to be a more complicated object
than the original function f. However, £(X,Y) is just a dim(X). dim(Y)-dimensional normed
vector space - using the operator norm |.||,, — and if we pick a basis of X and Y then we can
identify it with Mat,, ,(R). Thus, at least in principle, Df is no more complicated an object
than f. We discuss this in more detail in Section 2.8.

As in the one-variable case, if f is differentiable at a point a, then it is continuous there:

Lemma 2.9. Let X and Y be normed vector spaces and let U be an open subset of X. If f: U - Y
is a function which is differentiable at a € U, then there are constants C,r > 0 such that for all
x € B(a,r),

1£C0) = f(@l < C.Jlx — all.

In particular, f is continuous at a.

Proof. Replacing f(x) with the function f(x — a) — f(a) we may assume that a = 0y and f(a) = Oy.
The statement of the Lemma is then simply that if f is differentiable at Ox then f € Oy(J|x|). But
f(x) = Df o, (x) + oy(|lx|}), and since Df, is a bounded linear map it lies in Oy (|lx|)), while oy(]|x])
is a subspace of Oy (| x||), hence f(x) € Oy(||x|) as required. O
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Definition 2.10. If X and Y are normed vector spaces and U is an open subset of X, then we
write €(U, Y) for the vector space of continuous functions on U taking values in Y. The previous
Lemma thus shows that if f: U — Y is differentiable on all of U then f € €°(U,Y).

Example 2.11. Constant functions c: X — Y are clearly differentiable, with derivative 0, since if
cis constant ¢(x) = c(a). If T: X — Y is linear, thatis T € £(X,Y), then, for any a € X we have
Df, =T, since

T(x)=T(a)+ T(x — a),
(and thus the error term e(x).||x|| is identically zero). Thus if f = T is linear, Df : X - £(X,Y) is
the constant function x —» T, forall x € U.

If U is an open subset of X and f,g: U — Y are differentiable at a point a € U then it is
easy to see that f + gis also, and D(f + g), = Df, + Dg,. In particular, if f(x) = T(x) + b, where
T € L(X,Y)and b € Y, then f is differentiable with Df, = T for all a € U. In order to try to avoid
ambiguous notation, we will write dT or DT for the derivative of a linear map T, that is for the
constant function taking the value T rather than the linear map T itself.

Example 2.12. If ||.|| is a norm on R", we may view it as a function ||.|| : R" — R. This function is
not differentiable at the origin: Indeed suppose that T is a linear map. Then e(h) = ||h|~ (|h| —
T(h)) = 1—T(h/|h|), and since T(h/| h|) is independent of ||a|, if e(h) — 0 as ||h|| — 0 we must have
T(h/||k|)) = 1. But since T(—h/|| — h||)) = =T(h/||h|)) this is impossible.

The question of whether anorm is differentiable at other points in R"” may depend on the norm
- consider for example the norms |||/, ||.|[> and ||.|| so-

2.3 Partial derivatives and the total derivative

We now relate the notion of the total derivative to the notion of partial derivatives which were
introduced in Prelims multivariable calculus:

In fact we work in slightly greater generality, as it clarifies the idea and reduces the notational
clutter.

Definition 2.13. Suppose that X and Y are normed vector spaces and U C X is an open subset
with f: U — Y a function defined on U. If we are further given a subspace Z of X, then we can
consider the function f, z : Z — Y given by f;, z(x) = f(a + z), and we set d;f(a) = Df, z(02), so
that 0, f(a) satisfies

If(a+z) — f(a) — dzf(a)(2)|
2]
Itis immediate from the definitions that, if the total derivative D f(a) exists, then Df(a)|z = 9z f(a).
Similarly, the values of the partial derivative d,f(a) € £(Z,Y), like the total derivative, are given
by the corresponding directional derivatives of f, so it is unique if it exists.

—0,asz—0, (ze€2).

If we have a decomposition of X into a direct sum X = X; @ X,, then the partial derivatives
dx, f(a) and dx, (f)(a) determine Df(a): if 7; : X — X; and 7, : X — X, denote the projection maps
from X to X; and X, respectively, and (; : X; —» X, 1, : X, — X denote the inclusion maps, then

IX =1l o7 +[207T2,
where Iy denotes the identity map from X to itself. Thus, noting that Df(a), x; =D f@oy (j €
{1,2}), we have
Df(a) =Df(a) o Ix = Df(a) o (4 + ) = (Df(a)y) o 1y + (Df(@)) o 5
=Df(a)x, e + Df(@)x, o 7,
and hence
Df(a) = dx, f(a) o 7y + dx, f(a) o 7, 2.9)

Note that the summands on the right-hand side lie in £(X;,Y) and £(X,, Y) respectively and give
the components of Df(a) in the decomposition £(X,Y) = £L(X;,Y) ® L(X,,Y) of L(X,Y).
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. . . . . k
Remark 2.14. Obviously, in the same way, if we have any direct sum decomposition X = @izl X;
of X, the partial derivatives an f(a) determine Df(a), where if 7; : X — X; denotes the projection
map to the j-th summand X;,

k
Df(a) = )} 3x,f(a) o m;. (2.5)
j=1

By abuse of notation, we will sometimes write J; f(a) for dx, f(a) and, motivated by matrix notation,
we may also write

Dfy = (:1f(a) |...| 9k f(a))
to express the decomposition of Df(a) given by (2.4).

2.3.1 Partial derivatives in multivariable calculus

In multivariable calculus, the term “partial derivative” usually refers to the directional derivatives
of a function in the directions given by a choice of basis of X. This is essentially a special case
of the above setting, as we now explain: Let By = {v;,0,, ...,0,} be a basis of X, and let X; = R.v;
denote the line spanned by v; (1 < j < n). We thus obtain a direct sum decomposition X =
X; & ... X, of X into n lines, i.e., 1-dimensional subspaces.

Applying (2.5) to this decomposition, we see that Df(a) = Z;‘Zl GXJ. f(a) o m;. But if By

{x;,...,x,}, sothatif u € X, we have u = Z;lzl xj(u).vj, and hence 7;(u) = x;(u).v;. Thus

Ox, f(a)m;(u) = dx,; fa)(x;(w)v;) = x;(w).0x, f(a)(v)) = x;(W)D fo(v;) = x;(u)d,, f(a),

or equivalently, an fom; = avj f.dxj. Thus the directional derivative 5Uj f(a) completely determines
85,/ (@) € £(X;. V).

Definition 2.15. If we are given a basis B = {vy, ..., U,} of X, then we will write

&)@ = 5@ =3, f(@ = lim fer®) =19 ¢y
The fractional notation ;—i is commonplace, but becomes cumbersome when considering higher-
order partial derivatives. We will normally prefer to write 0 ;j f-
Using this notation, the expression for the total derivative becomes
n noaf
Df(a) = JZZI 6 fdx; = ]Zzl a—xjdxj. (2.6)

We may refine this further if we pick a basis By = {w;, ..., w,,} of Y: Using By we may write f(x) =
Z?il fi(x).w; where f;: U — R, and hence we have Df = ZZI Df;.w;. Applying (2.6) to each Df;
and summing we obtain

m n m n af-
Df = Z (Z ajfldxj) w; = Z (Z a—xldx]) w; 2.7
i=1\j=1 i=1 \j=1""J
Notice that this last equation shows that the matrix of Df with respect to the bases By of X

and By of Y is just
ofi - Onfi

Oifm - Onfm

Thus, if we know the derivative exists, then we can compute its matrix with respect to a choice
of bases of X and Y by computing the directional derivatives of the components of f along the
directions given by the basis in X.

By[DflBy =
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Definition 2.16. Asin multi-variable calculus, the above matrix (6 if i) is called the Jacobian matrix
of the partial derivatives of f at a. Note that the determinant det(Df) = det(d; f;), is also often
called the Jacobian. We will refer to it as the Jacobian determinant. It is often denoted J¢.

Remark 2.17. In a similar way, if X = X; @ X,, the partial derivative 6Xj f(a) are given by block
submatrices of the Jacobian matrix, and if you like, you can think of them as essentially just a
notational shorthand for such submatrices. Indeed as we already noted above, if Df, exists then
6Xjf(a) is just the restriction of Df, to X; (j € {1,2}). But if our basis Bx = {vy,...,0,} is adapted
to this direct sum decomposition, so that for some k, 1 < k < n, the subsets B; = {vy, ..., U} and
By = {Uj41, ..., Uy} are bases of X; and X, respectively, then

By [Dfaley = ( By [0x, f(@], B, [0x,f(@]s, )

Example 2.18. If U is an open subset of Cand f: U — C is holomorphic, then, identifying C with
R? via z = (R(z), S(2)), we may view f as a function from R? to itself, which, for clarity, we write
as F. Since complex multiplication is R-linear, F is differentiable in the real sense: explicitly, if
f'(z) = a+ibthen the total derivative of F at z is the R-linear map given by multiplication by f’(z),

and hence its matrix is
a -b
DE=(xy) = ( b a )

The Cauchy-Riemann equations follow immediately from this - they express the fact that the
linear map given by the derivative is complex-linear rather than just real-linear, and so is given
by multiplication by a complex number.

Remark 2.19. Example 2.6 shows that the existence of all the partial derivatives for the function
f»: R? - R at the origin 0 is not sufficient to ensure that f, is continuous at that point. Since
Lemma 2.9 shows that the existence of the total derivative at a point implies continuity at that
point, this gives another way of seeing that f, is not differentiable at the origin. The function
fi: R? - R in the same Example is continuous at the origin, but nevertheless, even though all
of its directional derivatives exist at the origin, it is not differentiable there. (The first problem
sheet asks you to check this).

We will see shortly, however, that if the partial derivatives exist and are continuous, then this
is sufficient to show that the total derivative exists.

2.4 The Chain Rule

One of the fundamental properties of the differentiablity is that it is preserved under composi-
tion, just like continuity. The single variable version of this result is both a basic computational
tool, and also the key to one version of the Fundamental Theorem of Calculus. We now establish
its higher-dimensional analogue.

Theorem 2.20. Let X,Y and Z be normed vector spaces, let f : U; — Y be a function defined on an
open subset U; of X, and let g: U, — Z be a function defined on an open subset U, of Y. Suppose
that a € U, and f(a) = b € U,, then if f is differentiable at a and g is differentiable at b, their
composition h = go f: f~Y(U,) — Z is differentiable at a and its derivative is given by

Dha = Dgf(a) o Dfa-

Proof. Note that since f is differentiable at q, it is continuous there, and hence f~!(U,) is a neigh-
bourhood of a, hence it makes sense to ask if & is differentiable at a. By translating if necessary,
we may assume that a = Ox and f(a) = b = 0y. To avoid cluttered notation, we will write 0 for the
zero vector in all vector spaces in the rest of this proof.

Since f is differentiable at 0 we see that f(x) = Dfy(x) + €;(x) where €,(x) € oy(||x|]). Similarly
since g is differentiable at f(0) = 0, we have g(y) = Dgy(y) + €5(¥), where €,(y) € oz(||ly|). It follows
that

go f(x) = Dgo(Dfo(x)) + Dgo(e1(x)) + e;(f (x)).
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Thus to complete the proof, we must show that Dgy(e;(x)) + €,(f(x)) € oz(||x|), which certainly
follows if each summand lies in oz(||x|). But since the linear map Dg, is bounded and ¢;(x) €

),
oy (||x]| IDgo(e1 (DI

]

lex (I

]

< |IDgollco- -0, asx-—0.

hence Dg,(e;(x)) € oz(||x|). For the second term, recall that we may write €,(y) = ||y|.n(y) where
7n(y) —» 0 =n(0) asy - 0. Then
le2(FCDI _ IfF R

B

An(f G

But now since f is differentiable at 0, we have f € O(||x||), hence the ratio | f(x)|/||x| is bounded
as x — 0, hence it suffices to show that 5n(f(x)) — 0 as x — 0. But by definition n(y) -» 0asy — 0,
thus we need only check f(x) — 0 = f(0) as x — 0, but this again follows from f € O(]|x|) (see
Lemma 2.9) and so we are done.

i

Remark 2.21. It is worth noticing that the proof of the Chain Rule is almost exactly the same as
the proof in the single-variable case. The only difference lies in the fact that in higher dimensions
we can only bound the ratio of norms | f(x) — f(a)||/[|x — al|, whereas in the single-variable case,
the ratio (f(x) — f(a))/(x — a) of course converges to f'(a).

2.5 The Mean Value Inequality

For functions of a single variable, the Mean Value Theorem asserts that, if f: U — R is differen-
tiable on an open subset U of R and [a,b] C U, then (f(b) — f(a))/(b — a), the slope of the chord
between (a, f(a)) and (b, f(b)), is equal to f'(c) for some ¢ € (a,b). In higher dimensions, as we
have noted before, we can only divide by scalars, and so to obtain a statement which at least is
syntactically correct, we can rewrite this as f(b) — f(a) = f'(c).(b — a). There is however a more
fundamental issue here: Namely the condition that c lies “between a and b”, that is, ¢ € (a, b), is
not a meaningful one in higher dimensions: two points in an open subset U of R" do not bound
any region in U. One consequence of this is that the most naive attempt to generalize the Mean
Value Theorem to arbitrary dimensions is simply false:

Example 2.22. Let f: R! - R? be given by f(t) = (cos(2rt),sin(2xt)). Then the derivative of f
is f'(t) = 27(—sin(2xt), cos(2nt)), which is non-zero for all ¢t. But if we take a = 0 and b = 1 then
f(b) — f(a) = 0, while for any ¢, € [0,1] we have (27 — 0)f'(t,) = 47*(— sin(2xt), cos(2rt)) # 0.

Example 2.22 also suggests what the reason for the failure of the naive attempt at a gener-
alisation of the Mean Value Theorem: Notice that f'(t) = 27 (— sin(27t), cos(27t)), and so by the
Fundamental Theorem of Calculus® we have

1 1 1
fQ) - f(0) = f f(@®)dt = 27( f — sin(2xt)dt, / cos(2zt)dt ) = (0,0).
0 0 0

Thus it is still true that f(1) — f(0) is the average value of f’(t) over the interval [0, 1], it is just
that this average value is not the value of f'(¢) for any ¢ € [0,1].° This suggests that it should be
possible to bound || f(b) — f(a)| relative to |b— a| by bounding ||Df;| «, that is, we will prove a Mean
Value Inequality rather than an equality.

Proposition 2.23. Let I be an open interval and let y: I — Y be a differentiable function. If s <
sy € Iand C = sup{|Dfylleo : 2 € [0, 511} then

ly(s1) = ¥(so)ll < Cls1 = Sol-

80ne can define the integral of a function f : [0,1] — X where X is a finite-dimensional normed vector space by
picking a basis and integrating componentwise. The resulting integral does not depend on the choice of basis made.

°Note that in the one-variable case this cannot happen: the intermediate value theorem shows that the average
value must be a value attained by the function.
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Proof. Itis enough to prove that, for all € > 0 we have [|y(s;) — y(sp)|| < (C +€)|s; — Sg|. Given e > 0,
let

Se = {t € [s0,81] : y(®) = y(O)[| < (C + €).[t — 5o}

Clearly sy, € S¢ C [5g, 1], so that o = sup(S,) exists, and Proposition clearly follows if we can shows
that o =1 € S.. Now since y is differentiable at o, we have

y(e + h) =y(o) +v'(9).h + |hin(h),

where 5n(h) - 0 = 7(0) as h — 0. Thus there existsa d > 0 such that (c —§,0+6) C Iand if |h| < &
then
l¥(e + h) = y(@I < (ly' (@I + e)lh| < (C +e)|Al.

But since o = sup(S,) there exists some s € S, such that c — § < s < g, and hence if h € [0, §)

[¥(c + h) = y(O)]| < [ly(s) — ¥(O)|| + [ly(s) — y(o)ll + [[¥y(c + h) — y (o)l
<(C+¢e)s+(C+e)lc—s)+(C+e)h
=(C+e¢).(c+h)

Thus we see that [o,0 + §) N [0,1] C S, and in particular that o € S.. But since o = sup(S,) it also
follows that o = 1, and hence the inequality is established. O

Definition 2.24. If X is a normed vector space and a,b € X we write y,; : [0,1] — X for the line-
segment path y, »(t) = (1 — t)a + tb, and write [y, ;] for its image, that is [y, ;] = {ya,(t) : t € [0,1]}.
Recall that a subset C of X is convex if, for any a,b € C we have [y, ;] C C.

Theorem 2.25. (Mean Value Inequality.) Let X and Y be finite-dimensional normed vector spaces
and let U C X be an open subset. Suppose that f: U — Y is differentiable, and a,b € U are such
that the image of y, , lies entirely in U. Then ifv = b — a,

1f(z2) = f(z)l < sup [Dfy(z;—z)| < sup |[IDf;llellz2 — 2l

z€(z1,2,] z€(z1,2,]

In particular, if U is convex and |Df;|» < K for all x € U then ||f(x) — f())| < K.||x — | for all
x,y € U, that is, f is Lipchitz continuous with constant K.

Proof. We use the previous Proposition. Let 5(t) = a + t(b — a) be the line segment path from a to
b and we set y(t) = f(n(t)) it follows from Proposition 2.23 that

l¥(1) = y(O)]| < Sup](IIV’(t)II)-l

telo,1

But since 7'(t) = b — a the chain rules implies that y'(t) = Df,(;)(b — a) and hence

sup [[y'()ll = sup (IDf(b—a)| < sup [Dfzlelb— al.
tel0,1] tel0,1] z€[a,b]

Any easy application of this result is the following:

Proposition 2.26. Suppose that U is a connected open subset of R" and f : U — R™. ThenifDf, =0
for all x € U the function f is constant.

Proof. Since U is open and connected in R", it is path connected, and in fact any two points can
be joined by piecewise-linear path. But if y, j is a line-segment path whose image lies in U then
Proposition 2.25 and the hypothesis Df = 0 on U shows that f(b) = f(a). It follows immediately
that f must be constant on U as required. O
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2.6 Continuity of partial derivatives and the existence of the total derivative

If X and Y are vector spaces, then their Cartesian product, X X Y is naturally a vector space where
addition and scalar multiplication are defined componentwise. That is (x1, y;) + A(x3, ¥,) == (x; +
AXy, Y1 + Ay,), for all x;,x, € X,y,,y, € Yand 4 € R. If X and Y are in addition normed, then one
can give X X Y the structure of a normed vector space, but there is no canonical procedure for
doing this. In this course we will use the convention that, if X and Y are normed vector spaces,
then X X Y is a normed vector space with norm ||(x, y)|:= ||x|| + ||¥]|-

Example 2.27. If we start with R = R! equipped with the norm given by absolute value |.|, then
inductively we obtain R” = R"~! x R as the normed vector space ¢}, that is, R"” with norm ||v|; =

> vl

When X; and X, are subspaces of a normed vector space X thereisanaturalmapa: X; XX, - X
given by a(x,x,) = x; + X,. This map is a linear isomorphism if X; UX, span X, thatis X; + X, = X,
and X; N X, = {0}. The former condition is equivalent to the surjectivity of a while the latter
condition is equivalent to its injectivity. When the map a is an isomorphism we write X = X; @ X,
and, for j = 1,2, we write ; : X — X; for the projection maps given by a~1(x) = (m,(x), m,(x)).

When X is a normed vector space, our convention views the Cartesian product X; X X, as a
normed vector space with norm ||(x,X,)|| = ||x1] + [|x]. Since the norm on all of X need not
coincide with this, but when X is finite-dimensional, it will be an equivalent norm, and hence we
may assume, when working with a decomposition X = X; @ X,, that | x| = ||z,(x)| + ||7m2(X)]|.

*Remark 2.28. Note that the triangle inequality for the norm on X shows that
laCxer, )l = llx1 + X2l < X1l + 12| = [1Cx1, 2211,

and hence that a is necessarily continuous. On the other hand, the continuity of a~! is equivalent
to the continuity of its components, the projection maps 7, 7r,, or more explicitly, |a=*(x)||/|lx| =
|71 (/|| x DI + l7r2(x/ || x|l so that a~! is bounded if and only if 77; and 7, are bounded. In fact, pro-
vided X is a complete normed vector space, and X; and X, are closed subspaces of X, the projection
maps m; and 7, are always continuous, whether or not X is finite-dimensional.

Example 2.29. Let X = ¢? = (R?,||.|;) and let n € N be a positive integer. Take X; = R(n,1)T and
X, = R.(1,0)T. Then if x = (1,1) we see that x = 1.(n,1) — (n — 1).(1,0) so that ||x|; = 2 while
771 Oy + |72l = I(n, Dy + (n = DI, 0)]; = 2n.

Example 2.30. If X is an inner product space, then if X] is a subspace, it has a natural complement
givenby X, = X{ ={ve€ X : (v,x) =0, Vx € Xj}. If m;, 7, denote the projection maps to X; and
X, respectively, then

e[| = (x, x) = (1) + 72(x), 7, (%) + 75(x))
= (m1(x), (X)) + (2(3), 7,(0)) = | (DI + IO,

hence in this case (c.f. Example 1.14), ||7r1(x)]| + [|[72(x)| < \/5||x||.

Theorem 2.31. Let X and Y be finite-dimensional normed vector spaces and suppose that f: U —
Y is a function defined on an open subset of X. Suppose that X = X; @ X,, and that the partial
derivatives Ox, f(x), Ox, f(x) both exist for all x € U. Then if for some a € U one of dx, f and dx, f is
continuous at a, then the total derivative of f exists, where necessarily D f, = (dx, f(a) | 9x, f(a)) and
hence D f, is continuous at aif and only if both 0x, f and dx, f are continuous in some neighbourhood
of a.

Proof. First note that by picking a basis By = {ey,...,e,,} of Y and writing f(x) = ZZI fi(x)e; so
that Df = ZZI Df;.e; we may reduce the statement of the Proposition to the case Y = R. Next
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note that, since the values of Df and 6Xj f alike are given by the directional derivatives of f, if it
exists, Df mustequal dx, fom; +09x, f o7,, where 7y, 7, are the projections to X; and X, respectively.
Thus to show that Df, exists we must show that if

n(h) = fla+h) = f(a) - 9, f(a)m1(h) — Ix, f(a) o w(h)

then n(h) € o(||h]]). In the rest of the proof we will identify X with X; X X, and write, for example
h = (hy, h,) instead of ;(h) + 7,(h), and, since the conclusions of the theorem are local to a, that
is, are only required to hold either at a or in some neighbourhood of a, by shrinking U to an open
ball B(a,r) C U we may assume that U is convex.

Let us assume (as we may by symmetry) that dx, f exists on U and is continuous at a. Let

n(h) = fla+ (h,0)) — f(a) - 9x, f(@)(h), (k) = f(a+ (h, hy)) — fa + (hy,0)) = Ox, f(a)(hy)

so thatn(h) = 7,(h)+n,(h). Now it follows directly from the definition of dx, f(a) thatn,(h)/| 1| — 0
as h — 0. Thus given € > 0 we may find §; > 0 such that if ||h;|| < §; then ||n,(h)| < €||h;|. Next we
apply the Mean Value Inequality to the function g(h,) = f(a+ (hy, hy)) — f(a + (hy,0)) = 9x, f(a)(h,)
we see that

In(WIl = I1f(a + h) = fa+ (h1,0)) = 9x, f(a)(h)]| < Sup I16x, f(a + (hy, thy)) = Ox, (@)l [ R2l.

Thus by the continuity of dy, f at a, there is a §, > 0 such that if ||k < &, then |0y, f(a + h) —
0x,f(@llw <€, andhence since [|(hy, thy)|| = [l +][ha]l < [|hy]|+[|h2]| = [[A]| it follows that [y (R))I| <
e|h,||. Finally, if we set § = min{8;, 8,}, it follows that if ||| < & then |n(h)| < | (R)| + |n(R)|| <
e(lhll + A2l
as required.
o

Definition 2.32. If X and Y are finite dimensional normed vector spaces and U is an open subset
of X thenif f: U - Y, we say that f is continuously differentiable if Df : U — £(X,Y) is contin-
uous.'® This is equivalent to requiring the continuity of all of the partial derivatives d; f;, where
f=1rfrandl < j < n,1<i<m Wewillwrite (U, Y) for the vector space of continuously
differentiable functions on U taking valuesin Y.

Corollary 2.33. If f: U — Y is as in the Theorem 2.31, and Bx = {vy,...,U,}, By = {wy, ..., w,,} are
bases of X and Y respectively, then f is continuously differentiable on U if and only if its partial
derivative 9 f; exist and are continuous on U, where f(v) = ZZI fi(v).w;

Proof. SinceDf = Zlnll Df;.w;,itis clear that f is continuously differentiable if and only if each f;
is, hence we may assume that W = R. Now if Df exists and is continuous, then J; f(a) = Df,(v;) is
certainly continuous on U, so the “only if” assertion is clear. For the converse, we use induction
on n = dim(X) = |Bx| and the previous Theorem. For n = 1 there is nothing to prove, while if
n> 1letX; = spanf{v,,...,v,_1}and X, = R.v, so that X = X; @ X,. By induction, dx, f exists and is
continuous, and by assumption dy, f = J, f.x, is also continuous on U, so that Theorem 2.31 thus
shows that Df exists and is continuous on U as required. O

*Remark 2.34. If f: U — Y and a € U, we say that f is strongly differentiable at a if there is a
linear map T € £(X,Y) such that, for any ¢ > 0 thereisad > 0

1F() = fO) = Tx = pll < ellx =yl Vx,y € Ba,d).

Equivalently, lim, ,_, | f(x) — f(») — T(x — p)|l/llx — y|| = 0. The linear map T is then the strong
derivative of f at a. Taking y = a one sees immediately that if the strong total derivative exists,

Since, as X is finite-dimensional, £(X,Y) = B(X, Y) and hence the operator norm gives £(X, Y) the structure of
a normed vector space. Thus it makes sense to ask if Df : U — £(X,Y) is continuous.
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then f is differentiable and the total derivative is equal to T. On the other hand, a function which
is differentiable at a point need not be strongly differentiable there.

Modifying the proof of Theorem 2.33 by applying the same technique used for dx, f to dx, f as
well, one can show that if X and Y are finite-dimensional and the partial derivativesof f: U - Y
exist in a neighbourhood of a € U and are continuous at a, then f is strongly differentiable at a.

2.7 Real-valued functions on an inner product space

Let E be a normed finite-dimensional vector space. (If you prefer you can take E to be R”, the
reason we do not do that here is to try and make clearer what structures are being used where).

If U C Eis an open subset and f: E — R is differentiable on U, then its derivative Df takes
values in E* = L(E, R). If the norm on E comes from an inner product (v, w) — v - w however, we
can use it to identify E and E* viathe map 8 : E — E*, where 8(a)(v) = a-vforalla,v € E.

Definition 2.35. If f: U — R is differentiable on U then we define Vf : U — E to be the gradient
vector field of f, where Vf(a) = 97(Df,). Thus V f(a) is characterized by the property that

Df,(v)=Vf(a)-v, Vv E€EE.

Example 2.36. If we take E = R", with the standard dot product, then we may view Df, as a row
vector, with entries 9; f(a). The vector field V f(a) is then just the corresponding column vector.

V f(a) points in the direction of greatest change for f. More precisely, if v € E is a direction
vector with norm 1, the directional derivative at a of f in the direction v is

vf(a) = Df(v) = Vf(a) - v.

By the Cauchy-Schwarz inequality, |Vf(a) - v| < |[Vf(@)|.|lv]| = [[Vf(a)|, with equality if and only
if v and V f(a) are in the same direction. Thus the magnitude of the directional derivative of f at
a is maximized when v is in the direction of V f(a).

Definition 2.37. If f: X — R is a function and ¢ € R, the locus f~!({c}) = {x € X : f(x) = c}is
known as a level set of the function f.

An important property of the gradient vector field is that it is a normal vector to the level sets
of f, thatis, in a suitable sense, it is perpendicular to the level sets of f: intuitively, if a particle is
moving along the level set the its velocity vector will be perpendicular to the gradient vector of
f- More formally, if y: (=1,1) — R" is a curve such that f(y(t)) = c for some constant ¢ € R, and
p = y(0), the gradient V f, is perpendicular to y'(0), the “velocity vector” of y at p, because, for all
t € (—1,1) we have g(t) = f(y(t)) = c, hence by Theorem 2.20:

0= %tzo = Df,0)(¥'(0)) = V£(p).¥'(0) = 0.

We will explore this in more detail when we discuss tangent spaces.

2.8 *Higher order derivatives

We briefly wish to discuss the notion of higher derivatives for functions f: U — Y, where as
before, the domain of f is an open subset U of a normed vector space X and its codomain is a
normed vector space Y. There are two ways of thinking about these, the first of which takes bases
and works concretely with partial derivatives, while the second works with the total derivative
in a coordinate-free manner.

Given bases {vy, ..., v,} of X and {wy, ..., w,,} of Y, we may write f(x) = Zzl fj(x)w; where the
fj are the components f with respect to the basis {w;, ..., w,,}. The directional derivatives in the
direction of the v;s give the partial derivatives 0; f;. But these are just real-valued functions on U,
and hence we can consider all of their partial derivatives d;,9;, f;, where jy, j, € {1,...,n} and i €
{1,...,m}. If these all exist and are continuous, we say that f is twice continuously differentiable.
Indeed we can proceed inductively and define:
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Definition 2.38. If f: U — Y isasabove and f = erzl fi-w; so that the f; are the components of
f, we define that higher partial derivatives of f inductively as follows: If k = 1 these are just the
partial derivatives d;f, (1 < j < n,1 <i < m). For k > 1, we suppose that by induction we have
defined the partial derivatives of order k — 1, and write them as dgf; where 8 = (ji, jp, -+ » jk—1) €
{1,2,...,n}*"1. The k-th partial derivatives of f are indexed by pairs («,i) where a € {1,2,...,n}¥
andi € {1,2,...,m}, where if a = (j1, j2 ..., j,) then setting 8 = (ji,, ..., jn) € {1,2, ..., n}¥"! we define

0o fi :=0,(08f1)
= ahdjz ajkfl

We say that f is k-times continuously differentiable, and write f € €X(U,Y), if the partial
derivatives 9, f; exist and are continuous for alla € {1,...,n}¥ and i € {1,...,m}. We say that f
is smooth or infinitely differentiable if the partial derivatives of all orders k > 1 exist, and write
C*(U,Y) for the space of smooth functions on U taking valuesin Y.

Remark 2.39. One unsatisfactory aspect of this approach to the higher derivatives is that we do
not get any sense for how to think about the proliferation of partial derivatives d, f; we obtain
from f. In the case of the first derivative, the total derivative “organises” the partial derivatives
by showing that they are simply matrix entries for a linear map which is characterised by being,
asymptotically, the “best linear approximation” to f near a. In the same way, we gain a more con-
ceptual understanding of the higher derivatives by considering the higher total derivative D(Df)
of Df. Theorem 2.33 shows that f € C!(U,Y) if and only if the total derivative exists and is con-
tinuous. The latter condition makes sense because the total derivative Df is a function from U to
L(X,Y),and £(X,Y) is anormed vector space when equipped with the operator norm |.|| - By the
same token, our definition of the derivative makes sense, and we can ask if Df : U — £(X,Y) is
(continuously) differentiable! This leads to an alternative definition of €?(U, Y), namely

CX(U,Y)={f: U—-Y : D(IDf): U - L(X,£(X,Y)) exists and is continuous}.

To see how this relates to our definition using partial derivatives, notice that our choice of bases
for X and Y allows us to identify £(X, Y) with Mat,, ,(R), the space of m x n matrices™. The space
Mat,, ,(R) can then be identified with R™", and the components of D f with respect to this identi-
fication are the (first) partial derivatives of f.'* Theorem 2.33 thus shows that Df is continuously
differentiable if and only if all the second partial derivatives exist and are continuous. In this way
you can show by induction that the condition the k-th total derivative of f exists and is continu-
ous is equivalent to the condition that all the k-th partial derivatives exist and are continuous.

We still, however, have not given a satisfactory answer to the question of how one should think
of the second derivative. with the total derivative approach we see that D?f, € £(X,£(X,Y)), that
is D, is a linear map from X to the space of linear maps from X to Y. Which is a mouthful.

The standard way to deal with this issue is to notice that £(X, £(X,Y)) can be less painfully
thought of as the space of bilinear maps from X X X to Y! The details of this identification are in
the Appendices, and we content ourselves here to trying to understand, explicitly, how one sees
this for real-valued functions on an open subset of a normed vector space X.

Example 2.40. Let X be an n-dimensional normed vector space, and let B = {ey, ..., e,} be a basis
for X. Write B* = {xy, x5, ..., x,} C X* for the corresponding dual basis.

Suppose that U is an open subset of X and f: U — R is twice differentiable on U. The deriva-
tive of fis a function Df : U —» L(X,R) = X*. Its components with respect to the basis B* of X*
are just the partial derivatives 9;f of f, since if Df, = Z?zl cj(a).xj, where cj(a) € R, then

cj(a) = Dfy(e;) = 8¢ f(a) = 9;f(a).

111f we associate a matrix to the linear map given by left-multiplication on column vectors, £L(R", R™) is identified
with the space of matrices with m rows and n columns.
2Here we are identifying the directional derivatives 8 Ey (Df) with the partial derivative associated to the subspace
R.E;;.
J
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andsoDf = Z';:l(a i f)dx;, where we write dx; for the constant function from U to X* taking the
value Xx;, in order to distinguish it from the restriction of the function x; € X* to U. But now, as
we already noted, the derivative D is a linear map, hence to calculate D?f in terms of the second
partial derivatives, we simply apply the same reasoning to each component 3;f: U — R of Df:
Indeed since the derivative is linear, we have

D(Df)=D (Z 9; f.dxi> = > D(3;f)dx; = ), (Z 8;(6; f).dxj) dx; = D, (8;f)-(dx;dxy).
i=1 i=1

i=1 \ j=1 1<i,j<n

In the second equality we use the fact that if w € X* and g: U — R, then D(g.w) = (Dg).w,
which follows, for example, by the chain rule applied to the composition of g with the (linear)
map t — t.w (for t € R). Thus we see that the basis for £2(X,R) = £(X, £(X,R)) induced by our
choice of basis {vy, ..., v,} of V is the set {x;x; : 1 < i, j < n}, of pairwise products of the dual basis
vectors.

It is useful to explicitly describe x;.x; as an element of L£2(X,R): if v; € X then (xj.x;)(vq) should
be an element of X*, and we may obtain one simply by applying x; to v; to obtain x;(v,).x;. Ex-
plicitly, it is the functional which assigns to a vector v, € X the scalar x;(v;)x;(v,).

But it is equally reasonable, however, to think of x;.x; as a real-valued function of a pair of
vectors (v, ;) € X X X, namely the function (v, v,) = x;(v,).x;(v;). From this point of view it is
easy to check that {x;.x; : 1 <, j < n}is a basis of the space M?(X,R) of bilinear maps from X x X
to R, and hence, since it is just a linear combination of the x;x;s we may view D?f, as a bilinear
form on X X X taking values in R. To see this more concretely, if we let H = (0;;f) be the Hessian

matrix of D?f, and noting that if u € X then u = Z?zl x;(u).e;, we see that for any v,w € X

DX f(mw) = », @uf)lxx)Iw) Y x;©)Ejif)xi(w) = x(v)!.H.x(w)

1<i,j<n ij=1

where we write x(v) for the column vector (x;(v), x,(v), ..., x,(v))!. Thus we see that the second
derivative is just the symmetric bilinear form given by the Hessian (where the symmetry is a con-
sequence of the symmetry of mixed partial derivatives — Appendix 5.3 gives more details on this
which are however non-examinable).
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3 The Inverse Function Theorem

In this chapter we will discuss the theorems which lie at the heart of all the main results of this
course.

Lemma 3.1. Let Q C £(X,Y) be the set of invertible linear maps from X to Y. The we have

1. The set Q is open.

1

2. Theinverse mapt: Q — Q given by ((a) = a~ " is continuous.

Proof. The first problem sheet asks you to establish this carefully. If X and Y have different di-
mensions, then Q is empty and there is nothing to prove. If they have the same dimension, then
there is an isomorphism y: Y — X and it induces a linear map y, : £(X,Y) - £(X,X) given
by a = y o a. Its inverse is (y!), and since in the finite-dimensional setting all linear maps
are continuous, it follows that y, is a topological isomorphism, so we may assume that X = Y.
But then Q forms a group under composition, which acts on itself by left multiplication. Since
lor o s lleo < |01 lloo-l22 ]l » this action is by homeomorphisms, hence it follows that to show that Q
is open, it is enough to check that it is a neighbourhood of Ix. In fact we have B(Ix,1) C Q.

To see this, note that any element of B(Ix, 1) can be written as Iy — H where |H||,, < 1. Now let
s,(H) = ZZ:O H¥. Then s,(H)(Ix —H) = Iy — H"*1, and since |[H"*!||, < |H|%! - 0, it follows that,
if we can show s, (H) converges, then its limit s(H) is (Ix — H)™!, and so in particular Iy — H € Q as
claimed.

But £(X, X) is complete (since it is nfinite dimensional) hence it suffices to show that (s,(H)),>0
is a Cauchy sequence. But if |H||, = r < 1 then for m < n we have

n-1 n pm+l
I50C) = 5Dl = 1 Y, H¥lw S 3, M < T,
k=m k=m+1

and so since r"*/(1 —r) — 0 as m — oo we see that (s, (H)),>o is Cauchy as required.
Finally, to see that the inversion map ¢ is continuous on Q, the left action of Q on itself can
again be used to show that it suffices to check that ¢ is continuous at Iy. But (Ix) = Ix, hence

i) = I = Dl = 1m [so(H) = $u(H)os

but we saw above that ||so(H) — 5,(H)| < |H|l»/(1 — |H|) — 0 as ||H||, — 0, hence ( is continuous
at Ix. O

3.1 The Inverse Function Theorem

Theorem 3.2. Suppose that X and Y are finite-dimensional normed vector spaces, U C X an open
subset, and f: U — Y is a differentiable function. If a € U is such that Df, is invertible and Df is
continuous at a, then there is an open neighbourhood U, C U of asuchthat f |y, isa homeomorphism
from U, toV; = f(U,) an open neighbourhood of b = f(a). Moreoverifg: V; — U, denotestheinverse
of f, then g is differentiable with

Dgy = (Dfgy)™"s Yy €W

Thus by the Lemma 3.1, Dg is continuous at y whenever Df is continuous at x = g(y). In particular,
Dg is continuous at f(a).

Strategy of proof: Since linear maps are their own derivatives, one can replace f with (Df,)~ o f
and hence assume f: X — X and Df, = Ix. Moreover, we can further replace f by f(x + a) — f(a)
and hence assume a = f(a) = 0.
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We then write ¢(x) = x — f(x), so that ¢(x) measures the difference between f and the identity
map. The intuition is then that a function which is a “small perturbation” of the identity should
remain invertible, so that if ¢ is suitably “small”, f should be invertible. The insight is then that a
“small perturbation” should be rigorously interpreted as a contraction mapping! Using the Mean
Value Inequality and the continuity of Df at Oy, one can show that, in B(0y, ) for small enoughr, ¢
is Lipschitz with a Lipschitz constant less than 1. This ensures f is injective on B(0x, r) and, by an
application of the contraction mapping theorem, that f(B(0x, 7)) is aneighbourhood of 0x = f(0x).
It then follows that there is an open set V] containing Ox such that f, is a homeomorphism and
moreover both f and itsinverse g are Lipschitz continuous. Itis then easy to check that the inverse
function g is differentiable.

Remark 3.3. A few comments about the theorem:

» Checking the condition that Df, is invertible is straight-forward: It is equivalent to the non-
vanishing of the determinant J;(a) = det(Df;) of the Jacobian matrix of D f,.

e Let U C X and V C Y be open subsets of normed vector spaces X and Y respectively. We say
that a continuously differentiable function f : U — Y is a diffeomorphism from U to V if it is
injective with image f(U) = V, and its inverse g: V — U is continuously differentiable. The
inverse function theorem can then be stated as follows: Let f: D — Y be a continuously
differentiable function on an open subset D C X taking values in a normed vector space Y.
If Df, is invertible, then there is an open neighbourhood U C D of a on which f restricts to
a diffeomorphism between U and its image f(U) C Y.

[Warning: some references may only require f and g to be differentiable, while others may
require that f and g are infinitely differentiable. To avoid ambiguity, one can also say €C!-
diffeomorphism.]

e The formula for the derivative of g is forced on us by the chain rule - if g is differentiable,
the chain rule applied to the composite Iy = f o g, shows that Iyy = DIy = Df(g(y)) o Dg(y)

and so Dg(y) = Df(g(»)~".

« It is not sufficient, even if just wanted f to have a continuous inverse, for the function f
to be differentiable with f’(a) invertible: Consider the example f: R — R, where f(x) =
x + 2x? sin(1/x), which is extended by continuity to x = 0, so f(0) = 0. Then computing
directly from the definition, we find f’(0) = 1 (which is invertible), but f is not injective in
any neighborhood of 0.

[*For those who read Remark 2.34, the function f is differentiable but not strongly differen-
tiable at x = 0.]

» The hypotheses of the theorem are also not necessary for f to have a continuous inverse
- the function f: R — R given by f(x) = x? is continuous and has a continuous inverse
x + x'/3, however f’(0) = 0 so the inverse function theorem does not apply (and indeed the
inverse function is not differentiable at 0).

e If f: U — R"is continuously differentiable with Df, invertible for all x € U, then although
f(U) is open in R" (as we shall see below) f need not give a diffeomorphism between U and
f(U). Indeed f need not be injective. This happens already in two dimensions: Suppose
that U = R%\{0} and f: U — R?is given by f(x1,x,) = (x? — x3,2x,x,). Then f(U) = U, and
we have

2x; —2x
Df(xl,xz) = ( 2x; 2x12 )

Since det(Df (x, x,)) = 4(x] + x3) we see that Df(y, x,) is invertible on all of R*\{0}. But clearly
f(x1,x3) = f(=x1,—x,), so that f is not injective on U. If however we assume in addition that
f: U — R"isinjective, then it is indeed a diffeomorphism from U to f(U) - see below.
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3.2 *Proof of the Inverse Function Theorem

As noted above, by replacing f with Df;}(f(x + a) — f(a)) we may assume that Y = X and Df, = Ix,
and that a = f(a) = Ox.

The heart of the proof is the following Proposition, which establishes a rigorous version of the
idea that a small perturbation of the identity map should still be invertible, that is Iy + ¢ should be
invertible is ¢ is sufficiently small” compared to Ix. In the case of the space of linear maps £(X, X),
our proof of Lemma 3.1 shows that B(Ix, 1) consists of invertible elements, so in this case a “small
perturbation” can be taken to mean a linear map map of operator norm strictly less than 1. But a
linear map o has |||, < 1 exactly whenitisa contraction (thatis, a Lipschitz map with a Lipschitz
factor less than 1), and thus a natural candidate for a “small perturbation” is a contraction map i.e.
a Lipschitz map with Lipschitz constant less than 1. (Note this is consistent with the requirement
in the linear case at least!)

The next Proposition shows that using this notion of a small perturbation for functions de-
fined on a closed ball, the contraction mapping theorem does indeed provide the tools to show
that such a perturbation has a continuous (in fact Lipschitz continuous) inverse, at least if we
shrink the domain of f to a ball of smaller radius.

Proposition 3.4. Let X be a finite-dimensional normed vector space. Suppose that for some r >
0,C € (0,1) we are given a function ¢ : B(0x,r) — X satisfying ¢(0x) = Ox and

le(x) — eIl < C.lx =yl Vx,y € BO,7).

Thenif f : B(0x,r) = X isgiven by f(x) = x+¢(x), and y € B(0,1 — C).r), thereis a unique x € B(0,r)
such that f(x) = y. Moreover, the function g: B(0,(1— C).r) — B(0,r) defined by f(g(y)) = yis
Lipschitz continuous with Lipschitz constant (1 — C)~L.

Proof. Giveny € B(0,(1 — C).r), let ¢,,(x) = y — ¢(x). Then we have
oy Ol =y — Ol < Iyl + lleG)l <A = C)r+Cr =,

so that ¢, maps B(0, ) to itself. Since B(0,7) C X is closed and X is complete, B(0, r) itself is com-
plete and non-empty (since 0x € B(0,r)). Moreover,

lley () = @y (DI = llp(x") — (I < C.flx = x'[l, Vx,x" € B(0,r),

thus ¢, is a contraction on B(0,r). The Contraction Mapping Theorem thus implies that there is a
unique point x, with ¢,(x,) = x,, that is, f(x,) = x, + ¢(x,) = y. Let g : B(0,7/2) = B(0,r) be given

by g(y) = x,. i
To see that g is continuous, let y;,y, € B(0,r). Then if x; = g(y,), x, = g(y,) we have

1 Ge1) = fOeall = 11Gar = x2) + (p(x1) — 9Ol 2 [1x1 = o]l = llp(x1) — ()|
2 x1 = Xl = C.llxy = xoll = (1 = C).Jlxy = Xa,,

thus ||g(y;) — g(y2)|l £ 1 = C)7L|ly; — y,|l and hence g is Lipschitz continuous on B(0,(1 — C).r). O

The proof the Inverse Function Theorem for differentiable functions follows from this Proposi-
tion and two additional facts:

i) If Df,, = Ix and Df, is continuous at Ox, then f is a “small” perturbation of Iy in B(0Ox,r) for
sufficiently small r > 0, so that we can apply the above Proposition.

ii) The inverse function g given by the Proposition is differentiable at y = f(x) provided f is
differentiable at x.

The first of these is an easy consequence of the Mean Value Inequality. Indeed we can even choose
which value of C we prefer, for example we may take C = 1/2.
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Lemma 3.5. Suppose that X is a finite-dimensional normed vector space, U C X is an open neigh-
bourhood of Oy, and let f: U — X be a differentiable function on U. If Df is continuous at Ox
and Df,, = Ix, thenif o: U — X is given by ¢(x) = f(x) — x, there is an r > 0 such that for all
x,y € B(0x,r) C U,

IoC0) = oI < 3.x = Y.

Proof. By definition, since f is differentiable at x € U, so is ¢. Indeed for all x € U we have
Do, = Df, — I,. In particular, Dy, = Ozx,x)- Since Dy is continuous at a, there is an r; > 0 such
that |Dg, |l < 1/2 for all x € B(0x, ;). But then by the Mean Value Inequality (Theorem 2.25), we
have |lo(x) — e(y)| < %Hx —y| for all x,y € B(0,r;) hence on B(0,r) for any r € (0,r;). O

The final part of the proof, that is, demonstrating that the inverse function is indeed differ-
entiable, is straight-forward:

Lemma 3.6. Suppose that X is a finite-dimensional normed vector space, U is an open subset of X,
and f : U — X a injective function whose image f(U) contains an open subset V. Ifg: V — U is the
inverse of the restriction of f to f~1(V) and g is continuous at b = f(a) € V, where Df, is invertible,
then g is differentiable at b and Dg;, = (Df,)~ .

Proof. By replacing f by x ~ Df;!(f(a + x) — f(a)) we may assume that a = f(a) = 0Oy, and
Dfo, = Ix, so that
) =x+e(x)lx| (3.1)

where ¢(x) is continuous at x = 0y and €(0x) = Ox. In order to show that g = f~! is differentiable
at 0x with derivative equal to Iy = Iy, we must show that g(y) = y + ox(|y|)-

But now g(y) = x and f(x) = y, hence in terms of g, Equation (3.1) becomes g(y) = y —
le()|le(g(y)), and so we must show that ||g(y)[.e(g(y)) € ox(||l¥|), that is, we must show

18 g3 — 0as Iy — 0.
But € and g are continuous at 0y and €(0x) = g(0x) = Ox, and hence e(g(y)) — €(g(0x)) = Ox as
y — 0x. Thus it suffices to show that ||g(y)|/|y| is bounded for ||y|| small. But by the continuity
of e(g(y)), there is a § > 0 such that if ||y|| < 6 then |e(g(y))| < 1/2. Thus if |y|| < &, sincey =
8 + e@(y)-llg, we have [ly|| > [lg)I = (1/2).I1gWIl = (1/2).lg), and hence [lgW)I/lIyll < 2 as
required. O

Remark 3.7. In the context of the Inverse Function Theorem, we need to apply the previous
Lemma together with Lemma 3.5, and the latter ensures that g is not just continuous but in fact
Lipschitz with parameter 1/2, which provides a quicker way to complete the proof of the above:

since g(0) = 0, g8l < éllylllle(y)ll = o([lylD-

Remark 3.8. It is worth comparing the proof of the Inverse Function Theorem above to the proof
of the single-variable theorem. In that case, the differentiable inverse function theorem is also
deduced from a continuous inverse function theorem. This is often misleadingly’® presented as
follows: Each y € V hasy = g(x) for a unique x € U, or equivalently f(x) = y, hence

8 —8o) .. g(f(x)—g(f(xo) .. X=X _ .. X=X _ .
yh*rgo y=Yo  y=y [()=f(x0) _ylir;lo Fx) = f(xo) J}HEO F(x) = f(x0) /(o)

The algebraic manipulation is of course straight-forward, however the real content in the deduc-
tion is the justification for the second-last equality, that is, showing that one can switch from
taking limy_,y0 to taking limx_,xo. It is here that the continuity of the inverse function is essential,
since if g = f~! is continuous at y, then and hence if y — y, then g(y) — g(y,), that is x = x,, and
thus the change of limit is indeed legitimate.

13In that it hides the key point in a subscript.
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Remark 3.9. The continuous inverse function theorem in the single-variable case has a rather
different proof to the many-variable case. This is because it is usually stated for functions on a
closed interval, f: [a,b] — R. In this case, if f is injective, you can show it must be strictly in-
creasing or decreasing, and replacing f with (—f) if necessary we can assume it is increasing. It
is then easy to see that the inverse, f~!: f([a,b]) — [a, b] is also increasing, and by the Interme-
diate Value Theorem, f([a, b]) is the interval [ f(a), f(b)]. But an increasing function can only have
“jump” discontinuities, i.e., the one-sided limits f(x,)* = limx_,xg f(x)and f(xy)~ = limy .- f (x)
both exist, and f(xy)~ < f(x) < f(xy)*, but some or all of the inequalities may all be strict. Since
the image of f ~1 is, by assumption, the interval [a,b], there can be no such discontinuities in the
case of f~1, and so it is continuous.

Thus, rather bizarrely, the continuity of the inverse in the one-dimensional theorem proved in
Prelims is deduced from a criterion for continuity for increasing functions on an interval - namely
that it is necessary and sufficient for its image to be an interval. In higher dimensions there is no
reasonable notion of an increasing or decreasing function, so this argument does not generalise.

Remark 3.10. If, instead of assuming that f: U — R" is differentiable on U with Df continuous
at a = 0, we assume only that it is strongly differentiable at a (see Remark 2.34), then one can
modify the proof of Lemma 2.9 to show that Proposition 3.4 still holds on B(0, r) for small enough
r. Similarly, Lemma 3.6 can be adapted to show that the inverse g is (strongly) differentiable at y
if f is (strongly) differentiable at x = g(y).

**Remark 3.11. One can in fact somewhat weaken the hypotheses of the Inverse Function The-
orem in a number of ways: if U is an open subset of R” and f: U — R" has Df, invertible for all
x € U, then f islocally invertible with differentiable inverse: More explicitly, for any a € U there
are open sets U}, V; witha € U; C U and f(a) € U, such that f restricts to a bijection from Uj to U,
andifg = ‘flzjll : U, — U, then gis differentiable with derivative D ]fg‘(;) forally € U,. Indeed by the
chain rule, it follows that invertibility of Df, for all x € U is equivalent to the local invertibility
of f.

More importantly, especially for applications in the study of partial differential equations,
the inverse function theorem holds for continuously differentiable functions on open subsets of
any complete normed vector space, whether or not it is finite dimensional. In this context, the
derivative must be a continuous linear map (that is, a bounded linear map - see Section 1). Thus
the condition that the derivative at a point be invertible has to demand instead that the inverse
linear map exists and is bounded, but then the whole theorem (and its proof) go through just as
above. In fact, it is the case (though we do not quite have the tools to show it) that in a complete
normed vector space (the ones in which the inverse function theorem holds) if a linear map is
invertible (i.e. has a linear inverse) then its inverse is automatically continuous.

3.3 Some consequences of the Inverse Function Theorem

Definition 3.12. Let (X,d) and (Y, p) be metric spaces. A continuous function g: X — Y is said
to be an open mapping if, for any open set U C X, its image g(U) is open in Y. Notice that a
continuous bijection is a homeomorphism precisely if it is an open mapping.

Corollary 3.13. Let U C R"beanopenset,and f : U — R" be a continuously differentiable function
such that Df, is invertible for every x € U. Then f is an open mapping.

Proof. Let V be an open subset of R"” contained in E. We want to show that f(V) is open. Pick
b € f(V). We need to show that f(V) contains some open ball centered at b. Now b = f(a) for
some a € O, and the inverse function theorem applies to f|;;: V — R" and a € V. Hence there
are open sets 1}, V, witha € V; € V and f(a) = b € V, such that f is a bijection between V] and V;.
But then there is a § > 0 such that B(b,6) C V, = f(V;) C f(V), and we are done. O

Remark 3.14. In fact the proof of this theorem used only the first part of the inverse function
theorem - the fact that the inverse of f on U is continuously differentiable was not needed.
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Another consequence of the inverse function theorem is the following:

Corollary 3.15. Let E C R" be an open subset and let f: E — R" be continuously differentiable,
such that f is injective and Df, is invertible for all x € E. Then f is a diffeomorphism between E and

f(E).

Proof. By assumption, given y € f(FE) there is a unique x € E with f(x) = y, so that we can
define h: f(E) — E by setting h(y) to be this point x. But then g is continuously differentiable
by the inverse function theorem, since at any point y € f(E), i f x = g(y) there are open sets
U,V containing x and y respectively, such that f|;; : U — V is a diffeomorphism. But then g, is
continuously differentiable, and so g is continuously differentiable at y € V. O

3.4 The Implicit Function Theorem and systems of local coordinates.

The goal of our study of differentiable functionsis to try to extend to such functions, in as much as
this makes sense, results from linear algebra. To try and make this analogy between results in the
linear and non-linear setting a little more concrete, consider the notion of coordinates on a vector
space: If X is an n-dimensional vector space, then picking a basis By = {vy,...,0,} of X gives us
coordinates for the vectors in V: for any vector v € X we assign to it the coordinates (cy, ..., ¢,) €
R" where v = Zl.":l ¢;v;. Equivalently, the basis defines an invertible linear map 6 : X — R” given
by sending By to the standard basis of R". Thus giving such a map is equivalent to giving a (linear)
coordinate systems on X. In the setting of differentiable functions, diffeomorphisms play the
same role: if U is an open subset of X and f: U — R" is a diffeomorphism onto its image f(U) C
R", then we can use the components of f to parameterise the points in U.

This gives one way of thinking of the Inverse Function Theorem, namely, it ensures that if U
isopeninXand f: U — R"is continuously differentiable, then if D j;, isinvertible, at least near p,
f is a diffeomorphism. In other words, if the derivative D ﬁ, gives (linear) coordinates on X, then,
the components of f provide a (non-linear) parameterization of neighbourhood of p.

Example 3.16. Suppose that X is 2-dimensional with basis {v;, v,}. The function g: R? — X given
by g: (r,s) = rcos(s).u; + rsin(s).v, has Jacobian determinant J, = r, thus if we let V= (0, o0) x
(0,27), then g: V — U, where U = X\{t.v; : t > 0}, and J; # 0 on all of V, so the inverse function
theorem ensures that g has an inverse f: U — V = (0, o) X (0, 27). Since g(f(v)) = v, the function
f simply assigns to v € V its “polar coordinates” (r, 9).

Note that U, the domain of f, is not all of X. If we enlarge the domain of definition of f in
such a way that f remains injective, then the domain of g will need to be extended to some set
V' 2 V. But two problems present themselves when we try to extend the definition of g to a larger
set: Firstly, if s is close to 27 and s’ is close to 0, then g(r, s) and g(r, s") will both be close to rv,,
indeed limg_,,, g(r,s) = limy_,,g(r,s") = rv;. This forces the inverse of g to have a discontinuity
at rv; - the limits lim; |, g(rv; + tv,) = (r,0) while lim,4( g(rv; + tv,) = (r,27). Worse still, for Ox to
lie in the image of g, we must add to U an element of (0, s5), say (0, sy) but for any s; € R we have
lim,_, g(r, s;) = Ox, so that any choice of s, will for f to be discontinuous at 0.

This latter problem is a consequence of the fact that, although g is defined on all of R?, its
derivative is only nonsingular when r # 0. The former problem of the jump discontinuity of s
along rv, (r > 0) is an example of the local nature of the inverse function theorem - a continuously
differentiable inverse is only guaranteed to exist sufficiently close to the point you apply it to.
This is often less problematic - for example with polar coordinates, although any choice will have
a discontinuity along any path which encircles the origin, we can control where this appears: for
example we can chose U’ = (0, ©) X (a,a + 27) for the domain of g so that f is discontinuous on
the ray t(cos(a)v; + sin(a)v,).

Definition 3.17. A pointed set is a pair (X, a) consisting of a set X and an element a of X. If (X, a)
and (Y, b) are pointed sets, then we will write f: (X,a) — (Y,b) to indicate that f is a function
from X to Y such that f(a) = b, and refer to it as a map (or function) of pointed sets.
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Remark 3.18. Many algebraic objects are naturally pointed - a vector space X has a zero vector,
any group has an identity element etc.

Definition 3.19. Suppose that X is a normed vector space and p € X. A system of local coordi-
nates at p is a diffeomorphism ¢ : (U, p) - (©,0,,) from a connected* open neighbourhood U of
the origin p in X to a connected open neighbourhood Q of 0,, € R”. The standard coordinates
(%1, ..., x,) of R" at 0,, then give a system of coordinates (¢, ...,t,) at p, where, for y € U, we set
ti(y) =x;09(y), fori € {1,...,n}.

If f: U - RFis any function, then by the chain rule, f o ! is continuously differentiable
when f is, and similarly, if a function g: Q — RF is continuously differentiable, then so is g o ¢,
since, as 1 is a diffeomorphism, both ¢ and 1! are continuously differentiable. Thus the map
¥ CHQ,RF) —» eY(U,R¥) given by ¢*(f) = f o ¥ is an isomorphism of vector spaces, with in-
verse (3~ 1)* where (¥ ~1)*(g) = go3~1. More prosaically, this just says that if we wish to check if a
function f: U — R is continuously differentiable, we just need to check that it is continuously
differentiable when viewed as a function of the coordinates (¢, ...,t,) given by the diffeomor-
phism .

In this section we will use the Inverse Function Theorem to show that, for functions f €
CY(U, R¥), structural information about the linear map D Jp atapoint p € U can often be extended
to give information about the behaviour of f near p.

Our main example of this is the Implicit Function Theorem. The linear algebra toy model for
this theorem is the description of a surjective linear map a¢: X — Y. If {vy,...,0;} is a basis for
ker(a), then we may extend it to a basis {vy, ..., U4} of X. The images of the additional vectors
{a(i41), .- > a(Vr)} yield a basis of Y, and in terms of the coordinates these bases provide for X
and Y the map «a takes the form a(ty, ..., txy1) = (brgts oo s Eiegl)-

From a computational point of view, however, the discussion above is incomplete in that it
does not describe how we find a basis of ker(«) (or indeed how it can be extended to a basis of X).
In practiceif a : X — Y is a surjective linear map, where dim(Y) = k < n = dim(X), we are likely to
be given the k X n matrix A of a with respect to some bases By, By of X and Y respectively, where
in general, these bases will have no particular compatibility with a.*® If By = {ey, ..., e,} then the
columns of A give the coordinates with respect to By of the vectors a(e;). As a is surjective, some
k-element subset of {a(e;) : 1 < i < n}spans Y, or equivalently, some k X k submatrix of A has
rank k. Now the process of putting A into row-echelon form precisely picks out such a subset as
the columns with “leading 1s”, and so we may take B, C By to be the subset of By corresponding
to those columns. It is a k-element subset of By such that a(B,) is a basis of Y. Let B; = Bx\B,, and
X; = span(B;) fori = 1,2, so that X = X; @ X,, and a|x, : X, — Y is an isomorphism, and so we may
apply the following Lemma:

Lemma 3.20. Let X = X; @ X, be a finite-dimensional vector space with n;, 7, the projection maps
to X; and X, respectively. Suppose that a : X — Y is a surjective linear map such thatax, : X, > Y
is an isomorphism.

i) LetT: X - X; @Y be given by T(x) = (m,(x),a(x)). Then T is an isomorphism.
ii) ker(a) = T~1(X; @ {0}). Moreover m,(T~!(x;,y)) = x;, so that if 8 = 7, o Tl;é we have
ker(er) = T7'(X; @ {0y}) =T(6) = {(x1,6(x1) : ;; EX}CX; X, =X

where, if f: X; - X, is any function we write T'(f) = {(x, f(x)) : x € X} for its graph.

4the assumption that Q is connected is not necessary, but it is easy to ensure - if I/ is an arbitrary open neighborhood
of Ox then if C is the connected component of V' containing Oy, it is again an open neighbourhood of 0y which is, of
course, connected.

15In the context of experimental science or economics, for example, the bases By and By are likely to be constructed
in a way that reflects those qualities we can most readily measure.
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iii) If B, is any basis of X; and By is any basis of Y, then By = T~'(B; U By) is a basis of X, and
By [a]BX = (On—kllk)i

Proof. Suppose that x € X and T(x) = (m;(x),a(x)) = 0. Then 7;(x) = 0 so that x € X,, but
then a(x) = 0 implies x = 0 since «|x, is injective. Since a: X, — Y is an isomorphism we have
dim(X,) = dim(Y), hence dim(X) = dim(X;) + dim(Y), thus the injectivity of T implies it is an
isomorphism (by rank-nullity).

Now if p;, p, denote the projections from X; @ Y to X; and Y respectively, thena = p, o T,
and since ker(p,) = X; @ {0y} it follows that ker(a) = T~1(X; & {0y}). Now T(x) = (7;(x), a(x)), SO
that if T=!(xy,y) = z, then T(T1(x;,y)) = (71(2), a(2)) = (x1,¥), thus m; o T~ (x;,y) = x;. Setting
0 = m, o T71 it follows that T~1(X; @ {0y}) = {(x;1,6(x1)) : x; € X;} as required.

Part iii) is also immediate: since T~! is an isomorphism, clearly By = T~!(B; U By) is a basis of
X, and since o = p, o T, the matrix of o with respect to By and By is the same as that of p, with
respect to B; U By and By, and this is clearly (0, |I)- O

Remark 3.21. The introduction of the linear map T : X — X; @ Y may seem somewhat artificial
if one is only interested in how to obtain a basis for the kernel of the linear map a. There are two
reasons for doing so: the first is that if we view X;, the complement to the subspace X, on which
a is an isomorphism as a “first guess” at ker(a), the linear map T (or rather T~!) tells us how to
correct that guess to obtain ker(a). The second is that the map T makes sense if a is nonlinear,
and the description of the level-sets of f as T~!(X; @{c}) for c € Y remains true, provided of course
that T is invertible, hence the strategy of the previous Lemma will extend, at least locally, to the
Cl-setting.

We now state the Implicit Function Theorem: Its formulation is almost identical to the linear
algebra result given above: we take a differentiable function f: U — Y in place of the linear map
a, but then, for a point p € U where the hypothesis of the previous Lemma are satisfied by the
derivative Df, of our function at p, just as in the case of the Inverse Function Theorem, we obtain
a “local” consequence for the function f, that is, a statement about the nature of our function in
a neighbourhood of the point in question.

Definition 3.22. If X and Y are normed vector spaces and f € C}(U,Y), and a € U is such that
Df,: X — Y is surjective, the set U, = {x € U : Df, is surjective} is an open neighbourhood of
a and we say that the restriction of f to U, is a submersion.

Exercise 3.23. Check that you see why U, is open - compare with Lemma 3.1.

Context of the Implicit Function Theorem: The statement of the Implicit Function Theorem
involves two main ingredients: First, we have a function f: U — Y defined on an open subset U
of the normed vector space X, taking values in the normed vector space Y. We assume that f is
differentiable on all of U, that is, we assume that Df, exists for all x € U. The second ingredient is
a direct sum decomposition of X, thatis X = X; @ X,, where wewriter; : X - X;and 7, : X —» X,
for the projection maps with kernels X, and X; respectively. For i = 1,2, we write 0, f(x) for the
partial derivative dyx, f(x) of f with respect to X; at x € U, so that we have the decomposition

Df, =0,f(x)om +9,f(x)om,, VxeU.

Theorem 3.24. (The Implicit Function Theorem.) Suppose that f: U — Y is a differentiable func-
tiononU C X = X; & X, as above. If a = (a;,a,) € U is such that Df is continuous at a and
a:=0,f(a) € L(X;,Y) is invertible, then there are open neighbourhoods V; C X;,V; C X, of 0x, and
Ox, respectively, and a diffeomorphism 6 : V; X V, — Q, where Q C U is an open neighbourhood of
a = 6(0x) and if we set 6;(y) = m;(6(y) — a) fori = 1,2, then for all y = (y,,y2) € V; X V, we have

1) 6:(0) = m1(8(y) = m(¥) = y1, that is 6() = a + m1(y) + 6,()
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ii) fob(y) = f(a)+ aom(y) = f(a)+ a(y,). Equivalently, the following diagram commutes:*°

6
X1@X;, <= " xV, — Q

) \Lf (3.2)

Xz fla)+a > v

In particular, f|q is a submersion, and if we set g(x,):= 6,(x; — a;,0), then

@) N Q= {(x1,8(x1)) : x; € m(Q)} =T (g), and Dgy, = —0,(x1,8(x1))™" © 81 f(x1, 8(x1))-

Proof. (Non-examinable:) Let8: Y — X, be the inverse of 3, f(p). By replacing f with fo(f(a+x)—
f(a)), we may assume that f: X - Y = X,, a = Ox, f(0x) = Ox, and 9,f(0x) = Ix,. Let G: U - X
be given by

G(x) = m(x) + f(x) = (x1, f(x1,%2)), Vx=(x;,x) EUCX; DX, =X

so that G(0x) = Ox. For any x € U we have DG, = 7; + Df,. Thus in terms of the partial derivatives

I I
DG, = ( x| ) so that DG! = ( — | (3.3)

0 0
91 f(x) | 02f(x) —0,f ()7 001 f(x) | 8, ()7 )

whenever 9, f(x) € £(X,,X,) is invertible. Thus G is differentiable, and DG is continuous if and
only if Df is, and invertible if and only if 9, f is. But Df is continuous at a = Ox and 9, f(0x) = Ix,,
hence the Inverse Function Theorem implies that there is an open set Q C U with 0x € Q such
that G : Q — X gives a diffeomorphism between Q and its image V = G(Q) so that V is an open
neighbourhood of G(0x) = 0x. xx;’Now we may find open neighbourhoods V; C X; and V, C X,, of
Ox, and Oy, respectively with V; X V, C V, and so replacing Q with G~}(14 x V4), we may assume
that V =V} X V,. Note that f|q is a submersion because 0, f is invertible there.

By definition we have 7,0G = 7; and 7,0G = f, thus if we define 6:= (Glﬂ)_l : XV, - Q,then
composing these identities with 6 (on the right) gives claims i) and ii). Moreover, by ii), f(6(y)) =
f(a) = 0y, if and only if 7,(y) = Ox,, that is, y = (y;,0x,). Hence if, for any x; € V; = m,(Q), we let
8(x1) = 6,(x1,0x,)

Qn f7(f(@) = Qn f7(0x,) = 6(V1 x {0x,D) = {(x1,8(x1)) : x; € m(Q) = Vi} =T(g),

the graph of g, where for the third equality note that by i) if 6(y;,0x,) = (x;, x;) then x; = y; and
X5 = 6,(y1,0) = 6,(x;,0). Finally, since g = m, o 6|V1><{0X2}: it follows from (3.3) that

Dgy, =m0 (De(xl,o))|X1 =70 (DGE(lxl,o))|X1 = —azf(xl,g(xl))‘l 0 91f(x1,8(x1))
as required. O

Remark 3.25. Thisresultis called the “Implicit Function Theorem” because one can view it as say-
ing that, if we pick a basis for Y and consider the corresponding real-valued functions f; given by
the components of f with respect to this basis, then provided the linear map 9, f(xy, yo) is invert-
ible, the system of non-linear equations f;(x,y) = 0 fori = 1,2, ..., k, can be solved, in the sense
that the equations implicitly make the y-variables functions of the x-variables, at least locally
near (xg, Yo), as the existence of the function g demonstrates.

In this sense, the theorem gives a rigorous justification for the calculus technique of “implicit
differentiation” - compare that technique to the calculation of Dg at the end of the above proof.

6We say a diagram commutes if the functions obtained by composing the maps between any two paths with the
same endpoints are all equal. In this case, the only points with more than one path between them are I'; X V, and Y.
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We can also formulate the Implicit Function theorem in terms of systems of local coordinates:
notice that the diagram (3.2) shows that 6 gives a diffeomorphism between an open neighbour-
hood of 0x and a, while x, — f(a)+a(x,) gives a diffeomorphism between X, and Y viewed as open
neighbourhoods of 0x, and f(a) respectively. Once we pick a basis for X adapted to the decom-
position X; @ X, these will give systems of local coordinates centred at a and f(a) respectively,
with respect to which the map f is just projection to the last k coordinates. and Oy,

Corollary 3.26. (Local normal form for a submersion): Suppose that f: U — Y is a differen-
tiable function on U an open subset of a normed vector space X taking values in Y, and that Df
is continuous at a € U and Df, € mL(X,Y) is surjective. Then there is a system of local coor-
dinates . U — R" centred at a and a system of coordinates ¢: Y — R¥ centred at f(a) where
o(y) = ¢(y — f(a)) for ¢: Y — RK a linear isomorphism, such that, if x € U has coordinates
(t;, ..., t,)! with respect to ¥, i.e. P(x) = (t;,...,t,)!, then the coordinates of f(x) with respect to ¢
are given by ¢(f(x)) = (tyi41,---»tn)', that is, in terms of these coordinate systems, f is just the
projection to the last k coordinates.

Proof. Since Df, is surjective, we can certainly find a subspace X, of X on which Df, restricts to
give an isomorphism, that is, dx, f(a) : X, — Y, is an isomorphism. Picking any complementary
subspace X; to X so that X = X; @ X,, we may then apply the Implicit Function Theorem with
a = Ox, f(a), and obtain a diffeomorphism 6: V; X V, — Q, where V; C X; and V, C X, are open
neighbourhoods of 0x, and Oy, respectively, such that fo8 = f(a)+a(m,(y)), that is, the right-hand
square in the diagram below commutes (wWhere T : X, — Y denotes the map T(y,) = f(a) + a(y,))

R ¢~ Vi x1, —2 @

N

RkTXZQVZLH/gY

But now pick a basis B; = {ey, ...,e,_} of X; and a basis B, = {e,,_41-..,€,} 0f X, so that B =
{e;,...,e,} is a basis of X. Let B* = {§,,...,9,} be the corresponding dual basis of X*, and define
7. X, » Rfandy: X - R" by

12(%) = GnoteriNigicie Y00 = G;()icjcn VX EQ,

and let p, : R” — R be the projection to the last k coordinates, so that py oy = y, o 7, i.e. the
left-hand square in the diagram commutes.

Then¢:=yo671: Q — y(V; X V%) is a system of local coordinates on Q, and similarly ¢(y) =
7, o T~Y(y) defines an affine-linear system of coordinates on Y centred at f(a). To calculate f in
terms of these coordinates, we must describe f = go fo~1, but the commutativity of our diagram
guarantees that this is just py, as required. Indeed

pofoypl=(peTNofo(Boy )=y 0T (Tom)oy t=pomoy™t =py
|

Example 3.27. In this example, we will write z for a general vector in R* and write z = (x, y) where
x € R?, y € R% Let f: R* - R? be given by

F(x1, %0, y1,¥2) = (X — X3 + y§ + 23, X3 + x5 — y1 — ¥3),

and consider the level set M = f~1{(1,2)} of f, so that

ﬁ—ﬁ+ﬁ+w§=1}
, (-

M =1z = (x1,X5,¥1,y,) € R* :
{ (X1, X2, Y1, ¥2) x%+x%—y%—y§
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The total derivative D f, has Jacobian matrix

(3.4)

2X —2X 2 4
sz=<Df1,x|sz,y>=( 12 A )

2x; 2%, =2y =2y,

Thus considering 2 X 2 submatrices, we see that Df has rank 0 only at z = 04, and rank 1 if z lies
on the coordinate axes (i.e. all but one of x;, x,,y1,y, equal to zero), or if x; = y, = 0. Everywhere
else Df, has maximal rank. Now if x € M we have 2x? + y3 = 3, hence M does not intersect the
plane {z € R* : x; = y, = 0}. Similarly it is easy to see that M does not intersect the coordinate
axes, and hence Df has maximal rank on all of M. (In the terminology of the next section, this
means that M is a 2-dimensional submanifold of R*.)

We now consider how to parametrize M. Using Theorem 3.24, and noting that the final two
columns form an invertible matrix provided y,y, # 0, we see that in a neighbourhood of a point
p = (a,b,c,d) € M for which c.d # 0, the condition that f(x;, X, y1,¥,) = (1,2) implicitly defines a
function g in a neighbourhood of (a, b) such that

f(x1, %2, ¥1,¥2) = (1,2) <= (¥1,¥2) = 8(x1,x3),

that is, locally near p, the level set M is the graph of a function.

The theorem however does not produce the parameterizing function g = (g;, g,). However, it
does allow us to calculate the derivative Dg,: If z = (x, g(x)) we have Dg, = —D Jgj;(x)D f1,x» Where,
as in (3.4) we write Df, = (Df, x|Df, ). Explicitly this becomes:

d d -28, —4 2x; —2x
Dg, :( 181 0281 >= —(4g1g2)_1( 82 82 )( 1 2 )

0182 9,8 2g; 2g; 2x1 2%,
1 12x,8, 4x,8
_ 1 182 282
= (48:82) ( _sx;g, 0 )
_ 3x1/g1  x2/&
—2x,/8, 0 )

Indeed one can view the Implicit Function Theorem (or indeed the Inverse Function Theorem) as
asserting the unique solution to a system of differential equations. Of course in general we may
not be able to readily solve these equations explicitly, but this example is simple enough that we
can:

To start, note that d,g, = 0, so g, is independent of x,, while g,.0,8, = —2x; so that the only
equation governing g, is 9,8, = 2x,/g,. Indeed we already noted that on M, 2x? + y3 = 3, that is,

2x? + g3 = 3, hence g,(x;,X;) = ++/3 — 2x2, where the sign will be determined by the sign of d,

the corresponding coefficient of p. Note that we have d,(4/ 3 — 2x?) = —2x;/+/ 3 — 2x? as expected.
Having determined g,, it is not so difficult to determine g;, using, for example, the first component

of f:

gl(xl,xz)=i\/1—x%+x%—2.(3—2x%)=i\/3x%+x§—5,

where again, the sign is determined by that of the corresponding coefficient of p (which is c in
this case). Note again that 0,g; = 3x;/g; and 9,8, = x,/g;. Thus we have

(8100.8:00) = (24353 + 33 =5, 2 /3-2x3)

Example 3.28. A more abstract application of the Implicit Function Theoremis a “smooth” version
of the problem of extracting the roots of a polynomial equation. It is a famous result of Abel
and Ruffini'” that for equations of degree n = 5 and higher, one cannot express the roots of a
polynomial equation p(t) = ZZ:O at® “in radicals” - that is, using only the ordinary algebraic

"This predates Galois, who developed a complete theory in which the Abel-Ruffini theorem sits as a special case.
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operations along with taking k-th roots for k < n. One can still however, consider how a root of
p varies as we continuously vary the coefficients a = (a;) € C"*!. It seems intuitively clear that
a root will move continuously with the coefficients, and the Implicit Function Theorem allows us
to make this precise:

Suppose that ¢ € C is a simple root of p(t) - so (t—c) divides p but (¢t —c)? does not. Equivalently
p(c) = 0but p'(c) # 0. Let f: C"? — C be the function f(aq,...,a,,t) = ZZ:O ait®, that is, f is
the function obtained from p by viewing it as a function of ¢ and of all of its coefficients. Then
d,f(a,c) = p'(c) # 0, so that if we decompose C"*? = C"*! @ C, the implicit function theorem
shows that there is an open neighbourhood V of (a,c) in which f(x,t) = 0 if and only if t = g(x),
where g(a) = c.

Since a polynomial is smooth (i.e. infinitely differentiable) we can conclude that g(x) is also
smooth. Thus the roots of a polynomial (at least when they are simple) are smooth functions of
the coefficients, even if they cannot be written in the form of radicals as the mathematicians of
the 17th century had wished.

*Remark 3.29. In the setting of infinite dimensional complete normed vector spaces, the Inverse
Function Theorem can be used to prove a version of the Implicit Function Theorem. Such a result
can be used to prove a version of Picard’s Theorem on existence and uniqueness of solutions to
differential equations. See [R] for more details.

3.5 Lagrange multipliers

Suppose first that X is a normed vector space and U is an open set in X with f: U — R a differ-
entiable function.

Lemma 3.30. If f: U — R has a local minimum at a € U, so that for somer > 0 we have g(a) < g(x)
for all x € B(a,r), then Dg, = 0.

Proof. Suppose for the sake of contradiction that Dg, # 0. Then we may find v € X such that
Dg,(v) > 0and |jv|| = 1. For t € R let y(t) = a + t.v, then y~!(U) is an open set in R containing 0,
hence for some § > 0, the function g o y is defined on (-6, §). Now by definition we have

0 < g(x) — g(a) = Dga(x — a) + |lx — alln(x),

where 7(x) — 0 = n(a) as x — a. Thus for all ¢t € (-3, ) we have

0 < g(y(t)) — g(a) = t.[Dg,(v) £ n(a + t.v)].
But since n(a + t.v) - 0ast — 0, and Dg,(v) > 0, there is a §; < § such that if t € (—&;,6;) then

Dg,(v) £ n(a+ tv) > Dg,(v)/2. But then for all t € (—J;,0) the inequality above cannot hold, giving
a contradiction. O

We now wish to study the problem of minimizing g: U — R given constraintson x € U. Before
formulating the general result, consider the problem of trying to minimize a function g: R®> - R
onasurface S = {x € R? : f(x) = 0}. In the unconstrained setting, as we just saw, if a point a € R3
is a local minimum for g we must have Vg(a) = 0: This need not be the case in the constrained
setting.

Example 3.31. Suppose that f: X — R¥ is a linear constraint function, which we may assume is
surjective (since if it is not, we may simply replace Y by im(f)). Then Z = ker(f) is an (n — k)-
dimensional subspace of X (where dim(X) = n), and if we wish to optimize g: U — R subject to
the constraint f(x) = 0, then we may view the optimization problem simply as that of optimizing
the restriction gjynz of gto U N Z, an open subset of the linear subspace Z.

The criterion of Lemma 3.30 then shows that, ifa € U N Z is alocal optimum (i.e. maximum or
minimum) for g,ynz, then D(gynz)(a) = 0. But

D(gunz)(a) = 0z8(a) = Dg(a)|z,
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so that Dg(a) : X — R vanishes on ker(f), hence it induces a well-defined linear map Dg(a) : R¥ —
R satisfying Dg(a) = Dg(a) o f, and if f(x) = (fi(x), ..., fx(x))! € R, if we set Dg(a) = (41, ...,4;) €
Mat, ,, = (Mat,;)*, then Dg(a) = Zle Aifi, or in other words Dg(a) € Spang{f; : 1 <i <k}.

It is natural to hope thatif f: U — Rk is continuously differentiable, instead of linear, con-
straint, then, at a local extremum a € U the linearized constraint Df(a)(x) = 0 approximates
the constraint function f well enough that we still have Dg(a) = Z?zl A;Dfi(a) (where f(x) =
(f1(%), ..., fr(x)H). Simple nonlinear examples also confirm this expectation:

Example 3.32. Let f(x) = x} + x5+ x3 —1,and let S = {x € R3 : f(x) = 0}. Suppose that we
wish to mimimize g(x) = x; on S. Clearly Dg, = (0,0,1) never vanishes, but it is easy to check
that p = (0,0,—1) minimizes g on S. Notice that, since Df, = 2(x;, x5, X3), so that at p we have
2Dg, + Df, = (0,0,2) +(0,0,-2) = 0.

To make this observation into a theorem, we need to show that the linearised problem is a
good enough approximation to the original non-linear constrained optimization problem for the
linear condition we just obtained to remain necessary in the original problem. But this is exactly
what the Implicit Function Theorem does for us!

Theorem 3.33. Suppose that U is an open subset of a finite-dimensional normed vector space X and
g: U — Riscontinuously differentiable. Let f : U — R¥ be a continuously differentiable constraint
function, and consider the optimization problem given by seeking to minimize g(x) subject to x €
S={xeU: f(x)=0}

If z is a local minimum for g on S and Df, has rank k, then there exist scalars Ay, 4;, ..., 4x € R
such that

k
AoDg, + D AiDf i, =0,

i=1
where f(x) = Zle fi(x).e;, with {e; : 1 <i < k} the standard basis of RX.

Proof. The hypotheses of the theorem ensures that we can apply the Implicit Function Theorem:
Df, has rank k, hence there is a subspace X, < X on which Df, restricts to give an isomorphism
B =0x,f(2): X, — Rk. If we pick any complementary subspace X;, then the Implicit Function
Theorem shows that there is an open neighbourhood Q C U of z such thatif G(x) : U — X is given
by G(x) = my(x—2z)+ B o f, then Glo: Q — U, x U, is adiffeomorphism with G(z) = (0x,,0x,). We
write 6: U, XU, — Q for its inverse, so that 6(s;, ;) = z+(5;, 62(81,82)), where 6, : U; XU, —» QnX,.

)/\
U XU, Q

Let g: U; X U, —» R be given by g(s;,s,) = g(6(s;,5,)). Now if x € Q satisfies f(x) = 0, then
G(x) = (m1(x — a),0x,), so that the condition that x € Q satisfies f(x) = 0 correspond, under the
diffeomorphism G to the condition that (s, s;) € Uy X U, has s, = 0, that is (sy, 5,) lies in U; x {0x, }.
Thus z is a constrained local minimum for g if and only if Ox, is a local minimum for §|U1x{on}-
Since U is just an open subset of the normed vector space X;, Lemma 3.30 shows that we must
have Dgx, (0x,) = 0, or in other words dx, §(0x) = 0.

Now g = g o G, so that

Dg, = ( 3,800x,) 3,3(0x,) )< 6-1oDf )
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and hence Dg, = (0,8(0x,) o B~Y o Df,. Setting (1;,...,4) = 0,8(0x,) o B, it follows that Dg, =

zf:l A;Df(z) as required.
O

Remark 3.34. Since the hypothesis of the Theorem assumes that Df, has rank k, and the Jaco-
bian matrix of Df, has rows given by the derivatives of the components Df; ,, these are linearly
independent, so that the scalar 4, must be non-zero. It follows that one can rescale the 4; to en-
sure 1 = 1, and some texts will state the result this way. (In practice, in some situations the
calculations are tidier setting 4, = 1 and in others it can be easier not to distinguish A, in this
way.)

Example 3.35. Consider the problem of finding the extrema of the function g: R3> — R given by
8(xy, X5, X3) = X1 + X5 + 3x3,
subject to the constraints that x = (x;, x,, x3) must satisfy (f;(x), fo(x)) = (2,1) where
() =33 +X3, fH(X) = X1 + x5 + X3

That is, x lies on the cylinder of radius \/5 centred along the x;-axis and on the plane perpendic-
ular to (1,1, 1) passing through %(1, 1,1). Let C = {x € R? : fi(x) = 2, f,(x) = 1} denote this locus, a
level-set of f : R3> — R2, where f = (fi, f>)-

It is easy to check that C is bounded, and hence as any level-set is closed, it is compact. It
follows g attains a maximum and minimum on C. By the Lagrange multiplier theorem, at such an
extremum c = (cy, ¢,, c3) there must exist scalars 4;, 1, € R such that

Dg. = 4L Dfic+ ,Df5 s

and hence
(]., 1, 3) = /11(201, 2C2, 0) + Az(l, 1, 1).

Thus 4, = 3, and hence 24,¢; = 21,¢, = —2. It follows that ¢ = (=17}, —(1;)7}, ¢;). The constraint
fi(c) = 2 then implies 1; = £1 so that since f,(c) = 1 we see that if we set ¢, = (*x1,=*1,1 F 2), the
points c, are the only possibilities for extrema of g on C, and since we know g attains a maximum
and minimum value, we see that —1 = g(c,) < g(x) < g(c_) =7forallx € C.

Example 3.36. Let us prove the Cauchy-Schwarz inequality using Lagrange multipliers. Thus we
wish to show that, for any two vectors a,b € R" we have |a - b| < |a|.||b|- This is trivially true if
either a or b is zero, so we may assume both are non-zero. But then we may rewrite the inequality
as (a/||a|])- (b/||b|) £ 1. Since a/||a|| and b/||b|| are unit vectors, we are thus reduced to the following:

Problem: Maximize x - y for x,y € R" subject to the contraints that ||x|| = ||y| = 1.

Let us formulate this in the language of Theorem 3.33. Let g : R?"* = X; ®X, (the span of the first
n and last n standard basis vectors respectively) be given by g(x,y) = x - y (thus we use the same
notational conventions as in Theorem 3.24) and let f : R*" — R? be given by f(x.y) = (x - x,y - y).
We wish to maximize g subject to the condition that (x,y) € S = {(x,y) € R?" : f(x.y) = (1,1}

Now S is clearly compact (as it is closed and bounded) hence g attains a maximum value on S.
Now for any (x,y) € S we have Df () = 2(x,0) and D f, (.. ,y = 2(0,y), and hence rank(Df x, y,)) =
2, so that S is a 2n — 2-dimensional submanifold of R?*". Hence, by Theorem 3.33, if p = (xy, yo) is
a local maximum for g on S, there must exist scalars 1;,4, € R, not all zero, such that

Dg(xo,J’o) = /11Df1,(x0,y0) + /12Df2,(x0,yo)-

Now it is easy to see that Dg(y, ) = (o, Xo), hence the previous equation becomes
(Vos Xo) = (241.x9,22;.0),
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so that, taking components in X; and X, we must have

yo = 2&1.)(:0, xO = 2/‘12.y0.
But then we must have y, = 21;.x5 = 24,.24,y¢ = 44;4,¥q, S0 that 44,1, = 1. But x5 -Xg = Yo Yo = 1,
so that 412 = 412 = 1 and hence 1; = 1, = £1/2 and x, = y, Or Xo = —Y,. Since g(xg, Xo) = ||xo/ = 1

and g(xg, —xg) = —||xoll = —1, it follows immediately that —1 < g(x,y) < 1 on S and we obtain the
equalities g(x,y) = +1 if and only if x = +y.
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4 Submanifolds of a normed vector space

4.1 Definition and basic properties

The goal of this section is to apply the inverse and implicit function theorems to geometry. The
theorems allow us to show the equivalence of two natural definitions of a smooth surface in R3,
and, more generally, define the notion of a submanifold of a normed vector space X.

Example 4.1. Let S = {x € R3 : x? + x3 + x3 = 1} is the standard unit sphere. It is smooth (in a
sense that we have yet to make precise) and we can describe the points which lie on it in (at least)
two ways. The first is implicit in the definition - a point p = (x;.x,.x3) lies in S if the function
f(x1, %3, %3) = X3 + X3 + x2 evaluates to 1 on p, that is, S is a level set of the function f.

The second way to describe points on S is via a parametrization: for example, if we define the
map ¢: [-1,1] X [-7,7) - R3 by setting (t,0) +~ (cos(8).V/1 — t2,sin(6).4/1 — 2,t) the ¢ has S as
its image, and hence we can use the parameters (¢, 0) to study S. Note that our parametrizing map
¢ is not injective, though it is on much of its domain. In general we will usually only be able to
obtain parametrizations of a surface locally, that is, given a point p on our surface S, we will show
that there is a diffeomorphism from an open subset U of R? to an open subset V of our surface
containing p.

On the other hand, if we only wish to obtain parametrizations for open subsets of a surface,
we can often use the Implicit Function Theorem to turn the condition f(x;,x,,x3) = 0 into an
equation for one of the variables in terms of the others. For example, if H; = {x € R® : x5 > 0},

then on H;NS we may write S as the graph of h(x;, x,) = 4/1 — x? — x, thatis, in H; we have x € S if
and only if x € graph(h) = {(x;, X3, h(x1,X3)) : (x1,X;) € V}, where V = {(x,x,) € R? : x + x3 < 1}.

Definition 4.2. Let M C X be a closed subset of an n-dimensional normed vector space X. We say
that M is a k-dimensional submanifold of X if, for every point p € M, there is an open subset U
of X containing p and a smooth'® function f : U — Y, where Y is an (n — k)-dimensional normed
vector space, such that M N U = f~1(0), and at each p € M N U the derivative D f» has maximal
rank, that is rank(Df,) = n — k.

We say that M is ¥ if we can choose f € €¥(U,Y) where k € N U {oo}. If k = co we say M is a
smooth submanifold of R".

Informally, this definition says that, locally (i.e. near any given point of M) the submanifold is
given as the level-set of n — k smooth functions (the components of f) which are not “tangent to
each other” - this last requirement being captured by the rank condition.

The Implicit Function Theorem allows us to relate this definition to the second method of
understanding surfaces discussed above, namely, via parametrizations. In the next theorem, for
k < nwe view R¥ as a subspace of R" spanned by {e;, ..., ex}.

Theorem 4.3. Let M be a k-dimensional submanifold of an n-dimensional normed vector space
X, and let p € M. Then there is a direct sum decomposition X = X; & X, where dim(X;) = k,
dim(X,) = n—k, and open neighbourhoods V and U, x U, of p and Ox respectively, where fori = 1,2,
U, is an open subset of X;, and a diffeomorphism ¥ : U; X U, — V such that M NV = (U; X {0x, }).
In particular, ¢|U1x0X2 : Uy -» M NV gives a parametrizationof M NV.

Proof. By definition, there is an open set V; containing p and a function f: V — R" ¥ such that
VinM ={x eV : f(x) = 0,_r}, and rank(Df,) = n — k for all x € V;. But then Theorem 3.24
shows that there is a diffeomorphism ¢ : U — V C V;, where U an open neighbourhood of 0,, and
V C V; is an open neighbourhood of p, such that in the coordinate system (¢, ...,t,) given by t; =
x;oy~1, the function f is given by (tx41, ... » £,,) (that is, for v € V;, we have f(v) = (tx41(V), ..., t,,(V))).
Moreover, the functions (¢, ..., t;) parameterise the submanifold M on the open subset MNV of M:

8At least continuously differentiable, but many texts automatically assume infinitely differentiable.
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if (1, ..., 0, ...,0) € RE N U, and we set ¢(ty, ..., t;) = ¥(tq, ..., t, 0, ...,0) then ¢(ty, ..., ty) EM NV
andifu € MNVthenu = ¢(t, ..., t;) fort; = x; 0 p~L.
O

Remark 4.4. The Implicit Function Theorem shows that, at least locally, a submanifold M can
be viewed as the graph of a €! function. To put it another way, let us define a k-dimensional
subgraphold® of a normed vector space X to be a subset M C X such that, for any point a € M,
there is an open neighbourhood U of a together with a decomposition X = X; @ X, with dim(X;) =
k, and a function ¥ € CY(U n (a + X;),V,) such that M n U = I'(y), where I'(p) = {(v,¥(v)) : v €
U N (a + V})} is the graph of ¢. In this terminology, the previous discussion shows that that any
k-submanifold of X is a k-subgraphold. In fact the converse is also true: indeed, as we show in
Lemma 4.7 below, if V = V; @ V, and ¢ € C(Q,, V,) for some open subset Q; C V; of V;, then I'(¢),
the graph of ¢, is always a submanifold of V.

Thus the two notions - that of submanifold and subgraphold are equivalent, and we can use
either local description to study submanifolds. One advantage of the definition in terms of level-
sets is that it does not require introducing an auxiliary decomposition of R” into a direct sum.

*Remark 4.5. Our definition of a k-dimensional sub-manifold M is a subset of a normed vec-
tor space X which is locally given as a level-set for a C'-function f taking values in an (n — k)-
dimensional vector space Y for which D f, hasrank n—k. Theorem 4.3 shows that, if M is a subman-
ifold, then M is locally given as the image of a !-map 3 from an open subset V of a k-dimensional
normed vector space Z, where Dy has rank k. This is, a priori strictly weaker, since the domain V
isnot identified with an open subset of a subspace X; of X in such a way that the image of ¢ takes
values in a complementary subspace.

Nevertheless, it turns out to be true that if M C X islocally given as the image of an injective €!-
map from a suitable open subset V of a k-dimensional normed vector space Z whose derivative has
rank k at each point of V, then M is a sub-manifold in the sense of Definition 4.3: More precisely,
if V € R¥ is an open subset of R¥ and 3 € €'(V, R") we say that 3 is an immersion if rank(Dy,) = k
for all p € V. The immersion criterion states that a subset M C R" is a k-submanifold in the
sense of Definition 4.2 if, for every a € M there is a neighbourhood U, of a, and an immersion
P € CY(B(0, 1), R™) from an open ball of radius r > 0 centred at 0, € R such that {(0;) = a and
M n U, = im(3h). For more details on this see Appendix 5.5.

Example 4.6. Suppose that g: R? — R is given by g(x;,x,) = x;X,. Then Dg(x, x,) = (x2,%) and
hence rank(Dg(y, ,)) = 1 unless (x;,x,) = (0,0). Then for all ¢ # 0, the level-sets L, = g 1(c) are
smooth 1-submanifolds of R?, but L, = g~}(0) = {(x,0) : x € R}u{(0,y) : y € R}, which is not
smooth at the origin (0, 0), exactly the point where Dg fails to have maximal rank.

On the other hand, if V; and V, are normed vector spaces and ¢ € C}(U, V,) is a continuously
differentiable function on an open subset U of V} taking values in V,, then if we set

I@}) ={, @) :velicV=rel,
then the following Lemma shows that I'(¢) is always a submanifold of V.

Lemma 4.7. Let X;, X, be finite-dimensional normed vector spaces, and suppose that ¢ € C1(Q;,X;)
is a continuously differentiable function on an open subset Q; of X; taking values in X,. Then the
graph T(®) = {(v, (V) : v € Q;}is a submanifold of X = X; & X,.

Proof. Letg: Q; X X, — X, be given by g(v) = 7, — ¢ o m,;, where 7, 7, are the projection maps
from X to X; and X, respectively. That is, g(vy,v,) = v, — P(v;) for all v; € Q;, v, € X,. Clearly
g € CH(Q; X X;,,X,) and (vy,v,) € I'(Y) if and only if g(v,,v,) = 0. Moreover, if a = (a;,a,) € Q; X X,,
then Dg (g, q,)(V1,02) = =Dy, (V1) + v,. Hence for any v, € X, we have Dg,(0,v;) = v, so that the
derivative Dg(,, 4,) is surjective for all a € Q; X X,. Thus I'(¥) is a k-submanifold of R", where
k = dim(X;). |

The term is completely non-standard, and therefore, to honest, deliberately chosen to be clunky.
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Example 4.8. The simplest case of the previous Lemma is when V; = R" and V, = R, so that
CY(U,V,) = CY(U,R) is just the space of real-valued continuously differntiable functions on an
open subset U of R". If f is such a function, we can then view I'(f) = {(x, f(x) : x € U} as a subset
of R*"*1 = R"@R. Writing a point in R"*! as (x, y) where x € R" and y € R, we see immediately that
L(f) ={(x,y) € UXR : g(x,y) = 0} where g(x,y) = y — f(x). Since Dg, r(x)) has Jacobian matrix

(=01f(x), ..., =0, f(x), 1), clearly Dg(y r(x)) always has rank 1, and so I'(f) is an n-submanifold of
Rn+1

Example 4.9. Suppose that n € R3 is a unit vector and
C={xeR3:x}+x3-x3=0,(nx)=d}.

Then C is a level set of the function f : R3> — R2, where f has components f;(x) = x? + x5 — x5 and
f2(x) = (n,x) = nyx; + nyx, + nyx5: indeed C = f~1({(0,d)}). Now

2x1 2x2 —ZX3
n n ns3

o, =

hence Df has rank 2 on the complement of the line R.(n;, n,, —ns). If d = 0 then clearly 0 € C and
Df, has rank 1, so we will suppose that d # 0. But then it is easy to check the line R.(n;, n,, —n;)
does not intersect the level set C, and hence Df has rank 2 at every point of C, and so C is a 1-
dimensional submanifold of R3.

Suppose we wish to parameterize the curve C. The Implicit Function Theorem in the form of
Theorem 3.24 shows that, at least locally we can write it as the graph of any one of our coordinates
X1, X5, X3. In fact, by rotating around the x;-axis, we may assume that n = (n;, 0, n3), and hence we
may write n = (cos(¢), 0, sin(¢)) for some ¢ € R. Then C is given by the system of equations:

x5 =x3 —x1 = (x3— x)(x3 + Xp),

cos(¢)x; + sin(¢)x; = d.

If cos(¢) = 0, it is easy to see that C is just one of the circles Cyy = {(x;, X, =d) : x? + x5 = d?}, so
assume cos(¢) # 0. Moreover, if cos(¢) = sin(¢) then C is clearly a parabola with parametrization
s (d;—(s/2d,)?, s, d; +(s/2d,)?), where d; = d/ /2. Otherwise, writing ¢ = d/ cos(¢) and t = tan(¢),
we have x; = € — t.x3, and hence our equations become

X3 =((14+0)x;— (1 —)x3+€) = (1 —t2)x3 + 26.t.x5 — £?

Since ¢ = d/cos(¢) # 0, then the quadratic on the right is non-negative on Iy = R\(-2,2) when
t = tan(¢) < 1 and non-negative on Iy = [-2,2] when ¢ = tan(¢) > 1. and hence we obtain a
parameterization:

C={(¢—ts,+\(Q—12)s2+2tl.s—¢25) :s€E I3}

={6(1 —t.s;, + \/(1 —12)st +2t.5 —1,8) 1 5; = €7 s € 67Ny}

Thus we obtain ellipses or hyperbolas for tan(¢) > 1 and tan(¢) < 1 respectively. The signs which
occur, as before, are determined, for example, by choosing a point p € C around which we wish
to obtain a local parameterization.

Of course the Implicit Function Theorem can also be applied starting with different local coor-
dinates at a point p € C: Indeed it might, given the nature of f, be more sensible to start with the
cylindrical polar coordinates p(r, 8, z) = (r cos(6), r sin(6), z): In these coordinates the level-set C
becomes {p € R3 : r?> —z? = 0,r cos(8) cos(¢) + z sin(¢) = d}, where p = p(r, 6, z) = (r(p), 6(p), z(p)).

Note that the derivative of f = (f}, f>) with respect to these coordinates is

D 3 2r 0 —2z
ferez —< cos(6) cos(¢) —rsin(6)cos(¢) sin(¢) )
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and so has rank 2 provided r # 0 and 8 # nz (when cos(¢) # 0),

The level set f(p) = 0 is thus parameterized by (s;,5,) — (s7cos(sy),s; sin(s,),s;) € R3, or
equivalently® (sy,s,) — p(s1,5,,51), for (s;,s,) € R2. Since the case cos(¢) = 0 is equally easy to
handle in this setting, we assume cos(¢) # 0, and again set ¢ = d/ cos(6). We then find that C can
be parameterized by s € R via

€ €
tan(¢) + cos(s)’ 5 (tan(¢) + cos(s)))'

s = p(r(s), 6(s), 2(s)) = p(

Thus recovering the polar form for the equations of a parabola, ellipse or hyperbola. One can
also determine the differential equation the function g(s) = (r(s), z(s)) must satisfy, as we did in
Example 3.4, which can be solved in this case by separation of variables.

4.2 Tangent spaces and normal vectors

We now wish to define the notion of tangent vectors and normal vectors at a point in a submani-
fold of a finite-dimensional inner product space E.

Definition 4.10. Let S be a subset of a normed vector space X and let p € S. A path on S centred
at p is a function y € C!((-r,r),X), where r > 0, such that the image of y lies in S and y(0) = p.
We write P(S, p) for the set of all paths on S centred at p. Let T : P(S, p) — X be the map given by
T(y) = y'(0). The image of T is called the tangent space to S at p and is denoted T,S.

If V is an inner product space, we can also define IZ,Sl ={neX : (nv)=0,VYv € 1,5}, the
normal space to S at p. This space is also sometimes denoted N}, S.

Remark 4.11. Note that while the normal space N,X is by definition a linear subspace of X, the
tangent space need not in general be a linear subspace (see Example 4.16). Indeed since T,S C
(T,SH)+ = N,S* with equality if and only if T,S is itself a linear subspace of X. Thus N,S* is the
smallest subspace of X containing T,S, that is, NpSl is the linear span of 7,S. We will shortly see
that 7,5 = N,S* when S is a submanifold.

Remark 4.12. Let X be a normed vector space and R C S C X be subsets. For any p € R clearly
P(R, p) € P(S, p) and hence T,R C T,S.

Slightly less trivially, if p € S and U is an open subset containing p, then T,(U N S) = T,S.
Since SN U C S, by the above we see that T,(U n S) C T,S. For the reverse inclusion, note that if
v € T,S then we may pick a path y € P(S, p) with T(y) = v. Then y is continuous, so y~1(U) is an
open neighbourhood of 0 (since y(0) = p) and so contains an open interval of the form (—s, s). Let
Ys = ¥|(=s,5)- Thenyy € P(SN U, p), and, since it is the restriction of y to an open set containing 0.
T(ys) = (75)'(0) = ¥'(0) = v, and hence v € T,(U N S).

Thus the tangent space 1,S of S at p is only sensitive to the nature of S near p. This simple
observation, along with the Chain Rule, gives us the following Lemma, which although easy to
prove, will be the key tool in calculating with tangent spaces.

Lemma 4.13. Let X and Y be a normed vector spaces and let U be an open subset of X and let S be
an arbitrary subset of X. If p € CY(U,Y),and p € UNS, thenif R C Y is such that Y(UN S) C R, and
q = Y(p), the derivative of P at p induces a map

DY, : T,S — T,R

Proof. Letv € T,S. By Remark 4.12, we may assume that v = T(y) for y € P(X n U, p). But then
Yoy € PY(UNS),b) C P(R,q), so that T( o y) € T;R. But by the Chain Rule,

T(§oy) = (o) (0) = Dy(y'(0)) = Dha(v),

so that Dy,(v) € T,R as required. O

201f z < 0 then this shifts s, by 7 from the normal convention of r > 0.
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Corollary 4.14. Let X and Y be normed vector spaces, U an open subset of X, and S any subset of X.
Suppose that € CY(U,Y) and p € U N S. Then we have the following:

1. If Dy, is an invertible linear map, then Dy, gives a bijection between T,S and TR, where q =
P(p) and R = (U N S).

2. If Y(X) = {q} then T,X C ker(Dyp).

Proof. Since Dy, is invertible, the Inverse Function Theorem shows that ¢ induces a diffeomor-
phism from a neighbourhood U; of p to Q, and open subset of W containing q = ¥(p). But then if
0: Q — U is the inverse of ¢, by Lemma 4.13 applied to 3 and 6, we have Dy, : T,X — T,Y and
Dg,: T,Y — T,X, and Dy, and DG, are inverse, the result follows.

For the second part, Lemma 4.13 shows that Dy,(T,X) C T,{q}. But clearly P({q}, q) consists of
the constant maps y which take the value g, and hence have derivative 0. It follows that T;({q}) =
{0}, and hence that T,X C ker(Dy,). m|

Example 4.15. If M is a k-submanifold of X, so that for any a € M we can find an open neighbour-
hood U of a such that U nM = f~1(0) for some f € C}(U, R"~¥) for which Df, has rank n — k for all
x € U. Using Example 4.12 and Corollary 4.14 part (2), we see that

T,M = T,(U N M) = T,(f~(0)) C ker(Df,).

If X is a subset of V and U is a neighbourhood of a € X such that X n U = f~1(0) for some
f € eY(U,R™), the containment T,X C ker(Df,) can, in general, be strict. However, when M is
a submanifold of R" locally defined by the vanishing of f, then we will shortly see that T,M =

ker(Dfy).

Example 4.16. Consider Example 4.6 again, that is, let g : R?> — R the continuously differentiable
function given by g(xy,X,) = X;.X,, and, forc € Rlet L, = {(x;,x,) € R?> : x;.x, = c¢}. Then
Dga,,a,) = (az,a;), which has maximal rank (i.e. rank 1) provided a = (a;,a,) # 0. Thus for any
a # 0, if g(a) = ¢ Corollary 4.14 shows that T,(L.) C ker(Dg,) = {(x1,x,) : ax; + a;x, = 0}, while at
a = 0 we only get the trivial bound T, L, C ker(Dg,) = R?. In fact you can check that T,L. = ker Dg,,
foralla # 0, while ata = 0, TyL, = L, giving an example where the tangent space of a level-set is
not a linear subspace.

Example 4.17. Now case where M = {x € R" : x; = 0,V] > k} and p = 0,,. Then M is defined by the
vanishing of f(x) = (xk41, ..., X,}. Thenitis clear that D f, has kernel given by spang{e, ..., ex}. On
the other hand, if v = (vy, ..., Uy, 0, ..., 0), then y(t) = t.v lies in M, and y'(0) = v, hence we see that
v € TyM if and only if Df,(v) = 0.

The above example along with the Implicit Function Theorem shows the following:

Proposition 4.18. Let M be a k-dimensional submanifold of R" and let p € M. Then if U is an open
subset of R" such that M N U = f~1(0), where f : U — R"¥ is continuously differentiable with Df,
of maximal rank for all x € U. Then we have

T,M = ker(Df,).
In particular, T,M is a k-dimensional vector subspace.

Proof. We have already shown the containment T,M C ker(Df,) in Corollary 4.14, so it remains to
establish the reverse inclusion. In the case where f = (x4, ..., X,) this was shown in the previous
Example, but the Implicit Function Theorem shows us that, for any point p € M, we can find a
diffeomorphism ¢ : V — U from an open neighhourhood V of 0,, to an open neighbourhood U of
ptaking NNVtoMnNU where N = {x € U : (Xg41>---»Xn) = 0,_r}. The result then follows from
Lemma 4.13. O
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Using the notion of gradient vector fields, we can also describe the normal space ZI;,Ml of a
k-dimensional submanifold:

Proposition 4.19. Suppose that M is a k-dimensional submanifold and p € M. If U is an open neigh-
bourhood of p such that MNU is given by f~1(0) where f : U — R" ¥ is a continuously differentiable
function, then if f = (fi, ..., fu—_x) we have

TpMJ' = SpanR{vfl(p): oo V(D))
In particular YE,Ml is a vector space of dimension n — k.

Proof. By Proposition 4.18, the tangent space T,M = ker(Df,) is a k-dimensional subspace of R".
Let f = (fi,..., fu—x) andlet N = spang{V fi(p), ..., Vf_k(p)}, an (n—k)-dimensional subspace. Now
the rows of the Jacobian matrix of Df, are given by V f;( p)T, so that

n—k

Dfp(0) = > (Vfi(p) - v)e;

i=1

It follows that v € T,M if and only if v € N*. Thus T,M = N* and hence N = T,M* as required
(since, for any subspace W of an inner product space V we have (W)t = W). O

Example 4.20. Let S = {(x;,X;,x3) € R® : x? +2x3 — 7x3 = 1}. Then if f(x) = x? + 2x3 — 7x3, the
surface S is a level-set of f. Since V f(x) = (2x;, 4x,, —14x5), the function f has maximal rank (i.e.
rank 1) everywhere except 0, and since 0 ¢ S, it follows that S is a 2-dimensional submanifold of
R3. The tangent and normal spaces to S at a point a = (a;, a,, a;) is then

T,S = {v = (v1,0,,03) € R : 2a,.0; + 4a,.v, — 14a3.v; = 0},
T,S* = {1.(2a,,4a,,-14a3) : 1 € R}

Example 4.21. Let O,(R) = {X € Mat,(R) : X.XT = I,} be the orthogonal group, the group of
linear isometries of R" (equipped with the ||.||;-norm). We claim this is a smooth submanifold of
Mat,(R) of dimension n(n — 1)/2.

Now the definition of O,,(R) shows that it is a level-set of the function q(X) = X.XT, which has
entries which are degree two polynomials in the entries of X. Thus q(X) is clearly continuously
differentiable, and moreover Dqx(H) = X.HT + HXT, since

qX+H)=X+H).X+HT"=qX)+HXT+XH' + HHT,

and |[H.H ||, < ||H||w-IHT || so that |H|ZH.HT — 0as H — 0 (since clearly HT — 0as H — 0).

Now (X.XT)T = X.XT, so the image of q lies in the linear subspace S(R") of symmetric matrices
in Mat,(R), which is a subspace of dimension n(n + 1)/2. Thus it will follows that O,(R) is a sub-
manifold of dimension n(n — 1)/2 if we can show that Dqy is a surjective linear map from Mat,,(R)

to S(R™). But if C € S then (CX)T = XT.C = X~1.C, so that
1 1 - 1

so that Dq is surjective as required.

The group O,(R) is thus what is known as a Lie group. Its tangent space at the identity I, is
denoted by 0,(R). Explicitly this is ker(Dq;,) = {H € Mat,(R) : H+ H T = 0}. It carries a kind of
non-associative product, called a Lie bracket: If H,, H, € 0,(R) then you can check that [H;, H,] =
H,H,—H,H, € 0,(R). The Lie algebra structure gives a kind of “infinitesimal” or deriviative of the
group structure on O, (R). This is studied in detail in courses in Part C.
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Remark 4.22. Now that we have the language of tangent spaces and submanifolds, we can rein-
terpret the theory of Lagrange multipliers in more geometric terms: if U is an open subset of a
normed vector space X and f € €!(U,Y) is a constraint function and we seek to minimize g(x) on
thelocusC ={x e U : f(x) =0}

If a € C and Vg, has a non-trivial component in T, C, then the same argument as the one used
in Lemma 3.30 shows that a cannot be a local minimum (one must use a path y centred at a lying
on S which has T(y) equal to the projection of Vg, onto T,C, but with this extra detail the same
strategy works). It follows that a necessary condition for a € C to be a local minimum is that Vg,

isnormal to C at a. Provided that Df has maximalrankon C, if f = Zle fi-w; for{wy, ..., wy} some
basis of Y, then Proposition 4.19 shows that this is equivalent to Vg, € Span{Vf;(a) : 1 <i < k},
and so we recover the theorem on Lagrange multipliers.

4.3 *Abstract Manifolds

Suppose that M is a k-dimensional submanifold of R”. If V is an open neighbourhood of a point
p € M, then there is an open subset of R"” with V = M n U. Shrinking V and U is necessary, we
can find a diffeomorphism ¢ : B(0,r) — U such that %(V n (R¥ @ 0,,_x)) = M n U. If we write
Y~1(x) = (t1, ..., ty), thenif f: M N U — R is any function, we may define f : U — R by

f(x) = fo(@(ty, ..., tx,0,...,0)).

If x € M N U then f(x) = f(x), so that f extends f to a function on U an open subset of R". We
then say that f is @! at x € M N U if f is. Using the chain rule, one can check that this definition is
independent of the choice of diffeomorphism . In effect, f is differentiable at x e M N U if it is
differentiable as a function of the parameters (¢, ..., t;). Thus the crucial fact is that we can equip
M, at least locally, with “C!-coordinates”.

There is a notion of an abstract differentiable k-dimensional manifold: This is a topological
space M, equipped with a collection of “charts” {¢;: U; — V; : i € I}, where the collection
{V, : i € I} forms an open cover of M (that is, M = UieI V; and each V; is an open subset of M)
the U; are open subsets of R¥, and the ¢; are homeomorphisms. The charts allow us to say when
a function f: M — R is continuously differentiable: if x € M, we say f is differentiable at x € M
if f o 1; is differentiable at ¢;!(x), where i € I is such that x € V;. In order for this definition to
be consistent, the charts must satisfy a compatibility condition: if x € V; n V; lies in the image
of two charts ¢; and 3; we need f o 3; to be differentiable at ¥7!(x) if and only if f o P; is Cl at
7' (x). But by the chain rule, this follows if ;' o ¢; : U; N U; = U; n U} is diffeomorphism, and
this is exactly the compatibility condition which is imposed. Abstract differentiable manifolds
are studied in the Part C course ”Differentiable Manifolds”.
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5 Appendix

5.1 Notation: o and O

Definition 5.1. Let X and Y be normed vector spaces. Let N(X, Y) be the vector space of functions
f: D - Y whose domain of definition D C X is a neighbourhood of 0x and let Ny(X, Y) be the
subspace of V(X,Y) consisting of those functions f € N(X,Y) which are continuous at 0x and
satisfy f(0x) = Oy. Note thatif f: D; » Y and f,: D, — Y, then their sum f; + f, is only defined
on D; N D,, but this is still a neighbourhood of 0y, so that N(X,Y) is indeed a vector space. In
fact, the same observation shows that if c € M(X,R) and f € N(X,Y) thenc.f € N(X,Y), and if
feNy)X,Y)soisc.f.

If g is a non-negative function in N(X, R) then we will write Oy(g) for the subspace of N'(X, Y)
consisting of those functions f : D — Y for which there exists a constant C > 0 and an open ball
B(0x,r) € D such that

IfGOll < C.g(x),  Vx € B(Ox, ).

Note that if g € NV (X, R) it follows that f € N (X,Y) also, that is if g € N (X, R) then Oy (g) C
No(X,Y).

Similarly we write oy(g) for the subspace of N(X,Y) consisting of those functions f: D - Y
for which, given any € > 0, there is some § > 0 such that for all x € B(0x, §) we have || f(x)| < e.g(x).
If gisnon-vanishing in a neighbourhood of Ox (except perhaps at Oy itself) then this is equivalent
to the condition that

o L _

x—0x g(x)

Notice that, again assuming g is non-vanishing on B(0x, )\{0x} for some r > 0, if we set f;(x) =
g(x)7L.f(x) for x # 0 and f;(0x) = Oy, then by assumption f; defines an element of Ny (V, W), so
that we may equivalently view oy(g) as the subspace of all functions in Ny (X, Y) “divisible by g”,
that is functions of the form g.f where f € Ny(X,Y).

By a standard abuse of notation, we will write f;(x) = f,(x)+0y(g) to mean f;(x)— f,(x) € oy(g),
and similarly for fi(x) = f,(x) + O(g). Note that if the target space Y is clear from the context, we
will omit the subscript Y and simply write o(g) or O(g).

Remark 5.2. Note that the functions in Oy(g) can, informally, be considered as those functions
f(x) for which f(x) - 0y as x — 0x “at the same (or faster) rate” as g(x) — 0, while the functions
in oy(g) tend to 0y “faster” than g tends to 0.

Exercise 5.3. An easy case to consider is when g is continuous and g(0) > 0. Show that in this case
f € Oy(g) precisely if it is bounded near 0y, while f € oy(g) precisely when f(x) — 0y as x — Ox.
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5.2 Strong differentiability and continuity of partial derivatives

Definition 5.4. If X and Y are normed vector spaces and f: U — Y is a function defined on an
open subset U of X, then we say that the linear map T € £(X,Y) is the strong partial derivative of
f at a(or, in the case Z = X, simply the strong derivative) if, for h € Z,

IfF G+ h) — fO) = TR
(il

—0as|x—a|+ k| — 0.

That is, given € > 0 thereisa d > 0 such thatif x,x+ h € B(a,d) then | f(x+h)— f(x)—T(h)| < ¢||A]|-
Note that the existence of a strong derivative at a point a € U, unlike in the case of the Fréchet
derivative, implies that f is Lipschitz continuous in a neighbourhood of a € U.

Lemma 5.5. If X and Y are normed vector spaces, Z a subspace of X and f: U — Y is a function
for which 0 f is defined on U and is continuous at a € U, then 0 f, is the strong partial derivative
of fata.

Proof. Pick r > 0 such that B(a,r) C U. Then if x,y € B(a,r) the line segment [x, y] C B(a,r) also,
and we may apply the Mean Value Inequality to the function h — f(x + h) — 3, f(a)(h) we see that

IfCx+h) = f(x) = Dfg(WI < sup |[Df; — Dfallolhll-

z€[x,x+h

Now since Df is continuous at a, we may make ||[Df, — Df,| arbitrarily small, and the result is
proved. O

Lemma 5.6. Let X and Y be normed vector spaces suchthat X = X, @ X, andlet f: U - Y bea
function defined on an open subset of X. If f is such that its partial derivatives dx, f(a) and 0x, f(a)
at a point a exist, then if either is a strong partial derivative then Df, exists. Moreover, if both are
strong partial derivatives the Df, is the strong derivative of f at a.

Proof. Suppose that dx, f(a) and dx, f(a) are strong partial derivatives of f at a and let x = (x;, x;)
and h = (hy, hy). For hy € X letni(x, hy) = f(x + hy) — f(x) — dx, f(a)(h,) and similarly for h, € X,
let 772(x, I’lz) = f(x + I’lz) — f(X) — aXZf(a)(h-z) Then if

n(x,h) = f(x + h) — f(x) = 9x, f(a)(hy) — %, f(a)(h,)
we have 5(x, h) = n,(x + hy, hy) + n1(x, h;). It follows that

InGe. W lma(x+ b Bl lhall G h)ll A
Il + IRl 72 1]l + N2l Il Al + [

Thus it follows immediately from the definition of the strong partial derivatives and the fact that

< Ml "Wl o qpatp f is the strong derivative of f at a. If we are only given that dy_f(a)
[y l+lA2]l Thal+]R2] 2

is a strong partial derivative, the preceeding argument is still valid provided we take x = a, so
that the definition of ordinary partial derivative 9, f(a) suffices to show |n;(a, h))|//|h;]| = O as
h‘l - 0. O

Corollary 5.7. Let Bx = {by, ..., b,} be a basis of a normed vector space X and let By = {xy, ..., Xy}
be the corresponding dual basis of X*. If f: U — Y is a function defined on an open subset U of
X is such that the directional derivatives 9;f := dp, f exist near a € U and all but at most one are
continuous at a then f is differentiable at a.

Proof. By Lemma 5.5, the continuity of the partial derivatives of f along the lines R.b; ensures
that 9;f(a) is a strong partial derivative. Lemma 5.6 and induction then completes the proof. O
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5.3 *Multilinear maps and higher derivatives

In this section we describe how one can understand the higher derivatives of a function f: U —
W without partial derivatives. The main point is to obtain a better understanding of the space in
which D f takes values when k > 1. Example 2.40 shows how the space £(V, £(V, R)) is equivalent
to the space Bil(V, R) of bilinear forms on V, that is functions B: V X V — R which are linear in
each factor.

There is a similar way to describe the vector space of functions in which the higher derivatives
DK f for k > 2 take values. The key point here is quite general:

Lemma 5.8. Let X,Y and Z be sets, and write F(X,Y) for the set of all functions from X to Y. Then
there is a bijection 6 : F(X,F(Y,Z)) » F(X X Y, Z) given by 6(f)(x,y) = f(x)(y), forallx € X,y € Y.

Proof. Thisis trivial to check - the inversemap £ : F(X XY, Z) —» F(X,F(Y,Z) is given by £(g)(x) =
[y gx,y)],forallx e X,y eY. O

Write VK = V x ... x V for the Cartesian product of V with itself k times, and let M*(V, W) be
the space of k-multilinear functions on V taking values in W:

MKWV, W)={f: V¥ > W : f(vy,...,v)) is linear in each v;,1 < i < k}

Example 5.9. If k = 1 then M'(V, W) is just the space of linear maps £(V, W). The space M?(V,R)
is just the space Bil(V, R) of bilinear forms on V. The determinant function, viewed as a function
on the column vectors of an n X n matrix, is an element of M"(R", R).

Lemma 5.10. Let V and W be finite dimensional normed vector spaces. For each k > 1 there is a
natural isomorphism 8 : L(V,M*Y(V,W)) - M¥(V,W), and hence if f: U — W is a function
on an open subset U of V which is k-times differentiable, we may view DX f as a function from U to
MRV, W).

Proof. Taking X = V,Y = V¥!'and Z = W in Lemma 5.8, you can check that the map 6 in the
proof of the Lemma restricts to give the required isomorphism 9,. The final part of the Lemma
then follows by induction on k. O

Thus we see that the higher derivatives D¥f can be viewed as functions on U taking values
in M*(V, W), the space of k-multilinear functions on V taking values in W. Arguing essentially
as we do in Example 2.40, it is possible to check that, if {w,, ..., w,,} is a basis of W, and we write
f = Zzl fiw;, so that the f; are the components of f, and {e,, ..., e,} is as before the basis of V,
then

Dkfi(eh, ,ejk) = aocfi’
where a = (i, jk—1» -+ » J1)-

Proposition 5.11. Let V, W be normed vector spaces, let U be an open subset of V,and let f: U —
W. Then f € CX(V, W) if and only if the higher total derivative

Dff: U - M*(v,w)

exists and is continuous. Moreover f is smooth if and only if all of the higher total derivatives D f*
exist.
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5.4 *Symmetries of higher derivatives

The multivariable calculus result on the symmetry of the mixed partial derivatives is just the
statement that the Hessian matrix of D?f is symmetric which implies that D?f, is a symmetric bi-
linear form, thus the symmetry of mixed partial derivatives can be reinterpreted in a coordinate-
free way, namely that D?f,(v;,v,) = D?f,(v,, vy) for allvy, v, € V. An advantage of this formulation
is that the famous “symmetry of mixed partial derivatives” obtains a natural invariant formula-
tion, and moreover the symmetry holds as soon as the “total” second derivative exists, which is
a weaker hypothesis than the classical one (which requires all second partial derivatives to exist
and be continuous®!).

We first need the following a simple Lemma. It is the analogue of the fact that,ifa: V - R
is a linear functional, and a = o(||x|) then a = 0, as one readily sees by considering the operator
norm of «a.

Lemma 5.12. Supposethat §: VXV — Risa bilinear map and suppose that (v, w) = o((||Jv||+|w])?).
Then 3 = 0.

Proof. Since f is bilinear, it suffices to show that 5(v,,v,) = 0 for any v, v, € V with |Jv,|| = ||Jv,] =
1. Thus we fix unit vectors vy, v, € V. But now, for s € R,
Blvys0) | S J1oe
(Isv1ll + lIsv,])? (25) 47

while (||svq || +]|sv,]))? = 4s* - 0ass — 0. Thusif f(vy, v,) is o(||v; |2 +]|v,]|?) we must have B(v,,v,) = 0
as required. O

The previous Lemma is the key to proving that D?f, is a symmetric bilinear form. (In examining
the proof of the next result, it may be worth noting that the linear analogue of the previous Lemma
is one way to see that the derivative Df, is unique).

Proposition 5.13. Let U be an open subset of a normed vector space V. If f . U — R is twice differ-
entiable at a € U, then viewing D*f as a bilinear form on V we have D*f,(v,,v;) = D*f,(v;,0,).

Proof. Note that, in order for D?f to be defined, we must have f differentiable in a neighbourhood
of a, and Df is continuous at a since it is differentiable at a.

Fix r > 0 such that B = B(a,r) C U such that Df is defined for all x € B(a,r). Consider the
function A: B X B — R given by

A(hk) = fla+h+k)— f(a+h)— f(a+k)+ f(a).

Note that A has the virtue of being symmetric, that is A(h, k) = A(k, h), but, unlike D?f(h, k) it is
not bilinear in h and k. The idea of the proof is to compare the two when (h,k) € V @ V is very
small. Thus, fixing h for the moment, consider

Ji(k) = A(h, k) — D*fy(h, k)

Now, noting J;(0) = 0, and writing i,(D?f,) for the linear functional k — D?f,(h, k), we can apply
the Mean Value Inequality 2.25 to J to obtain

I GON < Ik Sup ID fasnstk = Dfarek = in(D*fa)lloo CRY)
Now as Df is differentiable at a, we may write

Dfysik = Dfy + ik (D fy) + Itk (tk),
Dfasnstk = Dfa + insi(D?fo) + |1 + tklley (h + tk).

*1This is, unsurprisingly, reminiscent of the relationship between the total derivative and continuity of the partial
derivatives.
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where ¢;(x) — 0 as x — 0. Hence we see that

D farntik = Dfarek = in(D? fo) = IIh + tklley (h + th) — ||tklley (k).

so that, in particular, if we let €,(h, k) = sup{|le;(s.h + t.k)| : 0 < s,t < 1}, then e5(h, k) = €,(k, h) and
e,(h, k) - 0as (h,k) - 0 and

IDfarnstk = Dfarex — in@ Nl < (IAll + [Ik]D-e2(h, k).
Thus returning to the inequality (5.1), we see that
()l = [ACh, k) = D f(h, k)| < [IKk|l-(l~]| + [Kk])-€2(h, k).

But carrying out the same analysis for J,(k) = A(k, h) — D*f(k, h) we see that ||A(k, h) — D?f(k, h)| <
Rl(IA]l + |kl)-€2(k, h), and hence if we let

B(h,k) = D? fy(h, k) — D* fy(k, h),
we see that § is a bilinear form which, by the symmetry of A(h, k), satisfies:
18R, Il < ID? fo(h, k) = A(h, K| + lA(k, h) — D2 fy(k, WI| < (IRl + [IK])*ex(h, k). (5.2)
But now Lemma 5.2 shows that § = 0 and hence D?f, is symmetric as required. O

Remark 5.14. Using induction, it is straight-forward to use the previous Theorem to see that,
whenever they exist, the higher derivatives D¥f, as symmetric k-multilinear forms.
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5.5 *The immersion criterion for a submanifold

For completeness, we include here a proof of the equivalence of the definition of a submanifold
given in Remark 4.5 with that given in Definition 4.2. In fact we prove something slightly stronger,
giving a condition for the image of an injective immersion to yield a submanifold.

Proposition 5.15. Let V be a n-dimensional normed vector space, and let 0, denote the origin in R,
Suppose that M C V is such that, for some a € M, there exists

e an open neighbourhood U, of a;
« aninjective function® € C'(B(0x,R), V) whose derivative D1, is injective for every x € B(0, R);
e anr € (0,R) such that P(B(0,7),0r) = (U N M, a).

Then M N U, is a k-dimensional submanifold of V, and hence if the above conditions hold for all
a € M then M is a submanifold of V.

Proof. If suffices to show that (B(0,r)) is a k-submanifold of V. Suppose p € ¥(B(0k,r)). Then
since 7 is injective, there is a unique q € B(0k,r) such that ¥(q) = p. Let V} = im(Dy,), and
pick a complementary subspace V, of V;in V,sothat V = V; @ V,. Leti,: V, — V denote the
inclusion map. Let ¢ € CY(B(04,r) X V5, V) be given by ¢(x,v) = ¥(x) + i,(v). Since i, is a linear
map, Dgq,0) = D¢q + i, and hence Dy, o) is an isomorphism. The inverse function theorem then
shows that there is an open neighbourhood U, of ¢(g,0) = p and an open neighbourhood Q; XQ, C
B(0,r)x V; of (q,0) such that g restricts to a diffeomorphism from (Q; X Q,, (g, 0)) to (U,, p). But now
ifé e (?l(Up, R¥x1,)is the inverse of P|a,xQ,> and we write 6 = 6, @6, as the sum of its components
in R* and V, respectively, so that 8, € G’l(Up, V,), it is easy tosee M N U, = 651(0), and that that
D6, , = m,, where 7, : V — V, is the projection map with kernel V;. It follows immediately that
D6, , hasrank dim(V}) = n—k, and hence, since p was arbitrary, that (B(0, r)) is a k-submanifold
as required. O
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5.6 *Normed vector spaces: duals and quotients
5.6.1 Bounded linear functionals

In Theorem 2.25, we assumed the differentiable function f: U — Y was a map between inner
product spaces. In fact the proof only requires that Y is an inner products space: the goal of the
theorem is to bound the length of a vector y € Y (where in the theorem y = f(z,) — f(z;)). The
functional §,, : Y — R given by §,(x) = (y, x), i.e. taking the inner product with y, allows us to map
our problem in Y to the real line in such a way that §, never increases the length of a vector (that
is|6,(z)| < ||z is length preserving for vectors parallel to y, thus any bound we can calculate such
as 6(v) < 6(z) immediately implies that |v| < ||z]|.

Thus to use the same strategy of proof for an arbitrary normed vector space Y, one would
need, for any vector z € Y, a linear functional 7: Y — R with the property that |7, = 1 and
n(z) = |z||. In fact, as we now show, one can prove that such functionals always exist for any
normed vector space. Indeed if you have a functional #: Z — R defined on a subspace Z of Y,
then we say that a functional § : Y — R is a norm-preserving extension of  if §(z) = n(z) for all
z € Z and ||6]le = |IMlle- If we take Z = R.z and 7 the linear functional defined by 7(z) = ||z|, then
if § is a norm preserving extension of 7 it has the properties we required above. The next Lemma
shows that norm-preserving extensions always exist when Y is finite-dimensional®?

Lemma 5.16. Suppose that X is a finite-dimensional normed vector space and Z is a subspace of
X. If nz: Z — R s a linear functional on Z, then there is a functional 6 : X — R which satisfies
8(z) = n(z) for all z € Z. In other words 7 can be extended to a linear functional on X without
increasing the operator norm.

Proof. We use induction on n = dim(X). If dim(V) = 1, then its only subspaces are {0} and itself,
and in each case the result is trivial. If dim(V) = n > 1 and Z < X is a subspace, thenif Z = X
there is nothing to prove, while if Z < X, we may find a hyperplane H with Z < H < V, and by
induction, there is a norm-preserving extension of d to H, hence replacing Z with H if necessary,
we may assume Z is codimension 1 in X.

Rescaling 7 if necessary, we may assume that |7, = 1. Pick u € X\Z, so that X = Span{Z,u} =
Z@®R.u. Any § : X - R which restricts to 7 on Z is then determined by its value on u, say 6(u) = 4,
and the condition that ||6]|,, = 1 is

6z +tu)|=nz)+tA LZ|z+tu|, ViteR,zeZ

This is automatic if t = 0, while if t # 0, we may divide through by it to see that our condition is
equivalent to [§(z) + 4| < ||z +u| forallz € Z.

Rearranging, this becomes 4 € I, for every z € Z, where I, = [—|z + u| — n(2), ||z + u| — n(2)].
Thus we need the intersection of the closed intervals I, over all z € Z to be non-empty. But this
follows precisely when, for any z;,z, € Z, the lower end-point of I, is always at most the upper
limit of I, , that is, if and only if for all z,, z, € Z we have

=llzy + ull = n(z1) < |22 + ull = n(z2)
But thisisjust §(z,—z;) < ||z; +u||+ |z, +u|, and since » has norm 1 we have [n(z,—z;)| < [|z,—z;|| <
|z> + u|l + ||z; + u|| as required. O
5.6.2 Quotients and normed vector spaces

If (V,].]) is a normed vector space, then any linear subspace F clearly inherits the structure of a
normed vector space: the norm ||| restricts to a norm on F. A somewhat more delicate question

*2The result (if you believe in the axiom of choice) holds for arbitrary normed vector spaces, and is called the Hahn-
Banach theorem. It is important because it is a basic tool allowing one to build bounded linear functional having
desirable properties.
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is whether the quotient vector space V/F inherits a norm. The first question is to decide what
the notion of a norm on V/F should be? A natural suggestion is to consider how close the affine
subspace x + U comes to the origin in V. This leads to the definition of the function

x+F  inf{||x +v| : v € F}L

Notice that while we might expect there to be a ”closest point” on x + F to the origin?3, it is not
necessary to determine whether or not that is indeed the case in order to check this gives a norm
on V/F, provided the subspace F is a closed subset of V.

Lemma 5.17. Let X be a normed vector space and let F be a closed subspace, that is, a linear sub-
space which is also a closed subset of X. The the quotient vector space X/F inherits a norm:

|x+F| :=inf{|x +u| : u € F}.
Moreover, the quotient map q . X — X/F is bounded, with ||q||o, < 1.

Proof. For any x € X we have ||x + F| = inf,cr |x — u|| = 0 if and only if x is a limit point of F, thus
since F is closed ||x + F|| > 0 for all x with equality if and only if x + F = 0 + F. Now suppose that
A€ R.IfA=0then ||A.x+ F|| = |A].|x + F|| = 0, while if 1 # 0,

|A.x + F|| = inf |A.x + u|| = inf |A|.||x + A u|| = |4] inf [|x + uy| = |A].]x + F||
ueF ueF u,eF

For the triangle inequality, suppose x + F,y + F € V/F. By the approximation property, for any
€ > 0, wemay find u;,u, € Fsuchthat |x + F|| < |[x+uy|| < [|[x+ F|| +¢,and |y + F| < |ly + up]| <
|y + F|| + €. But then since u; + u, € F, by definition we have

1Ce+y) + Fl < MI(x + y) + (uy + up)|| = [I(x + up) + (v + )
<x+wll +lly + uall < (lx + Fl +€) + (ly + Fll +€)
= [lx + Fll + |ly + FIl + 2e,

and since this holds for any € > 0, it follows that ||(x + y) + F|| < ||x + F| + ||y + F||, as required.
Since ||q(x)| = inf,er ||x + u|| < [Ix + 0| = ||x|| we have ||q||, < 1, which completes the proof. O

The quotient construction for normed vector spaces in fact gives another approach to The-
orem 1.17, as we now show: The key point is that, proving the statement by induction on di-
mension, it follows by the same argument used to prove Corollary 1.18 that subspaces of a finite-
dimensional vector space are necessarily closed, hence any quotient is again a normed vector
space.

Proposition 5.18. Let V and W be normed vector spaces and suppose that dim(V) < co. Then any
linear map a: V —» W is automatically bounded, that is B(V,W) = L(V,W).

Proof. We use induction dim(V). In the case dim(V) = 1, pick a vector e € V of norm 1. Then
for any v € V, we have v = #|v||l.e and hence ||a(v)|| = ||a(e)|.||v||, so that ||a|, = ||a(e)], and « is
bounded as required.

Next note that, for any given finite-dimensional vector space V, the statement of the propo-
sition follows from the case W = R, i.e. where o € V* is a linear functional. Indeed if dim(V) = n
then dim(a(V)) = m < n, hence we can pick a basis {w;, w,, ..., w,,} of a(V), and if, forv € V we
definea;: V - R by a(v) = Zl":ll a;(v).w;, then the functions ¢; are linear and «a is continuous if
each q; is. Indeed

lec()]| < D7 e () lwill < (Z ”‘xi”oo-”wi”) [vfl-
i=1 i=1

2This is always true if F is finite-dimensional, but is in fact not necessarily the case when F is infinite-dimensional.
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where the second inequality follows from the definition of the operator norm.

Now suppose that n = dim(V) > 1, and that, by induction, we know any linear map whose
domain is a normed vector space of dimension less than n must be bounded. Let U < V be a
subspace of V of dimension k < n. Picking a basis {u,, ..., u,} of U defines a linear isomorphism
¢: R¥ - U where if x = (x;, ..., X;) € R¥ then ¢(x) = Zle x;u;. By our inductive hypothesis, ¢ is
a topological isomorphism, and hence since R¥ (viewed as a normed vector space using the ||.|,
norm) is complete, so is?* U. It follows that U must therefore be closed in V.

But now it is easy to see that any linear functional & € V* is continuous: if @ = 0 it is clearly
continuous, so we may assume a # 0. But then H = ker(«) is an (n — 1)-dimensional subspace
of V, and hence as noted above H is closed. Now by Lemma 5.17, the norm on V induces one on
V/H and it is then immediate that the quotient map q: V — V/H has operator norm ||q|l,, < 1. But
the functional a can be written as the composition a = & o q, where & : V/H — R is the injective
linear map induced by a on V/H. Now as dim(V/H) = 1 we know & is bounded, and hence by the
submultiplicativity of the operator norm, « is bounded as required. O

Remark 5.19. This proposition shows that the topology J induced by any norm on a finite di-
mensional vector space is independent of the choice of norm. In fact, with a bit more thought it
follows that this topology is determined by the linear functionals on V: it is the topology gener-
ated by the condition that every linear functional on V is continuous.

24Note that while completeness is not invariant under homeomorphism, continuous linear maps are Lipschitz con-
tinuous, and Lipschitz continuous functions preserve Cauchy sequences.
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