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P Teface. The purpose of these lecture notes is to provide an introduction to computational methods
for the approximate solution of partial differential equations (PDEs), by focusing on the construction
and the mathematical analysis of the conceptually simplest class of algorithms, finite difference methods
for second-order elliptic partial differential equations, initial-boundary-value problems for second-order
parabolic equations, and first- and second-order hyperbolic partial differential equations. Only minimal
prerequisites in differential and integral calculus, mathematical analysis and linear algebra are assumed.

The notes begin with some basic background from the theory of function spaces that are required in
the mathematical analysis of numerical methods for PDEs. The rest of the course focuses on classical
techniques for the numerical solution of boundary-value problems for second-order ordinary differential
equations and elliptic boundary-value problems, in particular the Poisson equation in two dimensions. Key
ideas include: discretization using the finite difference method, stability and convergence analysis, and the
use of the discrete maximum principle. The remaining lectures are devoted to the numerical solution of
initial-boundary-value problems for second-order parabolic and first- and second-order hyperbolic partial
differential equations with topics such as: approximation by finite difference methods, accuracy, stability
(including the Courant—Friedrichs—Lewy (CFL) condition) and convergence.

Syllabus and course structure
Part 1. Overview of the lecture course and motivating examples from various applications in the sciences.
Basic background from the theory of function spaces.

Finite difference approximation of two-point boundary-value problems for second-order ODEs. Mesh-
dependent inner-products and mesh-dependent norms. Discrete Poincaré—Friedrichs inequality.

Stability, consistency and convergence of finite difference approximations of two-point boundary-value
problems.

Part 2. Second-order linear elliptic boundary-value problems and their finite difference approximation:
uniform meshes on axiparallel domains; nonuniform meshes on nonaxiparallel domains.

Discrete maximum principle; stability and convergence in the discrete maximum norm.
Discrete energy estimates; stability and convergence in discrete Sobolev norms.

Iterative solution of systems of linear equations arising from the discretization of second-order linear
elliptic PDEs: linear stationary iterative methods.

Part 3. Second-order parabolic initial-value problems and their finite difference approximation: spatial
semi-discretization via the method of lines; fully discrete explicit and implicit schemes.

Discrete Fourier analysis of finite-difference approximations of initial-value problems for second-order
linear parabolic PDEs: the Courant—Friedrichs—Lewy (CFL) condition.

Finite difference approximation of initial-boundary-value problems for second-order parabolic PDEs.
Discrete maximum principle for finite difference approximations of initial-boundary-value problems for
second-order parabolic PDEs; stability and convergence in the discrete maximum norm.

Discrete energy norm estimates for finite difference approximations of initial-boundary-value problems
for second-order parabolic problems: stability, consistency and convergence.

Part 4. Finite-difference approximation of second-order linear hyperbolic equations.

Discrete energy estimates for second-order hyperbolic problems: stability (including the CFL condition),
consistency and convergence.

Finite difference approximation of linear first-order hyperbolic equations: stability (including the CFL
condition), consistency and convergence.

Finite difference approximation of nonlinear first-order hyperbolic conservation laws with convex nonlin-
earities. The first-order upwind scheme: boundedness of the sequence of approximate solutions in the
discrete maximum norm.
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A note about the problem sheets

There are 4 problem sheets and 4 intercollegiate classes associated with the lectures. Each problem sheet
is divided into three sections: A, B and C.

e Section A covers a mixture of background material and examinable material. Section B covers
examinable material. Section C contains more challenging questions.

e Sections A and C will not be marked and solutions to questions appearing in these sections are
provided to the students. Solutions to questions from Sections A and C will not, normally, be
discussed in the classes.

e Section B contains questions on core material; these are of suitable length for the students to
attempt in up to 8 hours, for a teaching assistant to mark in 20-30 minutes, and for the class tutor
to present in a 90-minute class.

Which lecture videos to watch before attempting the problem sheets?

Problem sheet 1: Watch lecture videos 0, 1, 2, 3;
Problem sheet 2: Watch lecture videos 4, 5, 6, 7;
Problem sheet 3: Watch lecture videos 8, 9, 10, 11;
Problem sheet 4: Watch lecture videos 12, 13, 14, 15, 16.

About these lecture notes

These lecture notes will be updated regularly during Michaelmas Term. If you notice any typographical
errors or inaccuracies, please report them to me by email.



Introduction

Partial differential equations arise in mathematical models of numerous phenomena in science and Lecture 1
engineering, and they also frequently occur in problems that originate from economics and finance. In
most cases the equations concerned are so complicated that their solution by analytical means (e.g. by
Laplace or Fourier transform based techniques or in the form of an infinite series) is either impossible or
impracticable, and one has to resort to numerical techniques for their approximate solution.
These notes are devoted to the construction and the mathematical analysis of the conceptually simplest
class of numerical techniques, finite difference methods, for the approximate solution of elliptic, parabolic
and hyperbolic partial differential equations, by considering simple model problems. Preference is given
to theoretical results concerning the stability and the accuracy of numerical methods — properties that
are of key importance in practical computations.

1 Elements of function spaces

The accuracy of a numerical method for the approximate solution of partial differential equations depends
on its capability to represent the important qualitative features of the (analytical) solution. One such
feature that has to be taken into account in the construction and the analysis of numerical methods is
the smoothness of the solution, and this depends on the smoothness of the data.

Precise assumptions about the smoothness of the data and of the corresponding solution can be con-
veniently formulated by considering classes of functions with particular differentiability and integrability
properties, called function spaces. In this section we present a brief overview of definitions and basic re-
sults form the theory of function spaces which will be used throughout these notes, focusing, in particular,
on spaces of continuous functions, spaces of integrable functions, and Sobolev spaces.

1.1 Spaces of continuous functions

In this section, we describe some simple function spaces that consist of continuous and continuously
differentiable functions. For the sake of notational convenience, we introduce the concept of a multi-

index.
Let N denote the set of nonnegative integers. An n-tuple o = (v, ..., ) € N is called a multi-index.
The nonnegative integer || := a1 + - - - + «, is called the length of the multi-index o = (o, ..., ). We

denote (0,...,0) by 0; clearly |0| = 0.

Let o N o
Do (2L (2N ek
oy oz, oz{t -+ Oxp”

EXAMPLE. Suppose that n = 3 and a = (aq,a2,a3), oj € N, j = 1,2,3. Then, for u, a function of
three variables x1, x2, 3, we have that

Z D% = @ + u + Gl
= © 0x3 022019 02013
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Or102%  Or102%  Ox3
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+ Ox10290x3 023013 012073 8—96%
0
Oxj*
Let 2 be an open set in R”, and let k¥ € N. We denote by C*(Q) the set of all continuous real-valued
functions defined on € such that D®u is continuous on 2 for all & = (ay, ..., a,) with |a| < k. Assuming

We shall frequently write d;; instead of the more cumbersome expression o



that Q is a bounded open set, C*(Q) will denote the set of all u in C*(Q) such that D% can be extended
from 2 to a continuous function on €2, the closure of the set €, for all & = (s, ..., q,) with |a| < k. The
linear space C* () can then be equipped with the norm

”uHck(Q Z SUP [ D%u(
\a\<k

where z := (21, ...,7,). In particular, when k = 0, we shall write C(Q2) instead of C°(Q);

u 0) — Sup |ulx)| = max |ulx)| .
[l = sup fu(a)| = masu(z)

Similarly, if k£ =1,

lellormy = Y sup [ D%

|o¢\<1

= sup |u(x)] +Zsup
z€Q = 1 TEQ

8%

EXAMPLE. Let n = 1, and consider the open interval Q = (0,1) C R!. The function u(z) = 1/

belongs to C*(€) for all k > 0. Since Q = [0,1], it is clear that u is not continuous on €2; the same is true

of its derivatives. Therefore u does not belong to C*(Q) for any k > 0. o
The support, supp u, of a continuous function w on 2 is defined as the closure in 2 of the set

{z € Q:u(x) #0}.

In other words, supp w is the smallest closed subset of 2 such that v = 0 in Q\supp u.
EXAMPLE. Let w be the function defined on R™ by

1
w@;):{ T o] <1,

0, otherwise;

here |z| := (22 + - -- + 22)Y/2 for x € R"™. Clearly, supp w is the closed unit ball {z € R" : |z| <1}. o
We denote by CF(Q) the set of all u € C¥(Q) such that supp u C Q and supp u is bounded. Let

= C5©

k>0

EXAMPLE. The function w defined in the previous example belongs to C5°(R™). o

1.2 Spaces of integrable functions

Next we define a class of spaces that consist of (Lebesgue) integrable functions. Let p be a real number,
p > 1; we denote by L,(£2) the set of all real-valued functions defined on an open set {2 C R™ such that

/Q]u(x)]p dz < 0.

Here, z := (21,...,2,) and dz := dx; ... dz,. Functions which are equal almost everywhere (i.e., equal,
except on a set of measure zero) on (2 are identified with each other. L,(f2) is equipped with the norm

1/p
lllz, @ = ( [ tur da:) .
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A particularly important case is p = 2; then,

) 1/2
uuHm):( [ o) dx) .

The space Lo(2) can be equipped with an inner product

(u, v) = /Q w(@)o(x) da.

Clearly [Jul|p,() = (u,u)"/2.

We note in passing that a subset of R” is said to be a set of measure zero if it can be contained in the
union of countably many open balls of arbitrarily small total volume. For example, the set of all rational
numbers is a set of measure zero in R.

Lemma 1 (The Cauchy-Schwarz inequality). Let u,v € La(2); then
|(u, V)| < flull o 10|22 (-
PRrOOF. Let A € R; then,

0 <|lu+ )\UH%Z(Q) = (u+ Av,u+ \v)
= (u,u) + (u, \v) + (Av,u) + (Av, Av)
= JlullZ, ) + 2A(u, 0) + X2[0l7,q)-

The right-hand side is a quadratic polynomial in A\ with real coefficients which is nonnegative for all
A € R. Therefore its discriminant is nonpositive, i.e.,

12(u, ) [* = 4llull?, @ [v]17, ) < O,
and hence the desired inequality. O

Corollary 1 (The triangle inequality) Let u, v belong to La(Y); then u +v € Lo(R2), and

[u+0llLy0) < llullzy@) + 0llLa@)-

PrOOF. By taking A =1 in the proof of the Cauchy—Schwarz inequality above, we deduce that

lu+2l17, ) = lull?, @) + 2(u,0) + V)7,

< HUH%Q(Q) + 2”uHL2(Q)”U”L2(Q) + ”U”%Q(Q) = (Hu”Lz(Q) + HUHL2(Q))27

where in the transition to the second line we applied the Cauchy—Schwarz inequality. O

Remark The space Ly(€2) equipped with the inner product (-,-) (and the associated norm ||ul|r, @) =
(u, u)l/ 2) is an example of a Hilbert space. In general, a linear space X, equipped with an inner product

1/2

(,-)x (and the associated norm |lu||x := (u,u)y ") is called a Hilbert space if, whenever {u,,}°_; is a
Cauchy sequence in X, i.e., a sequence of elements of X such that

lim  ||u, — up|lx =0,
7, M—00

then there exists a v € X such that lim,,_o ||u — um||x = 0 (i.e., the sequence {u,,}5_; converges to u
in the norm of X).



1.3 Sobolev spaces

In this section we introduce a class of function spaces that play an important role in modern differential
equation theory. These spaces, called Sobolev spaces (after the Russian mathematician S.L. Sobolev),
consist of functions u € La(§2) whose weak derivatives D*u are also elements of Ly(€2). To give a precise
definition of a Sobolev space, we shall first explain the meaning of weak derivative.

Suppose that u is a smooth function, say u € C*(Q2), and let v € C§°(9); then we have the following
integration-by-parts formula:

/Dau(x) v(z)dz = (—1)l / u(z) D% (z) dx Va: o <k, VveCFH).
) Q

We note here that all integrals on 02 that arise in the course of partial integration, based on the divergence
theorem have vanished because v € C§°(€2). However, in the theory of partial differential equations one
often has to consider functions u that do not possess the smoothness hypothesized above, yet they have
to be differentiated (in some sense). It is for this purpose that we introduce the idea of a weak derivative.

Suppose that u is locally integrable on € (i.e., u € Lj(w) for each bounded open set w, with @ C Q).
Suppose also that there exists a function w,, locally integrable on €2, and such that

/ wo(z) v(x) dz = (—1)l / w(@) D(z)dz Vv e C(Q).
Q Q

Then we say that w, is the weak derivative of u (of order |a| = a3 + -+ - + ) and write w, = Du.
Clearly, if u is a smooth function then its weak derivatives coincide with those in the classical (pointwise)
sense. To simplify the notation, we shall use the letter D to denote both a classical and a weak derivative.
EXAMPLE Let Q = R!, and suppose that we wish to determine the first weak derivative of the
function u defined on Q by u(z) = (1 — |z|)+. Here, for a real number y, y; denotes the nonnegative part
of y, defined by y, := max{y,0}. Clearly u is not differentiable at the points 0 and +1. However, because
u is locally integrable on € it may, nevertheless, possess a weak derivative. Indeed, for any v € C§°(2),
we have that

/+OO u(x)v'(z) de = /+Oo(1 — |z])4 v (z) dz = /_11(1 —Jz|) ' (z) dz

—0o0 —0o0

_ /0 (14 2)v'(2)de + /01(1 _ 1) (2) de

-1

0 1
= —/ v(z)dz + (1 +x) v(x)|(ll + / v(z)dz + (1 —x)v(zx) :1(::0
1 0

:/0 (—1)v(x)da:+/01(+1)v(a:) dx

-1

_ / T @) o) da

—00

where

0, z< -1,

1, ze(-1,0

w(x) — 9 ( ) )7
-1, z€(0,1),
0, =z>1.
!Observe that 5 5 5 5
/—uvdm: de—/u—vdx:/ uvuids(:c)—/u Ud:c7

where v; is the i-th component of the unit outward normal vector v = (v1,...,vn) to the boundary 99 of Q. Here, the first
equality follows from the product rule for derivatives, while the second equality follows by applying the divergence theorem
to the n-component vector function (0, ...,0,uv,0,...,0) whose i-th component is uv while all of the other components are

equal to zero, and noting that div(0,...,0,uv,0,...,0) = % and (0,...,0,uv,0,...,0) - v =uv ;.



Thus, the piecewise constant function w is the first (weak) derivative of the continuous piecewise linear
function u, i.e., w = v’ = Du. o

Now we are ready to give a precise definition of a Sobolev space. Let k be a nonnegative integer. We
define (with D denoting a weak derivative of order |a| )

H*(Q) := {u € Ly(Q) : D € Ly(Q), |a] <k}.

HF(Q) is called a Sobolev space of order k; it is equipped with the (Sobolev) norm
1/2

lull gy == | D 1D%ull7, 0
| <k

and the inner product

(u,v) gr () = Z (D%u, D).
la|<k

With this inner product, H*(Q) is a Hilbert space (for the definition of Hilbert space, see the remark in

Section 1.2). Letting
1/2

ul ey = | D ID"ull3, @) ;
|a|=k

we can write
1/2

k
”UHH’c(Q) = Z W%{j(g)
j=0

|| £rx () 1s called the Sobolev semi-norm (it is only a semi-norm rather than a norm because if |u| ) =0

for u € H*(Q) and k > 1, then it does not necessarily follow that u = 0 on .)
Throughout these notes we shall frequently use H*(2) and H?().

HY(Q) = {u € Ln(Q) : 0pu = 20 € Ly(), j= 1n}
8a;j
. 1/2
lull ) = § lullZy@) + D 10xulli,@ :
=1

1/2

ulgi gy = 3 D 10s;ullF 0
=1

Similarly,

H2(Q) = {u € Ly(Q) : Oy, € La(), 02

Zi g

u € La(9), z’,jzl,...,n},

1/2

n n
HU”HZ(Q) = HU”%Q(Q) +Z HaijH%z(Q) + Z \\aﬁiij\\%2(Q) ’
j=1 i,j=1



1/2

lul gr2(q) == H 2yl T
(@) j

1,7=1

Finally, we define a special Sobolev space,
H}(Q) :={uec H(Q): u=0on 00},

i.e., H}(Q) is the set of all functions u in H!(Q) such that u = 0 on 99, the boundary of the set 2. We
shall use this space when considering a partial differential equation that is coupled with a homogeneous
(Dirichlet) boundary condition: u = 0 on d€2. We note here that H}(f2) is also a Hilbert space, with the
same norm and inner product as H*(2).

We conclude the section with the following important result.

Lemma 2 (Poincaré—Friedrichs inequality). Suppose that Q0 is a bounded open set in R™ (with a suffi-
ciently smooth boundary Q) and let u € HE(Q); then, there exists a positive constant c,(S2), independent
of u, such that

2 - 2
/Qu (x)dx Sc*;/gwmiu(:nﬂ dz. (1)

PRrROOF. We shall prove this inequality for the special case of a rectangular domain 2 = (a,b) x (c,d) in
R2. The proof for general € is analogous. Evidently,

u(z,y) = ula,y) + / Deu(e,y) dé = / deu(6,y)de, e<y<d.

Thus, by the Cauchy—Schwarz inequality,

da: dy

[
// r—a (/a |0cu(€,y)|? dg) dz dy
“{

/]uxy drdy =

IA

v —a)de </d/bragu<£,y>12 dédy>

b—a) /|8uxy)| dz dy.

Analogously,
1
/ Ju(z,y)|? dedy < 5d= 6)2/ |0yu(e, )| d dy.
Q Q

By combining the two inequalities (viz. by moving the constants 1(b— a)? and 3(d — c)? to the left-hand
sides of the respective inequalities, and then summing the resulting inequalities), we obtain

[ e ) dwdy <. [ (10t ) + 0,ule.0)) dody,
Q Q

2 2 -1
h . = . O
where e <<b—a>2+<d—c>2>



2 Elliptic boundary-value problems

In the first half of this lecture course we shall focus on boundary-value problems for elliptic partial Lecture 2
differential equations. Elliptic equations are typified by the Laplace equatim%

Au =0,
and its nonhomogeneous counterpart, Poisson’s equation
—Au = f.

More generally, let © be a bounded open set in R™, and consider the (linear) second-order partial differ-
ential equation

_ Z 8% <ai,j(x)%> +Zb¢(z)gg +c(z)u = f(z), =€, (2)
/ ! i=1 i

ij=1

where the coefficients a; ;, b;, ¢ and f satisfy the following conditions:

a,-vjECl(ﬁ), n,j=1,...,m;
b; € C(Q), 1=1,...,n;
ceC(®), feC@), and (3)

@) = ey & VE=(&,....6) ER™Y, Vo e

here ¢ is a positive constant independent of z and &. The condition (B)) is usually referred to as uniform
ellipticity and (2)) is called an elliptic equation. In the case of Poisson’s equation, for example, a; ; = d; ;
for i,7 = 1,...,n (and also b;(z) = 0 for ¢ = 1,...,n and ¢(z) = 0), and the ellipticity condition is
therefore trivially satisfied, with ¢ = 1.

The equation (2)) is supplemented with one of the following boundary conditions:

(a) u =g on 9 (Dirichlet boundary condition);

(b) % = g on 0f2, where v denotes the unit outward normal vector to the boundary 02 of €2, and
where the derivative in the direction of v is defined by % := Vu-v (Neumann boundary condition);

(c) % + ou = g on 992, where o(z) > 0 on 092 (Robin boundary condition);

(d) A more general version of the boundary conditions (b) and (c) is

n
ou
Z ai’j8—$i cosaj +o(x)u=g on dQ,
ij=1

where o is the angle between the unit outward normal vector v to dQ and the Ox; axis (oblique
derivative boundary condition).

In many physical problems more than one type of boundary condition is imposed on 992 (e.g. O
is the union of two disjoint subsets 9€2; and 02y, with a Dirichlet boundary condition is imposed on
00y and a Neumann boundary condition on 9€2). The study of such mixed boundary-value problems is
beyond the scope of these notes.

2Recall that in n space dimensions the Laplace operator A is defined by Au := giz’%‘ 44 gz—;.

7



We begin by considering the homogeneous Dirichlet boundary-value problem

_ Z < %) —I—ZZ:;bi(x) Ou

Z]_

(2)u = f(x) for x € Q, (4)

u=0 on 09, (5)

where a; ;, b;, ¢ and f are as in (3]).

A function v € C%(Q) N C(N) satisfying @) and (B) is called a classical solution of this problem.
The theory of partial differential equations tells us that (), (B has a unique classical solution, provided
that a;j, b;, ¢, f and 00 are sufficiently smooth. However, in many applications one has to consider
boundary-value problems where these smoothness requirements are violated, and for such problems the
classical theory of partial differential equations is inappropriate. Take, for example, Poisson’s equation
on the cube Q = (—1,1)" in R™, subject to a zero Dirichlet boundary condition:

—Au = sgn(3—l|z|), z€Q, } (%)
u = 0, x € 0N).

This problem does not have a classical solution, v € C?(Q) N C(Q), for otherwise Au would be a

continuous function on €2, which is not possible because sgn(1/2 — |z|) is not a continuous function on 2.

2.1 Existence and uniqueness of weak solutions

In order to overcome the limitations of the classical theory of partial differential equations and to be able
to deal with partial differential equations with “nonsmooth” data such as (*), we generalize the notion
of solution by weakening the differentiability requirements on wu; this will lead us to the notion of weak
solution. To begin, let us suppose that u is a classical solution of (@), ([B). Then, for any v € C3(€2),

_”Z:I/&EJ< i £> vdx—i—Z/ axlvdx—i-/ uvdaz—/f
Upon integration by parts in the first integral and noting that v = 0 on 92, we obtain:

ou Ov
Z/ @i axlax]d +Z/b

3,j=1

/ uvd:n—/f de Yo eCiR).

In order for this equality to make sense we no longer need to assume that v € C?(€2): it is sufficient that
u € La() and du/dz; € La(2), ¢ = 1,...,n. Thus, remembering that u has to satisfy a zero Dirichlet
boundary condition on 94, it is natural to seek u in the space H}(f2) instead, where, as in Section [[.3]

HY(Q) = {u € Lo() : 2

oz, € Ly(Q), i=1,...,n, uzOon@Q}.

Therefore, we consider the following problem: find u in H}(€2), such that

ou Ov = ou
Z/ i 8x287jdx+;/bl(az)axzvdx+/ r)uwv dr = /f z)dr Vv e CHQ). (6)

i,j=1

We note that C}(Q) C H}(Q), and it is easily seen that when u € H(Q) and v € H} (), (instead of
v € C3(Q)), the expressions on the left-hand side and right-hand side of (@) are both still meaningful (in
fact, we shall prove this below). This motivates the following definition.

Start of
optional
material



Definition 1 Let a;; € C(Q), 4,5 =1,...,n, b, € C(Q), i =1,...,n, c € C(Q), and let f € Ly(Q). A
function u € H} () satisfying

ou Ov
Z/ @i &ma%d +Z/b

1,5=1

/ uvd:n—/f dz  Yve HNQ) (7)

is called a weak solution of [{f]), (3). All partial derivatives in (7) should be understood as weak derivatives.

Clearly if u is a classical solution of (), (B]), then it is also a weak solution of (), (B]). However, the
converse is not true. If (), (B) has a weak solution, this may not be smooth enough to be a classical
solution. Indeed, we shall prove below that the boundary-value problem () has a unique weak solution
u € H} (), despite the fact that it does not have a classical solution. Before focusing on this particular
boundary-value problem, we consider the wider issue of existence of a unique weak solution to the general

problem (), ().

For the sake of simplicity, let us introduce the following notation:

0w 0
Z/ ai i 8;‘2&2dx+2/b

1,7=1

| claywnda (s)

and

_ / F(@)v(z) da. (9)
Q

With this new notation, problem (7)) can be written as follows:
find u € H}(Q) such that a(u,v) = £(v) Yv e HH(Q). (10)

Before proceeding we observe that, for any f € Ly(Q) the mapping v € HE(Q) — £(v) € R is a linear
functional on H}(2). Similarly, for each fixed v € H}(Q) the mapping w € H}(Q) — a(w,v) € Ris a
linear functional on H{(Q) and for each fixed w € H{(Q) the mapping v € H(Q) — a(w,v) € R is a
linear functional on H}(£2); thus a(-,-) is a bilinear functional (or bilinear form) on H}(Q) x HZ ().

We shall prove the existence of a unique solution to this problem by appealing to the following abstract
result from Functional Analysis.

Theorem 1 (Laz & Milgram theorent] ) Suppose that V' is a real Hilbert space equipped with norm |||y .
Let a(-,-) be a bilinear form on V x V such that:

(a) There exists a co > 0 such that a(v,v) > coljv||} for allv € V;

(b) There ezists a ¢c1 > 0 such that |a(w,v)| < c1||w|lv||v|v for all w,v € V;
and let £(-) be a linear functional on V such that

(¢) There exists a co > 0 such that [£(v)| < eol|v||v for allv e V.
Then, there exists a unique u € V' such that

a(u,v) =4L(v) YveV.

3Lax, P. D.; Milgram, A. N. Parabolic equations. Contributions to the theory of partial differential equations, pp. 167190.
Annals of Mathematics Studies, no. 33. Princeton University Press, Princeton, N. J., 1954. For a proof of this result the
interested reader is referred to the book of P. Ciarlet: The Finite Element Method for Elliptic Problems, STAM, Philadelphia,
2002. The digital version of the book is available from |https://epubs.siam.org/doi/book/10.1137/1.9780898719208.



https://epubs.siam.org/doi/book/10.1137/1.9780898719208

We apply the Lax-Milgram theorem with V = Hg(2) and || - [y = || - || g1 () to show the existence of
a unique weak solution to (@), (B) (or, equivalently, to (I0)). Let us recall from Section [L3] that HE ()
is a Hilbert space with the inner product

and the associated norm [[v||g1(q) = (v ,v)}ﬁ(m. Next we show that a(-,-) and £(-), defined by () and

@), satisfy the hypotheses (a), (b), (c¢) of the Lax-Milgram theorem.
We begin with (c¢). The mapping v — £(v) is linear: indeed, for any a, § € R,

U(av + Pug) = / f(z) (awi(x) + Bua(x)) da

_a/f vy (@ dx—i—ﬂ/f x)va(z

= al(vy) + Bl(va), v1,v2 € HE(Q);
hence, £(-) is a linear functional on H}(€2). Also, by the Cauchy—Schwarz inequality,

| s (ot ) ([ o)

= ||f||L2(Q 1ol Lo (@) < IfllLa@ vl @)

x)dz

for all v € Hj(€2), where we have used the obvious inequality |[v]|, ) < ||v]l g1 (q). Letting ¢ = |||,
we obtain the required bound: |/(v)| < 02||11||L2 for all v € H'(9).

Next we verify (b). For any fixed v € HO(Q) the mapping w € H} () — a(w,v) € R is linear.
Similarly, for any fixed w € H}(£2), the mapping v € H}(Q) — a(w,v) € R is linear. Hence a(-,-) is a
bilinear form on H}(Q) x H}(Q). By employing the Cauchy—Schwarz inequality, we deduce that

8w8v / /
a(w,v)] < max |a; max |b;( + max |e(x w(x)v(x)de
Ja(w,v) ;1€|,J<> [ o dal + 2239| ol (o) | [ wle)o(o)
n 1/2 2 1/2 n 1/2
ow |? /(% / </ )
<ec dx — dz + v|© dx
U (el o) (el o) S (e o)™ (s

L) (e )}
<o (ot ) ([ e

ox; Oz; j

o) U S (L

Jj=1

where

e = mox{ max mx oy (0] e s [ 0)] (o) .

By further majorization of the right-hand side in (II]) by applying the inequality v/a + vb < v2va + D,
where a,b > 0, to each of the expressions in the curly brackets, we arrive at the inequality

1/ ) 1/2
la(w,v)| < 2nc{/ |wl? dx} {/ |v|? — dx} ;
Q Q
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by letting ¢; := 2nc, we obtain the desired bound asserted in (b) of the Lax—Milgram theorem.
It remains to verify hypothesis (a) of the Lax—Milgram theorem. Using the uniform ellipticity condition
@) 4, we deduce that

dx+2/ 2895 )da:—l—/gc(a:)\v\Q dz,

1.0 2
where we wrote 5> v as 55.-(v°).

In @); we assumed that a;; € Cl(Q) for all 4,5 = 1,...,n. As a matter of fact, since the weak
formulation of the boundary-value problem stated in Definition [l does not involve differentiation of the
coefficients a; j, and nor has the verification of the conditions of hypotheses (a) and (b) of the Lax-
Milgram theorem required that a; ; € Cl(Q) for all i, = 1,...,n, it will suffice to suppose the weaker
requirement that a; ; € C(Q) for all i,j = 1,...,n, which is What was assumed in Definition . On the
other hand, to proceed with the verification of hypothes1s (a) of the Lax—Milgram theorem, we shall have
to strengthen our original assumption that b; € C(Q), i = 1,...,n, and require instead that b; € C'(Q),
1=1,....n

Integrating by parts in the second term on the right and noting that the boundary integral term
arising in the course of partial integration vanishes thanks to the fact that v|gq = 0, we then obtain

dx—l—/(() gb()>|v|2da¢.

Suppose that b;, i = 1,...,n, and c¢ satisfy the inequality

Then,

(13)

8:EZ

By virtue of the Poincaré—Friedrichs inequality stated in Lemma 1.2, the right-hand side can be further
bounded from below to obtain

a(v,v) > i/ v]? da. (14)
Cx JQ
Summing the inequalities (I3]) and (I4) we deduce that

a(v,v) > ¢y </Q|v|2 d:lt—l—i;/ﬂ'g—;2d$>, (15)

where ¢g = ¢/(14¢*), and hence hypothesis (a) of the Lax—Milgram theorem has also been verified. Having
checked all hypotheses of the Lax—Milgram theorem, we deduce the existence of a unique u € H&(Q)
satisfying (0); thereby problem (@), (5)) has a unique weak solution u € HZ ().

We record this result in the following theorem.

4As a matter of fact, the requirement that a;; € C(Q) for i,j = 1,...,n can be further weakened: it suffices to assume
that a;,; € Loo(Q) for ¢,5 =1,...,n, i.e., that there exists a positive real number M such |a; ;j(z)| < M for alli,j=1,...,n
and for all x € €, except perhaps for a set of x of measure zero. Thus, for example, the coefficients a;,; may be bounded
piecewise continuous functions defined on €.
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Theorem 2 Suppose that a;; € C(Q), i,j =1,...,n, b; € C1(Q), i =1,...,n, c € C(Q), f € L2(),
and assume that (3) and (I2) hold; then the boundary-value problem (), (3) possesses a unique weak
solution uw € H}(Q). In addition,

1
1wl 7o) < a”f”Lg(Q)' (16)

PRrROOF. We only have to prove the inequality (I6). By the inequality (I5l), the definition (I0) of the
weak formulation, the Cauchy—Schwarz inequality and by recalling the definition of the norm || - || z1(q),
we have that

COHU”%Il(Q) S CL(U,U) = e(u) = (f7 U)
< |(fs Wl < | fllza@llull @

< fll ooy 1l 7 -

Hence the desired inequality. [

Now we return to our earlier example (), which has been shown to have no classical solution. However,
by applying Theorem ll with a; j(z) =1, =7, a;j(x) =0,i# j, 1 <i,j <n, bi(z) =0fori=1,...,n,
c(z) =0, f(z) = sgn(3 —|z|), and Q = (—1,1)", we see that inequality (3) holds with ¢ = 1 and inequality
([@2) is trivially satisfied. Thus () has a unique weak solution u € H{ ().

Remark. The existence and uniqueness of a weak solution to a Neumann, a Robin, or an oblique deriva-
tive boundary-value problem can be established in a similar fashion, using the Lax-Milgram theorem. <

Remark. Theorem [2 implies that the weak formulation of the elliptic boundary-value problem (@), (5l)
is well-posed in the sense of Hadamard; that is, for each f € Ly(Q) there exists a unique (weak) solution
u € H&(Q), and “small” changes in f give rise to “small” changes in the corresponding solution u. The
latter property follows by noting that if u1 and us are weak solutions in H¢(Q) of (@), () corresponding
to right-hand sides fi and f in Lo(€Q2), respectively, then uj; — us is the weak solution in H} () of (@),
([l corresponding to the right-hand side f; — fo € La(€2). Thus, by virtue of (I6]),

1
Jur — uzl| () < a”fl — follLa)s (17)
and the required continuous dependence of the solution of the boundary-value problem on the right-hand
side directly follows. < End of
optional
material
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3 Introduction to the theory of finite difference schemes

Let €2 be a bounded open set in R™ and suppose that we wish to solve the boundary-value problem

Lu=f in Q,

18
Bu=g on I' := 99, (18)

where L is a linear partial differential operator, and B is a linear operator which specifies the boundary
condition. For example,

9 ou "\ Ou

ij=1

and
Bu=wu (Dirichlet boundary condition),

or

ou o

Bu = " (Neumann boundary condition),
v

or

n
Bu = Z a;j(x)cosa; + o(x)u  (oblique derivative boundary condition),
ij=1

where «; is the angle between the unit outward normal vector v to 92 and the Ox; axis.

In general, it is impossible to determine the solution of the boundary-value problem (I8]) in closed
form. Thus the aim of this chapter is to describe a simple and general numerical technique for the
approximate solution of (I8]), called the finite difference method. The construction of a finite difference
scheme consists of two basic steps: first, the computational domain is approximated by a finite set of
points, called the finite difference mesh, and second, the derivatives appearing in the differential equation
(and, possibly also in the boundary condition(s)) are approximated by divided differences (difference
quotients) on the finite difference mesh.

To describe the first of these two steps more precisely, suppose that we have ‘approximated’ Q = QUT
by a finite set of points

ﬁh =Q,uly,

where ), C Q and I'j, C T'; Qp, is called a mesh, Qy, is the set of interior mesh-points and I'y, the set
of boundary mesh-points. The parameter h = (hq,...,h,) measures the ‘fineness’ of the mesh (here h;
denotes the mesh-size in the coordinate direction Oz;): the smaller max;<;<p h; is, the finer the mesh.
Having constructed the mesh, we proceed by replacing the derivatives in £ by divided differences,
and we approximate the boundary condition in a similar fashion. This yields the finite difference scheme

LpU(x) = fn(z), r € Qp,

BU(z) = gn(x), x € Iy, (19)

where fj, and gy are suitable approximations of f and g, respectively. Now (I9]) is a system of linear alge-
braic equations involving the values of U at the mesh-points, and can be solved by Gaussian elimination
or an iterative method, provided, of course, that it has a unique solution. The sequence {U(x) : x € Q}
is an approximation to {u(z) : * € Q}, the values of the exact solution at the mesh-points.

There are two classes of problems associated with finite difference schemes:

13



(1) the first, and more fundamental, is the problem of approximation, that is, whether (I9) approxi-
mates the boundary-value problem (I8]) in some sense, and whether its solution {U(x) : z € Q}
approximates {u(z) : © € Qp}, the values of the exact solution at the mesh-points.

(2) the second problem concerns the effective solution of the discrete problem (I9]) using techniques
from Numerical Linear Algebra.

In these notes we shall be primarily concerned with the first of these two problems — the question of
approximation — although we shall also briefly consider the question of iterative solution of systems of
linear algebraic equations by a simple iterative method. More sophisticated iterative methods, so called
Krylov subspace iterations, for the solution of large systems of linear algebraic equations, such as those
that arise from the approximate solution of partial differential equations, are covered in the fourth-year
C6.1 Numerical Linear Algebra course.

3.1 Finite difference approximation of a two-point boundary-value problem

In order to give a simple illustration of the general framework of finite difference approximation, let us Lecture 3
consider the following two-point boundary-value problem for a second-order linear (ordinary) differential
equation:

z € (0,1),

+:Cff)u = f(x (20)

_u// )
u(0) u(l) =0,
where f and ¢ are real-valued functions, which are defined and continuous on the interval [0, 1] and
c(xz) > 0 for all z € [0, 1].

The first step in the construction of a finite difference scheme for this boundary-value problem is to
define the mesh. Let N be an integer, N > 2, and let h := 1/N be the mesh-size; the mesh-points
are x; := th, i = 0,..., N. Formally, Qp, := {z; : :_1,...,N — 1} is the set of interior mesh-points,
[y, := {xo,zn} the set of boundary mesh-points and €2, := Qj UT, the set of all mesh-points. Suppose
that u is sufficiently smooth (e.g. u € C*([0,1])). Then, by Taylor series expansion,

w(wip1) = u(z; £ h)

2 3
= u(x;) £ hu'(x;) + %u”(mi) + %u”’(:ﬂi) + O(hY),
so that
D u(z;) = “(a’i*l)h_ U ) + O,
D) = T _h“(”“’"—l) = o/ (z;) + O(h),
and

Dy Dy u(x;) = Dy Dy u(z;)
_u(@ir) — 2u(xi) + u(wi-1)

— = =" (x;) + O(h?).

D} and D are called the forward and backward first divided difference operator, respectively, and
DDy (= D; D) is called the (symmetric) second divided difference operator. The difference operator
DY, called the central first divided difference operator, is defined by

u(zit1) — u(wi—1)

0, ()
Dyu(x;) : 57

(D u(a;) + Dy u(a;)) = (= o (z;) + O(h?)).

DO | =
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Thus we replace the second derivative u” in the differential equation by the second divided difference
D D u(z;); hence,
—DI D u(x) + clxi)u(x;) =~ f(x;), i=1,...,N—1,

u(zg) =0, u(zry)=0. (21)

Now (2I) indicates that the approximate solution U (not to be confused with the exact solution u) should
be sought as the solution of the system of difference equations:

—D:D;UZ + C(.’L’Z)UZ = f(l'l), 1=1,...,N—1,

(22)
Uy =0, Uy =0.

This is, in fact, a system of N — 1 linear algebraic equations for the N — 1 unknowns, U;, i =1,..., N —1.
Using matrix notation, the linear system can be written as follows:

5 -
— te(r)  — O
2 R _ . _ -
h ) 2 . Uy f(z1)
T RZ h2 + C(xg) TRz U2 f(l‘Q)
Un_ _
R Ao I U Rl B B
2 - L - .
I O —% ﬁ +c(a:N_1) |

or, more compactly, AU = F, where A is the symmetric tridiagonal (N — 1) x (N — 1) matrix displayed
above, and U and F are column vectors of size N — 1, corresponding to the N — 1 ‘interior’ mesh-points
Z1,...,orN—1 contained in the open interval (0,1).

3.2 Existence and uniqueness of solutions, stability, consistency, and convergence

We begin the analysis of the finite difference scheme ([22)) by showing that it has a unique solution. It
suffices to show that the matrix A is nonsingular (i.e., det A # 0), and therefore invertible. We shall
do so by developing a technique which we shall, in subsequent sections, extend to the finite difference
approximation of partial differential equations. The purpose of this section is to introduce the key ideas
through the finite difference approximation (2II) of the simple two-point boundary-value problem (20).

For this purpose, we introduce, for two functions V and W defined at the interior mesh-points z;,
i=1,...,N — 1, the inner product

N-1
(ViW)p == > hV;W;,

i=1

which resembles the Lo ((0,1))-inner product

1
(v, w) ::/0 v(z)w(z)de.

The argument that we shall develop is based on mimicking, at the discrete level, the following proce-
dure based on integration-by-parts, noting that the solution of the boundary-value problem (20) satisfies
the homogeneous boundary conditions «(0) = 0 and u(1) = 0 at the end-points of the interval [0, 1]:

1 1 1
—'LL//ZE C\T)u\x u\x Tr = 'LL/IIT2 C\T 'LLII?2$ 'LL/IIJ‘2IIT
/0< (2) + e(z)u(z)) u(z) d /0|<>|+<>|<>|dz/0|<>|d, (23)
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thanks to the assumption that c¢(z) > 0 for all € [0,1]. Thus if, for example, f is identically zero on
[0, 1], then so is —u” +¢(x)u, and thanks to the inequality (23]) the function v’ is then also identically equal
to zero on [0, 1]. Consequently, u is a constant function on [0, 1], but because u(0) = 0 and u(1) = 0, the
constant function v must be identically equal to 0. In other words, the only solution to the homogeneous
boundary-value problem (i.e., the boundary-value problem with f(z) = 0 for = € [0,1]) is the function
u(x) =0, x € [0,1]. For the finite difference approximation of the boundary-value problem, if we could
show by an analogous argument that the homogeneous system of linear algebraic equations corresponding
to f(x;)) =0,i=1,..., N — 1, has the trivial solution U; = 0, ¢ = 0,..., N, as its unique solution, then
the desired invertibility of the matrix A would directly follow.

Our key technical tool to this end is the following summation-by-parts identity, which is the discrete
counterpart of the integration-by-parts identity (—u”,u) = (v/,u’) = ||u’ H%Q((o,l)) satisfied by the function
u, obeying the homogeneous boundary conditions u(0) = 0, u(1) = 0, used in (23) above.

Lemma 3 Suppose that V is a function defined at the mesh-points x;, i = 0,..., N, and let Vo = Vy = 0;
then,

N
(—-DFD;V, V)= _ h|D;Vi|. (24)
i=1

PROOF. By recalling the definition of the inner product (-,-), and the definition of D} D, V; we have
that

N—1
(—DfD;V, V), =—Y_ h(DfD Vi)V
=1
N-1 N-1
Viei = V; Vi—=Viaa
= Z h Vi+ Z h Vi
i=1 i=1
N N-1
Vi—=Via Vi—=Via
= - i— V;
ZEZ; h V 1 " =1 h

i=1 h =1 h
N N
Vi—Viaa 2
= Vi—=Vic1) = h|D;Vi|™,
; W ( 1) ; |

where in the transition to the third line we shifted the index in the first summation, and in the transition
to the fourth line we made use of the fact that, by hypothesis, Vj = Vy = 0. O

Returning to the finite difference scheme (22)), let V' be as in the above lemma and note that as, by
hypothesis, ¢(z) > 0 for all z € [0, 1], we have that

(AV, V), = (=D} D,V +cV, V),
(=D DV, V) + (eV, V),

N
> "Dy Vil (25)
i=1

Thus, if AV = 0 for some V, then D;V; =0, i = 1,...,N; because V) = Vx = 0, this implies that
Vi=0,71=0,...,N. Hence AV = 0 if and only if V' = 0. It therefore follows that A is a nonsingular
matrix, and thereby (22)) has a unique solution, U = A~'F. We record this result in the next theorem.
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Theorem 3 Suppose that ¢ and f are continuous real-valued functions defined on the interval [0,1], and
c(x) > 0 for all x € [0,1]; then, the finite difference scheme (22) possesses a unique solution U.

We note in passing that, thanks to Theorem [3] the boundary-value problem (20) has a unique (weak)
solution under the hypotheses on ¢ and f asserted in Theorem Bl

Remark 1 In the discussion preceding Theorem[3 we used the symbol A to denote the matriz of the system
of linear equations that arises from the finite difference approximation as well as the finite difference
operator V + —DF D7V + cV. Similarly, we used the symbol U to denote the vector (U, ..., Uyn_1)T
of unknowns representing the solution of the system of linear algebraic equations AU = F as well as the
mesh function defined on the finite difference mesh Q, with the understanding that Uy = Uy = 0. For
the sake of notational simplicity we shall continue to use these conventions throughout: i.e., we shall use
the same notation for matrices and finite difference operators, and we shall use the same notation for
vectors and mesh functions defined over finite difference meshes. It will be clear from the context which
of the two interpretations of the same symbol is intended.

Next, we investigate the approximation properties of the finite difference scheme ([22). A key ingredient
in our analysis is the fact that the scheme (22)) is stable (or discretely well-posed) in the sense that “small”
perturbations in the data result in “small” perturbations in the corresponding finite difference solution.
Effectively, we shall prove the discrete version of the inequality (I6). For this purpose, we define the
discrete Lo-norm

N-1 1/2
Ul = (U, U),% = (Z h|Uz-|2> :
=1

and the discrete Sobolev norm
IUln = (IUI + 1 D5 UNIR)Y2,

where
N
V15 =Y h|Vif?
i=1

is the norm induced by the inner product
N
(VW] =>_ hV;Wi.
i=1
Using this notation, the inequality ([25]) can be rewritten as follows:
(AV. V)1 = [IDZ V][5 (26)

In fact, by employing a discrete version of the Poincaré-Friedrichs inequality (IJ), stated in Lemma [
below, we shall be able to prove that

(AV. V)i > col| V17 5,
where ¢g is a positive constant, independent of h.

Lemma 4 (Discrete Poincaré—Friedrichs inequality.) Let V be a function defined on the finite difference
mesh {x; :=ih : i =0,...,N}, where h := 1/N and N > 2, and such that Vj = Vx = 0; then, there
exists a positive constant c,, independent of V and h, such that

VI < el D VI (27)
for all such V.
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PROOF. We proceed in the same way as in the proof of inequality (). We begin by noting that, thanks

to the definition of D, V; and by use of the Cauchy-Schwarz inequality,
2

i

Vil = > n(D7 V)| < ih ZZ:MD;ijzz’hZZ:MD;Vj\Q.
j=1 ] j=1 j=1

j=1
Therefore, because SN 1 = (N —1)N and Nh =1, we have that

i

2_N_1 12 N_l-z S,
VIR = Y kv < 3 ¢ 3 a0y
i=1 =1 j=1

N
1 2 _ 2
< 5 (V= 1)Nh Zh|DxV}|
J=1
Lim—v2
< 51Dz Vlli-

We note that the constant ¢, = 1/2 in the inequality @27). O

Using the inequality ([27)) to bound the right-hand side of the inequality (26]) from below we obtain
1
(AV, V)i = — VI3, (28)

Adding the inequality (28] to the inequality (28] we arrive at the inequality
(AV, V) = (14 )™ (IVIIE + 107 V1) -
Letting co = (1 + ¢,) ! it follows that
(AV, V)i > ol VI - (29)
Now the stability of the finite difference scheme (22) easily follows.

Theorem 4 The scheme (22) is stable in the sense that

1
Ul < S 1£1. (30)
0
PROOF. From the inequality (29) and the definition (22]) of the finite difference scheme we have that
collUNIF 5 < (AU, U)n = (£, U < |(f,U)n]
< ARIUNR < NAIRNTT R

and hence the inequality (B0]). O
Using this stability result it is easy to derive an estimate of the error between the exact solution, wu,
and its finite difference approximation, U. We define the global error, e, by

e :=u(x;)—U;, 1=0,...,N.
Obviously eg =0, ey =0, and

Ae; = Au(x;) — AU; = Au(x;) — f(a;)
= —D}F D u(x;) + c(z;)u(z;) — f(z;)
:u//(xi)_D;‘D;u(gji), 1=1,...,N —1.
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Thus,

Ae; =¢;, i=1,...,N—1,

31
60:0, GNZO, ( )

where ¢; := Au(z;) — f(z;) = v’ (x;) — D} D u(z;) is the consistency error (sometimes also called the
truncation error). By applying the inequality ([B0) to the finite difference scheme (BII), we obtain

1
lw = Ullvn = lleflin < allwllh- (32)

It remains to estimate ||¢||;,. We showed on page 14 that, if u € C*([0,1]), then
i = u"(2;) — D Dy u(w;) = O(h?),
i.e., there exists a positive constant C, independent of h, such that
lpi| < Ch?.

Consequently,
N-1 1/2
lelln = (Z h!%\2) < Cn*. (33)
i=1
By combining the inequalities ([82]) and (33]) it follows that

C
Ju=Ullus < S0, (34)

In fact, a more careful treatment of the remainder term in the Taylor series expansion on p.14 reveals
that

h2
pi = u"(x;) — DF Dy u(x;) = —Eulv(fi)a §i € [wim1, Tiga]-
Thus
lpi| < h2i max |uIV(:17)|, and hence C = 1 max uIV(:E)|
= 12 zelo,1) 12 zefo,1]

in inequality ([33). Recalling that cg = (1 + ¢,)~! and ¢, = 1/2, we deduce that ¢y = 2/3. Substituting
the values of the constants C' and ¢( into inequality (34) it follows that

1
lu—=Ullin < ghzllulvﬂcqo,u)-

Thus we have proved the following result.

Theorem 5 Let f € C([0,1]), ¢ € C([0,1]), with c(x) > 0 for all x € [0,1], and suppose that the
corresponding (weak) solution of the boundary-value problem (20) belongs to C*([0,1]); then

1
|[u —Ull1,n < gh2HUWHC([o,1})- (35)
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The analysis of the simple finite difference scheme (22)) contains the key steps of a general error analysis
for finite difference approximations of (elliptic) partial differential equations:

(1) The first step is to prove the stability of the scheme in an appropriate mesh-dependent norm (c.f.
inequality (B0), for example). A typical stability result for the general finite difference scheme (I9)) is

Ullles, < Cr(lfalles + llgnllr,), (36)

where ||| - ||la,, || - o, and || - |lr, are mesh-dependent norms involving mesh-points of 2, (or Q) and
I'y,, respectively, and C] is a positive constant, independent of h.
(2) The second step is to estimate the size of the consistency error,

o, = Lpu— f, in Qp,
or, = Bru — gn, on I'y,.

in the case of the finite difference scheme or, = 0, and therefore ¢, did not appear explicitly in
in th f the finite diffi h , = 0, and theref , did not licitly i
our error analysis). If

lpa lla, + [ler, I, =0 as h—0,

for a sufficiently smooth solution u of the boundary-value problem (I8]), we say that the scheme (I9]) is
consistent. If p is the largest positive integer such that

H(thHQh + H(thHFh < Coh? as h— 0,

(where (4 is a positive constant independent of h) for all sufficiently smooth u, the scheme is said to have
order of accuracy (or order of consistency) p.

The finite difference scheme (I9)) is said to provide a convergent approximation to the solution wu of
the boundary-value problem (I8) in the norm ||| - |||, if

lllu—Ulllq, -0 ash—0.
If q is the largest positive integer such that
lllu—Ulllq, <Ch! ash—0

(where C' is a positive constant independent of the mesh-size h), then the scheme is said to have order of
convergence q.
From these definitions we deduce the following fundamental theorem.

Theorem 6 Suppose that the finite difference scheme (19), involving linear finite difference operators
Ly, and By, is stable (i.e., the inequality (36) holds for all fy, and gp) and that the scheme is a consistent
approximation of the boundary-value problem (I8); then the finite difference scheme (19) is a convergent
approzimation of the boundary-value problem (I8), and the order of convergence q is not smaller then the
order of accuracy (order of consistency) p.

PrROOF. We define the global error e := uw — U. Then, thanks to the assumed linearity of L}, we have
that

Lre=Ly(u—U)=Lpu— LU = Lpu— fp.
Thus

Ehe = (,DQh .

20



Similarly, thanks to the assumed linearity of By, we have that
Bhe = (,Dph.
By the assumed stability of the scheme it then follows that

llw = Ullley, = lllellla, < Cilllvayll, + ller, Iry),

and hence the stated result with ¢ > p thanks to the assumed consistency of order p of the finite difference
scheme. That completes the proof. O

Thus, paraphrasing Theorem 3.6, stability and consistency imply convergence. This abstract result is
at the heart of the convergence analysis of finite difference approximations of differential equations.
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4 Finite difference approximation of elliptic boundary-value problems

In Section 3 we presented a detailed error analysis for a finite difference approximation of a two-point
boundary-value problem. Here we shall carry out a similar analysis for the model problem

_Au + C(:Evy)u = f(m,y) in Qv

u =0 on 052, (37)

where Q = (0,1) x (0,1), ¢ is a continuous function on Q and c(x,y) > 0. As far as the smoothness of
the function f is concerned, we shall consider two separate cases:

(a) First we shall assume that f is a continuous function on Q. In this case, the error analysis will
proceed along the same lines as in Section 3.

(b) We shall then consider the case when f is only in L2(2). As f need not be continuous on €2, the
boundary-value problem (B7) need not have a classical solution — only a weak solution exists. This
gives rise to technical difficulties: in particular, we cannot use a Taylor series expansion to estimate
the size of the consistency error. We shall bypass the problem by employing a different technique.

(a) (f € C(Q)) The first step in the construction of the finite difference approximation of ([37) is
to define the mesh. Let N be an integer, N > 2, and let h := 1/N; the mesh-points are (z;,y;),
1,7 =0,..., N, where x; := th, y; := jh. These mesh-points form the mesh

Q= {(z,y;) €Q : 4,5 =0,...,N}
Similarly as in Section 3, we consider the set of interior mesh-points
Qp = {(Z’i,yj) eN: i,7=1,... N — 1},

and the set of boundary mesh-points T'j, := Q, \ Qj.
Analogously to (22)), the finite difference scheme is:

—(D;’D;Um- + D;Dy_Ui,j) + c(xi,y;)Ui; = f(zi, ;) for (x;,vy;) € Qn, (38)
In an expanded form, this can be written as follows:
Uit1; —2Uij + Uiy | Uij1 —2Uij +Uij
_{ = hzj L It hzj ’ }+C(fci,yj)Ui,j = f(xi,y5),
ij=1,...,N—1, (39)
Upj=0 ifi=0,i=Norifj=0,j=N. (40)

For each i and j, 1 < i,7 < N — 1, the finite difference equation (B9]) involves five values of the
approximate solution U: U;;, U;_1;, Uit1,j, Ui j—1, Uijt1, and is therefore frequently referred to as
the five-point difference scheme. It is again possible to write ([39), ([@0Q) as a system of linear algebraic
equations

AU = F, (41)
where now

U= (Un,Ui,...,Uin-1,Un,Us,...,Usn_1,...,

T
U Uiy Uin—1, -, U1, Un—12, -+ Ui v—1)
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(4,5+1)

L 4 L 4
(i=1,5) | (4,5) (i+1,5)

(3,5—1)

Figure 1: The mesh 4(+), the boundary mesh I',(x), and a typical five-point difference stencil.

F=(Fu,Fa,....,Fin-1,F,F,....,FoaN_1,...,
)T

9

. 7E17E27"' 7E,N—17"' 7FN—1,17FN—1,27"' 7FN—1,N—1

and A is an (N — 1)? x (N — 1)? sparse matrix of banded structure (i.e. a sparse matrix whose nonzero
entries are confined to a diagonal band, comprising the main diagonal and zero or more diagonals on
either side). A typical row of the matrix contains five nonzero entries, corresponding to the five values of
U in the finite difference stencil shown in Fig. [Il while the sparsity structure of A is depicted in Fig.

4.1 Existence and uniqueness of a solution, stability, consistency, and convergence

Next we show that (38]) has a unique solution. We proceed analogously as in Section 3. For two functions,
V and W, defined on 2}, we introduce the inner product

N—-1N-1
(ViW)p = > > W?Vi;Wij,
i=1 j=1

which resembles the Lo-inner product (v,w) := [, v(z,y)w(z,y)derdy. The next result is a direct
extension of Lemma [B] from the univariate case to the case of two space dimensions.

Lemma 5 Suppose that V is a function defined on Q, and that V =0 on T'y,; then,

N N-1 N—-1 N
(=DID V. V)h+ (=D DV, V) =Y Y BAD; Vi + > Y n?D, Vi (42)
i=1 j=1 i=1 j=1

. . . . . . _ + p—
PROOF. The identity ([@2) is a direct consequence of ([24]) and the analogous identity for —D;J D, . O
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Figure 2: The sparsity structure of the banded matrix A.

Returning to the analysis of the finite difference scheme (3§]), we shall now proceed in much the same
way as in the univariate case considered in the previous section. We note that, since ¢(x,y) > 0 on €, by
([#2)) we have that

(AV, V),

(=DID;V —Df D,V +cV, V)
(=DF Dy V, V)i + (=Dy DyV, V) + (cV, V),
N-1 N—-1 N (43)

Y

WD Vi + > > WDVl
1 i=1 j=1

=1 j

for any V' defined on €, such that V' = 0 on I';,. Now this implies, just as in the one-dimensional analysis
presented in Section 3, that A is a nonsingular matrix. Indeed if AV = 0, then ([43]) yields:

- Vi —Viii i=1,...,N,

DI‘VZ”:MTW:O’ j=1,...,N—1;
_ Vij—Vij—1 1=1,...,N —1,

DyVij = h =0 N

Since V = 0 on I'y, these imply that V = 0. Thus AV =0 if and only if V' = 0. Hence A is nonsingular,
and U = A~'F is the unique solution of (38)). Thus the solution of the finite difference scheme (B8) may
be found by solving the system of linear algebraic equations (4I]).

In order to prove the stability of the finite difference scheme (B8]), we introduce (similarly as in the
univariate case) the mesh—dependent norms

Ul = (U, U))/,
and

U111 == (U117 + 1 D7 U112 + 1Dy U2,
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where

N N-1 1/2
ID; Ul i= (DD WD, Uiyl
=1 j=1
and
N-1 N 1/2
1D, U]l > D, U;,P
=1 j=1
The norm || - ||15 is the discrete version of the Sobolev norm || - || 1), defined by
1/2
Jul T L | /
H(Q) ‘*— QO - - .
() L2(Q) 0z || (0 Y | 1,

With this new notation, the inequality (3] can be rewritten in the following compact form:
(AV,V)n > [|ID; V]2 + 1D, V]I (44)

Using the discrete Poincaré—Friedrichs inequality stated in the next lemma, we shall be able to deduce
that

(AV. V)i = ol V17 s
where ¢ is a positive constant.

Lemma 6 (Discrete Poincaré-Friedrichs inequality.) Suppose that V is a function defined on y, and
such that V=0 on I'y; then, there exists a constant c,, independent of V and h, such that

IVII; < e (1D VIIZ + 1Dy VII;) (45)
for all such V.

PROOF. The inequality (45) is a straightforward consequence of its univariate counterpart (27]). It follows
from (27) that, for each fixed j, 1 <j < N —1,

N-1 1 N
S AV < 5 D D Vgl (46)
i=1 =1

Analogously, for each fixed i, 1 <i < N —1,
N-1 |

WVisl? < 3 S niDy Vil (47)

=1 =

We first multiply (@8] by A and sum through j, 1 < j < N — 1, then multiply (@7) by h and sum through

i, 1 <i< N —1, and finally add these two inequalities to obtain

2(VI[; < < (1D V]2 + 11D, VIIZ) -

N =

Hence we arrive at ([43]) with ¢, = %. That completes the proof. [
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Now the inequalities ([4]) and ([@5]) imply that
1
AV, V) = VIR,

Finally, combining this inequality with ([@4]) and recalling the definition of the norm || - ||; ;, we obtain
(AV, V)1 = ol [V[IE (48)
where ¢y = (1 +c,) 7L
Using the inequality (48]) we can now prove the stability of the finite difference scheme (B8]).

Theorem 7 The finite difference scheme (38) is stable in the sense that
1
1Ulle < = flln- (49)
€o

PROOF. The proof of this inequality is identical to that of the stability inequality ([B0) in the univariate
case. From (48] and (B8] we have that

collUI 5 < (AU, U = (£, U)n < |(f,U)nl
< IARIUNE < 1AIRIU T Ry

and hence we arrive at the desired inequality (@9). O

4.1.1 Convergence in the class of classical solutions

Having established stability of the finite difference scheme (38]), we turn to the question of its accuracy.
We define the global error, e, by

eij = u(w;,y;) —Uij, 0<i,j<N.

Then, assuming that u € C*(Q), and employing Taylor series expansions with remainder terms in the z
and y coordinate directions, respectively, we have that

Ae; j = Au(z;,y;) — AU, j = Au(z;.y;) — fij

82u _ 8271, ~
= | 552 @i %) — Dy D; U(:ci,yj)] + [8—y2(xi,yj) — D} Dy u(@i, y;)

h2 84'& h2 64'&

12 9z (&) 12 0y” (is15), 1<i,j<N-—1,

where & € [z;_1, 1], mj € [Yj—1,yj41], and fij = f(zi,y5).
We define the consistency error (or truncation error) of the finite difference scheme (38]) by

pij = Au(zi, y;) — fij-
Then, by the calculations above,

h? <84u *u
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and

Aeij=ij, 1<4,j<N-1,
e=0 on I'y.

Thanks to the stability result ([9), we therefore have that

1
[ = Ulln = lleflin < a”@”h- (50)

To arrive at a bound on the global error e := u — U in the norm || - ||; , it therefore remains to bound
|lolln and insert the resulting bound in the right-hand side of (B0). Indeed, by noting that

n? (|| 0*u o*u
lpijl < 12 a2l .~ Al .~ ]
c(@) LelD)
we deduce that the consistency error, ¢, satisfies
0*u
el < 2 (| 55 H— . 61)

Finally (50) and (5I) yield the following result.

Theorem 8 Let f € C(Q), c € C(Q), with c(x,y) >0, (x,y) € Q, and suppose that the corresponding
weak solution of the boundary-value problem (37) belongs to C*(Q); then,

lu = Ullug < H (52)
48 8334 C(Q

PROOF. Recall that ¢ = (1 +¢,)~! and ¢, = 1, so that 1/cy = 2, and combine (B0) and (5I). O

o Lo

According to this result, the five-point difference scheme (38)) for the boundary-value problem (B7)
is second-order convergent, provided that u is sufficiently smooth. As in the univariate case, we have
deduced second-order convergence of the finite difference scheme from its stability and its second-order
consistency, under the assumption that the exact solution u is sufficiently smooth, i.e., that u € C*(€Q),
and therefore, because ¢ € C'(Q2) by hypothesis, necessarily f = —Au + cu € C(Q).

In general, however, even if f and ¢ are smooth functions, the corresponding solution, u, of [B7) will
not be a smooth function because the boundary, I', of the domain, = (0,1)2, is not a smooth curve.
Thus, the hypothesis u € C*(Q) is unrealisticd

Our analysis has another limitation: it has been performed under the assumption that, at the very
least, f € C(Q), which was required in order to ensure that the values of the function f are correctly
defined at the mesh-points. However, in physical applications one often has to consider differential
equations where f is not a continuous function on €2, but discontinuous (e.g. piecewise continuous) or,
more generally, f € Lo(2). We know that in this case Theorem 2.3 still implies that the problem has
a unique weak solution, so it is natural to ask whether one can construct an accurate finite difference
approximation of the weak solution. This brings us to case (b), formulated on page 22.

®We note in passing that the regularity v € C’4(§) can be guaranteed by assuming suitable, so called, compatibility
conditions on the function f, which, for example in the special case when c is identically zero, require that the function f
and its first and second partial derivatives vanish at the four corners of the square domain Q = (0, 1)2. However, we shall
not consider such situations involving compatibility conditions here.
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(T3, Yj41)

(i-1,Y;) (@it1,Y5)
K

(i, yj-1)

Figure 3: The cell K; ;

(b) (f € Ly(2)). We retain the same finite difference mesh as in case (a), but we shall modify the Lecture 5
right-hand side in the finite difference scheme ([B89) to cater for the fact that f is no longer assumed to be
a continuous function on €.

The idea is to replace f(z;,y;) in [BI) by a ‘cell-average’ of f,

1
Tfij:= 72 /K .f(x,y) dz dy,
2,7

where

h h
Ki; = {xi——,ﬂfri-—] X [yj—?yj—i‘ﬂ-

This, seemingly ad hoc approach, has the following justification. By integrating the partial differential
equation —Au+cu = f over the cell K; ;, noting that Au = V- (Vu) = div(Vu), and using the divergence

theorem we have that
0
— / T s+ /
0K, ; ov K

where 0K ; is the boundary of K; ;, and v is the unit outward normal to 0K, ;. The outward normal
vectors to the faces of 0K ; point in the coordinate directions, so the normal derivative Ou/0v can be
approximated by divided differences using the values of u at the five mesh-points (z;,y;), (zit1,¥;),
(xi,yj+1) marked by “e” in Fig. Bl Thus, by approximating the second integral on the left by mid-point
quadrature, continuing to assume that ¢ € C(Q), and dividing both sides by meas(K; ;) = h?, we obtain

cudxdy = / fdzdy (xx)
Ki

4

_ _ 1
(D D (i) + D Dy ula ) + el sy) ~ 5 [ @) dady.
0,J

Remark 2 Finite difference schemes that arise from integral formulations of a differential equation, such
as (xx), are called finite volume methods. ©
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Clearly, T'f; ; is well defined for f in Ly(f2) (in fact, T'f; ; is well defined even if f € L1(Q) only); indeed,

1
ITfi ;] = w2 f(z,y)dzdy

K;
. 1/2 1/2
<5 (/ 1? dwdy) (/ If(w,y)l2dwdy> (53)
2\ S K.,
1 1
= 7 oy < 5 1F o)

%)

Thus we define our finite difference (or, more precisely, finite volume) approximation of ([37)) by

—(D;_D;Ui,j + D;—Dy_UZJ) + C(l’i, yj)Um- = Tfi,j7 for (a;i, yj) € Qp,
(54)
U =0, on I'y.

Since we have not changed the difference operator on the left-hand side, the argument presented on page
24 still applies, and therefore (54]) has a unique solution, U.

Theorem 9 The scheme (54)) is stable in the sense that

1 1
HUﬂLhéngTfm/<§2£Wﬂhxm>- (55)
PROOF. According to (48) and (53),

collUI 5 < (AU U)w = (T£,U)n
<NTFIlUNn < NT FIRNTU 1
<l o) 1U 1,y

and hence (55). O

Having established the stability of the scheme (B54]), we consider the question of its accuracy. Let us
define the global error, e, as before,
eij = u(zi,y;) —Uij, 0<i,j<N.
Clearly,

Aem = Au(xz, yj) - AUZ'J‘

= Au(xiayj) =Tf;
(D+D U(.Z'Z,y])+D D ‘T“yj))—i_c(xhyj) (‘Thy])

0%u
T\ 72 (i, y5) (@i,y5) — T(cu) (@i, y;) | - (56)
By noting that
r (29 :1/%M”&%m+wzw——x b2
a 9.2 ’My] h j_h/2 h Y
1 [wth2 oy

— [
h Jy;—ny2 Oz

1 [Yith/2 9y
:D;:_ _/ _xl_h27y dy ’
[h vj—h/2 oz [2:0)

i —h/2,y)dy
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and similarly,
0u 1 [=th/2 oy
T+ | (zi,y;) =D} | - —(z,y; — h/2)dz|,
<8y2>($ Ys) Y [h/mi—h/2 ay(x Yj /2)dx
the equality (B6) can be rewritten as
Ae = Df o1 + Df @y + 1,

where
1/91+h/2 ou _
o1z, y5) == — — (s —h/2,y)dy — Dy u(x;,y;),
@)= |7 Gt (2 1)
1 x;+h/2 ou ) q D
iYj) = T a LYy 2 -D, 15Y5)s
©2(2i, yj) h/zi—m ay(w y; — h/2)dz — Dy u(i, y;)
Thus,
Ae = Df o1+ Df 2+ in Qp,
(57)
e=20 on I'y.

As the stability of the difference scheme would only imply the crude bound
1
lellin < allDiwl + D 2 +|ln,

which makes no use of the special form of the consistency error
¢ = Df o1+ Doy + 1),
we shall proceed in a different way. According to the inequality (48] and because Ae = ¢, we have that
collelli s < (Ae,e)n
= (D3 @1, €)n + (Dy w2, €)n + (1, €)p. (58)

Let us focus on the first two terms on the right-hand side of (58]). Our plan is to use summations by
parts to pass the difference operators D} and D?‘j from ¢ and s, respectively, onto e. Recalling that
e =0 on I'y, we then have that

N-1 /N-1
(D _ h h¢1($i+1,yj) —e(@iy;)
form=Y h( Y .

=1 i=1
N-1 N e — et
—_\"y, h P Y Bt Y
- (Z 901(51717:'4]) B
]:1 Z:1
N-1 N
= h (Z het (:vi,yj)DgZei,j>
=1 i—1
N N-1
- Z h2o1(2i,y5) Dy ei
i=1 j=1
N N-1 1/2 N-1 v
< YN Ry W?|Dg eigl?
Pl i=1 j=1
= |lp1]lz 1Dy €]lz-
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Thus,

(DFe1,e)n < llerllzl| D7 lla- (59)
Similarly,

(Dy p2,€)n < llpallyll Dy elly (60)

(see page 25 for the definitions of the mesh-dependent norms ||-]|; and [|-]|,). By the Cauchy—Schwarz
inequality we also have that

(1, e)n < 1 ]lnllelln- (61)
By substituting the inequalities (B9)—(61]) into the inequality (58]) we obtain
collell?n < lleallallDz elle + l2lly 1Dy elly + 1 llallelln
< (lpa)2 + el + 11R) " (107 )2 + 1D el 5 + lell?)
= (lpa)2 + g2l + I113) "

Dividing both sides by ||e||1,, yields the following result.

1/2

lefl1,n-

Lemma 7 The global error, e, of the finite difference scheme (54) satisfies the inequality

1
leflin < a(\lwl]li + llp2]ly + 0112, (62)

where 1, Y2, and Y are defined by
1 [yith/2 9y B
h _h/2 (9.’1'
yi—h/
fori=1,...,N,j=1,...,N —1;

1 [zith/2 gy,

iYj) ‘= T a. 7_h2d_D_ 5975 )» 4
P2(zi,yj) h se—h/2 ay(x Yj /2)dx yu(x Y;) (64)
fori=1,....N—-1,5=1,...,N; and
1 :Ci—l—h/Q yj+h/2
wlasw) = )y =55 [ [ eu)lay) dedy, (65)
xzi—h/2 Jy;—h/2

fori,j=1,...,N —1.

To complete the error analysis, it remains to bound ¢1, @2 and 1. Using Taylor series expansions it
is easily seen that

h2 P P

)| < 2o S -
(@i, i) < 5 ( AT . 553 cm)) , (66)

h? Bu Bu
i, yi)| < = | || === + || == , 67

h? [ ]]0%(cu) 0?(cu)
w%mm—' +' , (69)

and by using these to bound ||¢1]|z, [|¢2]ly and ||?]|n on the right-hand side of the inequality (62]) we
arrive at the following theorem:.
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Theorem 10 Let f € Ly(Q), ¢ € C*(Q) with c(x,y) >0, (z,y) € Q, and suppose that the corresponding
weak solution, u, of the boundary-value problem (37) belongs to C3(Q); then,

— < —h*M.
[|u U\Ilh_%h 3, (69)
where
2 2
M ‘ Pu '83u N ‘ Pu ‘8%
3: —_— —_— —_— _—
9y 1/2
0?(cu) 0?(cu)
+ 2 2
O c@) Ay c@)

PROOF. By recalling that 1/cp = 5/4 and substituting the bounds (66])—(G8]) into the right-hand side of
the inequality (62)), the inequality (69) immediately follows. O

4.1.2 Convergence in the class of weak solutions that belong to H3(Q)

Comparing (69) with (52)), we see that while the smoothness requirement on the solution has been relaxed
from u € C*(Q) to u € C3(Q), second-order convergence has been retained.

The hypothesis u € C3(Q) can be further relaxed by using integral representations of 1, @9 and 1)
instead of Taylor series expansions. We show how this is done for ¢1; 2 and 9 are handled analogously.
The key idea is to use the Newton—Leibniz formula (also known as the fundamental theorem of calculus):

b
w(b) —w(a) :/ w'(x) dz.

Thus, by denoting x;+1/2 := x; £ h/2 and y;11/2 = y; £ h/2, we have that

Yjt+1/2 8u ou
(10 xlyyj h2/ / |: ':Uz 1/27 ) 8 (':U y]):| dlﬁdy
—1/2
Yj+1/2 |:8u ou
( Ti—1/2,Y )__(:an):| dl‘dy
w2 /x@ , / _1/2 / Ox
i fYi+1/2 [ Oy ou
+ / / [ (z,y) — —(w,y)] dz dy
2 zi—1 JYj_1/2 Oz O !
1 Yjt+1/2 x; Ti—1/2 (‘92
=5 (+1) 5,26 y)de] dedy
h
Yj—1/2 Ti-1 z

J

1 /:cz [/yj+1/2( 1) /y a2u ( )d ] ded
t 3 + aa %, n)dn| drdy
h? Ti—1 Yj—1/2 Yi 8xay

J

Yj+1/2 Ti—1/2 (‘92 i 92y
[ [ = LS I TEY d:c] ay
Yj—1/2 1 Ti—1
Yi+1/2 Yjt1/2 82u
/ n)dn —/ yﬁ(l’ay)dy dz
Yj Yj—1/2 Yj—1/2 oy
Yjt+1/2 T 1/2 o%u T 0%u
/ -n)gge)det [ - S g de| dy
Yj—1/2 Ti—1/2
yj 52u Yjt1/2 0%u
(Y = Yj—1/2) 57 (T, y)dy+/ (y -y, 12)—(w,y)dy] dz.
B2 /Iil [/yjl/Z = dzdy Yj T dzdy
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We define the functions

T € [Ti1,T_1/2],

S
o
Il

—N—
NI—= N
8

|

&

|

—
s

(z — ;)% T € [mi_1/9, %3],
5 —yi—12)? Y E [Yim1/29)
B(y):{2 J=1/2) J=1/2> 93l
sW=yiv12)% Y E Wi yjr1s0)-
Note that A and B are continuous functions, A(z;—1) = A(z;) = 0, and B(y;_1/2) = B(yj41/2) = 0.

Thus, upon integration by parts,
1 Yjt+1/2 T o%u
p1(zi, y;) = ﬁ/ / Al(z) 55 (=, y)d:v] dy
Ti_ 1

Yj—1/2

1 /sz /'yj+1/2 , o%u
— 13 B'(y) 57 (z,y)dy| dz
h? i1 [ Yj—1/2 dzdy

1 Yj+1/2 z4 83u
=w ) [/ A5 (@, y)dx] ay

1 T; Yj+1/2 o3
+ ﬁ/mil [/y] B(y)w(%y) dy] dz.

1/2

However, since

h? h?
A < — B < —
[Al@) < < [BWI = 3,
it follows that
1 i Yit1/2 | 93 1 [T Yiti2 | 3y
lp1(zi,y5)] < —/ / —(a:,y)‘ dzdy + —/ / —(x,y)‘ dz dy.
’ 8 Yj—1/2 O 8 Ti—1 JYj-1/2 a$8y2
Consequently,
h? Ou|?
Il < 35 ([ 355 (70)
32 8(1?3 L2( ) 8xay LQ(Q
Analogously,
ht (|| 63u
loalfs < 35 ([ 555 )
4732 \[199% Ly 633 E?y La(Q)

In order to estimate 1, we note that

Tit1/2 Yj+1/2 Zs 8’11) Yj aw T Yj 82’11)
P(xi,y;) = / < —(s,y) ds+/ —(z,1) dt+/ / (s,t) dsdt> dzdy
h2 Ti—1/2 Yj—1/2 €z 8x Yy ay x Yy 8xay
1 /x1+1/2 /yg+1/2 &%w 1 Tit1/2  [Yj+1/2 5w
- C(0) 2 (2, y) dwdy — = / D)2 4 dy
h2 Ti—1/2 Yj—1/2 8 2 h2 Ti—1/2 —1/2 8 2

1 Tit1/2 Yji+1/2 Y 82
+ —2/ / </ / ——(s,t) dsdt> dz dy,
h Ti—1/2 Yj—1/2 4 Y O 8
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where w(z,y) = c(z,y)u(z,y),

(z — xi—1/2)27 T € [mi_1/9, %3],

2

)

I
—
NI= Nl

(z — xi+1/2)27 T € [T, Tig1)2),

and
D) sW—yi—12)% Y E W12y,
y =
W —vjr12)% Y E Wyt
Hence,
1 7,+1/2 y3+1/2 5w
‘ xwy] S o ( —(x7y)‘ dl’dy
8 Ti-1/2 y] 1/2 8332
ir1/2 Y4172 | 92
/ / —— | dzdy
Ti-1/2 Yj—1/2 a
i+1/2  [Yj+1/2 2
+2/ /] aw‘dxdy>,
Ti—1/2 Yj—1/2 8xay
so that, with w = cu, we have that
3t (|| 02w o2w|? 2w |?
R L g L [Fea . (72)
IV 2Y(9) LRI 2(9) TOY Ly ()

By substituting the bounds (70)—(72]) into the right-hand side of the inequality (62]), noting that 1/cy =
4/5 and recalling the definition of the Sobolev norm || - || 3(), we obtain the following result.

Theorem 11 Let f € Lo(Q), c € C%(Q), with c(x,y) > 0, (x,y) € Q, and suppose that the corresponding
weak solution of the boundary-value problem (37) belongs to H3(XY); then,

lu = Ullup < Ch|Jullgs @), (73)

where C' is a positive constant (computable from (70)—(72)).

It can be shown that the error estimate (73]) is best possible in the sense that further weakening of
the regularity hypothesis on u leads to a loss of second-order convergence. Error estimates where the
highest possible order of accuracy has been attained with the minimum hypotheses on the smoothness of
the solution are called optimal error estimates. Thus, for example, (73)) is an optimal error estimate for
the finite difference scheme (54]), but (69) is not.

We have used integral representations of differences to show the bounds (70)—(72]). Alternatively one

can use the following abstract device. Start of
optional

Lemma 8 (The Bramble-Hilbert Lemma) Suppose ® : H*(Q) — R is a linear functional, i.e., for all ™aterial
u,v € H*(Q), and all a, B € R,

O (au + fv) = a®(u) + P (v),
and assume that:

(a) ®(p) =0 for every polynomial p of degree < k — 1, and

34



(b) there exists a positive constant C' such that

2(w)| < Cllullgr@) Vue H Q).

Then, there exists a constant Cy = C1(R2,C, k) such that
[@(u)] < Crlulyrg) Vu€ H*(Q).
Here | - [gr(qy and || - || gr(q) are the Sobolev semi-norm and Sobolev norm, defined in Section [L.3

PRrROOF. See P. Ciarlet: The Finite Element Method for Elliptic Problems, STAM, Philadelphia, 2002. The
digital version of the book is available from https://epubs.siam.org/doi/book/10.1137/1.9780898719208
for details.

We shall use the Bramble-Hilbert lemma to re-derive the bound (7Q) for ;. Let K = [—1/2,1/2] x
[—1/2,1/2], and consider the affine mapping

x=uwx; —h/2+ sh, -1/2<s<1/2,

of K onto K, ; = [Ti—1, %3] X [Yj—1/2, Yj+1/2]- We define
u(s,t) = u(z,y).
In terms of 4, ¢ can be rewritten as follows:
o1, 35) = 3 (0,

where

(1) = /_11//22 %(o,t) at — {a(l,O) _ ﬂ(—%,o)}.

Clearly ® : 4 — ®(u) is a linear functional, and ®(p) = 0 for every polynomial p of the form
p(s,t) = ag + a1s + ast + azs® + aygst + ast’

(i.e., ®(p) = 0 if p is a bivariate polynomial of degree < 2). In addition,

1/2
()] < /

~1/2

ou _
g(O,t)‘ dt +2 (;’%ag( la(s,t)]. (74)

Lemma 9 Let v € H*(K); then
1/2

W [
~1/2

b ) <2 .
(b) max fv(s, )] < 2ol )

ov
Zr0.0)] at < VE ol

PROOF. We begin by proving the inequality stated in (a); we shall then prove the inequality under (b).
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(a) Note that, for any s € [-1/2,1/2],

ov ov 0920

- < | 2=

a8(0,75)' < as(s,t)‘ + e (o,t)do|.
Thus,

v v 1721 9%y

et < | 2=

as(o’t)‘ - ‘as(s’t)‘ +/1/2 s (0 t)‘ do.

Integrating both sides on the last inequality with respect to s and ¢ we have that

1/2 /2 ,1/2 12 ,1/2
/ 0t‘dt</ / St‘dsdt+/ / =5 ( 'dadt
1/2 0s 1/2J-1/2 1/2 1/2 83
1/2 1/2 1/2 1/2 9% 1/2
< / (s,t) ds de¢ / / Yl (0,t) dadt
—1/2J-1/2 33 1/2J-1/2 Js
o g
83 LQ(K) 832 LQ(K) ’
Finally, using the inequality
a+b<V20a?+0)V2  ab>0,
and the definition of || - || 2 (), we get the inequality stated under (a).
(b) Let (z,y) € K and (s,t) € K. Then
T v Y ov
v(x,y) =v(s,t) +/ 8—(0, t)do +/ E(S,T) dr
and therefore
1/2 v 1/2 o
v(z,y)| < |v(s,t —l—/ —(o,t d0+/ —(s,7)| d7
el <0l + [ 0] dos [ 5
/2 ,1/2
dodr.
/1/2/1/2 88875
Integrating both sides with respect to s and t it follows that
1/2 1/2 /2 p1/2
:Ey|</ / st|dsdt+/ / dodt
1/2J-1/2 1/2J-1/2 33
12 (1/2 81} /2 ,1/2
+/ (s,7) dsd7'+/ / dodr
—1/2 J-1/2 1/2 1/2 8881&
<ol +‘ ov ‘ ov +‘
< La(K aa ar
05l ey 10 paey ™ 110508y

<2[vlla2) Y(zy) € K.

Taking the maximum over all (z,y) in K, we obtain (b). O
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Equipped with the inequalities (a) and (b) we now return to the inequality (74)). It follows that
2(@)| < (V2 +4)|lall g2 (x).

Since [|a| g2k < |4l g3y, we also have

(@) < (V2 +4)llall s x).

Thus we have shown that the mapping ® satisfies the hypotheses of the Bramble—Hilbert lemma with
k=3 and Q2 =K.
Hence, there exists a constant C7 such that

|®(u)| < Cilulysey Vi€ H(K).

Returning from (s,t) € K to our original variables (z,y) € K ., we deduce that

2,57
[®(@) < C1A* ™ Julgag

and therefore,

1 _
lo1 (i, y5)] = 7 |[®(a)] < Clh‘u‘m(Kf,j)'

Consequently,
N N—-1
loadlz =D D kP ler (s, yy)I
i=1 j=1
N N-1
< 012]142 Z |u|H3(K
=1 ]:1
< CPn* ulFrs g -
Therefore,
ler)le < CLh® ful sy - (75)
Similarly,
l2]ly < Cah® ’u’HS(Q) (76)
and
lblln < Csh? [ul ey (77)

The bounds (78)-(T7) derived by using the Bramble-Hilbert lemma are essentially the same as those
obtained earlier by integral representations, and stated in (Q)—(2). There is, however, an important
practical difference: while the constants involved in (0)—(72]) are known, those which appear in (75)—(T1)
(namely, Cy, Co, C3) are unknown because the Bramble-Hilbert lemma does not tell us what these are,
so the constant in the resulting error estimate is not ‘computable’. We note, however, that in recent
years several constructive proofs of the Bramble-Hilbert lemma have been derived for restricted classes
of Q. (e.g. Q convex or star-shaped). These constructive proofs give an explicit expression for Cy (see
the statement of the Bramble-Hilbert lemma) in terms of C, k and the area (volume) of .
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4.2 Nonaxiparallel domains and nonuniform meshes
We have carried out an error analysis of finite difference schemes for the partial differential equation Lecture 6
—Au + C(:Ev y)u = f(:Ev y)

on a square domain 2. The error analysis of difference schemes for more general elliptic equations would
proceed along similar lines. Consider, for example,

0 ou 0 ou ou ou
_|Z it = = b Ty A - -
|:(9.Z' (al(‘ray)ax> +8y <a2(x7y)ay>:| + 1('%7?/)81, + 2(x7y)ay +c(x,y)u f(x7y)
on the unit square € in R?. We approximate this partial differential equation by
1 UZ'_|_17 P — Ui7 i Ui,' - Ui—l,'
7 |:a1($i+1/2,yj)# - al(xi—l/Z,yj)%}
1 Uij+1 — Ui Uij —Uij—1
-7 [@(ﬁﬂjﬂp)% - 02(%,1/]'_1/2)]7}1]}
Uit1; = Uic1 Uij+1 — Ui -
+ by (@i, ) R by () L

2h 2h

1 Tit1/2 Yj+1/2
sV =gz [ [ fe)dedy.
Ti—1/2 Yj—1/2

This is still a five point difference scheme that is second order consistent.
When 2 has a curved boundary, a nonuniform mesh has to be used near 92 to avoid a loss of accuracy.
To be more precise, let us introduce the following notation: let h;1+1 := ;41 — x;, h; := x; — x;—1, and let

1
h; = §(hi+1 + hi).
We define
U1 —U; _ Ui — U1
DU = 2T pop e DT il
2 U, n 2 U, o
_ 1L (U =U; Ui =Uio
DID;U; = — [ £ - :
v h; ( hit1 h; >

Similarly, let kj 11 == yj41 — 5, kj == y; — yj—1, and let

1
kj = g(k‘jﬂ +kj).

Let
Uii1—U,; U: —U,_
D;'Uj = 7]—%% L D,U; = e k-] 17
j j
_ 1 /U 1-U; U;—U;_4
DD L J+ J >3 J .
v Py Ui kj( kjt1 k; >

Note that, whereas on a uniform mesh D, U;11 = D} U; and Dy_ Ujy1 = D;’ Uj, on nonuniform meshes
this is no longer the case. For the same reason, on a nonuniform mesh Dj D U; # D, D;U; and
D;’Dy_Uj =+ Dy_D;’Uj.

On a general nonuniform mesh

Qp = {(xi,y;) € Qw1 — @ = hig, Yi+1 — Y5 = kjp1},
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the Laplace operator, A, can be approximated by D D, + D; D, , with the difference operators DID;,
D D, defined above.
Consider, for example, the Dirichlet problem

—Au = f(z,y) in Q,
u=20 on 052,

where Q and the nonuniform mesh Qj, are depicted in Fig. 4.

® ®

® ®

o Op; © Iy, ﬁh:QhUFh.
Figure 4: Nonuniform mesh ,.

The finite difference approximation of this boundary-value problem is

—(D;D;UZJ + D;Dy_UZJ) = f(ﬂj‘i,yj) in Qp,

Uij=0 on I'y.
Equivalently,
1 <Uz’+17j —Uy Uj— Uz’—l,j) 1 <Ui,j+1 —Uy Uj— Ui,j—1> ~ iy in O
T hit1 hi t; kji1 k; e ’
UZ’J = 0 on Ph.

A typical difference stencil is shown in Fig 5; clearly we still have a five-point difference scheme.
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(@i, y541) @

kjt1
h; hit1

° ®

(wi—1,y5) (@i, y5) (@it1,Y5)

k;

(xiayj—l)‘

Figure 5: Five-point stencil on a nonuniform mesh.

4.3 The discrete maximum principle

The maximum principle is a key property of elliptic equations. Under suitable sign-conditions imposed
on the source term in the equation and the coefficients of the differential operator, it (roughly speaking)
ensures that the maximum value of the solution is attained at the boundary of the domain rather than
at an interior point, and if the maximum value of the solution is attained at an interior point, then the
solution must be constant.

To motivate the discussion that will follow, let us begin by considering the two-point boundary-value

problem
—u"(x) = f(x), =z € (a,b); u(a) = A, wu(b) = B.

By integrating twice and imposing the boundary conditions in order to fix the integration constants, one
finds that

b—x r—a

v b T —a T —a
u(m):b_a/a (t_a)f(t)dt+b—a/gc(b_t)f(t)dt+<l_b—a>A+b—aB’ a<zx<hb.

Hence, if f(x) <0 for all = € [a, b], then

r—a r—a
<|(|1-— A B <z <
u(:n)_< b—a> +b—a , a<x<hb,

i.e., the solution curve is below the line connecting the points with coordinates (a, A) and (b, B), and
therefore, in particular
u(z) < max(A, B), a<xz<b.

Hence the maximum value of u is attained at the boundary, — a property that is usually referred to as
mazimum principle.
Analogously, if f(x) > 0 for all € [a, b], then

T —a T —a
> (1 A B <<
u(:n)_< b—a> +b—a , a<x<hb,

i.e., the solution curve is above the line connecting the points with coordinates (a, A) and (b, B), and
therefore, in particular
u(z) > min(A4, B), a<xz<b.

Hence the minimum value of « is attained at the boundary, — a property that is usually referred to as
minimum principle.
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It would be far too tedious to use a direct calculation to prove a maximum principle for the multidi-
mensional counterpart of the two-point boundary-value problem considered above: i.e., for

—Au= f(z), z€Q, uloq = g,

where 2 C R” is a bounded open set, f € C(£2) and g € C(02). We shall therefore show the maximum
principle for this problem by an indirect, contradiction-based, argument.

Suppose first that f(x) < 0 for all z € Q and that u € C*(Q2) N C(Q) is a (classical) solution to the
above boundary-value problem, i.e., —Au(z) = f(x) for all x € Q and u|gg = g. We shall prove that the
maximum value of u is then attained on 0€). Suppose otherwise, that u attains its maximum value at
o € 2. Then,

gs‘(xo)zo, i=1,...,n
and o
a—g(xo)go, i=1,...,n.
Ti
Hence,
"L 9%
—Au(zg) = — W(%) = 0,
=1 9%

which contradicts the assumption that f(z) < 0 for all z € 2. The maximum value of v must be therefore
attained on 0f2.

Let us now show that a maximum principle still holds under the weaker assumption f(z) < 0 for all
x € . To this end, we consider the auxiliary function v € C2(Q) N C(Q) defined by

v(x) == u(x) + %(z% 44 22),

where ¢ > 0. Then, —Av(z) = —Au(z) —¢ = f(z) —e < 0 for all z € Q. Hence, by what we have
previously proved, v attains its maximum value on the boundary 0f2 of €2. Consequently,

max u(z) = max [v(2) = ——(af + -+ +22)]

x€IN z€IN 2n
€/ 2 2 }
> — —_
> maxv(z) - max [271 (@7 4o+ )
€/ 2 2 }
=maxv(z) —max | —(z5 +---+2x
mao(a) — ma [ (ad 4+ o)

= maxv(z) — ° max ||
e 2n zeaq '

As v(z) = u(z) + £=|z[* > u(), it then follows that

€ 2
max u(z) > maxu(r) — — max |x|
T€ON z€Q 2n zcd

for all € > 0. Since the expression on the left-hand side of this inequality is independent of €, as is the
first term on the right-hand side, by passing to the limit ¢ — 04 we deduce that

max u(z) > maxu(z).
€N zeQ)

As 9Q C Q, trivially max, g u(z) > maxgzepo u(x). Therefore, these two inequalities yield that

max,egq u(r) = max, g u(z).
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Thus we have shown that, if f(x) < 0 in Q, then the maximum value of u is attained on the boundary
09} of the domain €2, which completes the proof of the maximum principle.

Analogously, if —Au = f in Q, u|pq = g, and f(x) > 0 in , then —u is the solution of the partial
differential equation —A(—u) = —f < 0. Therefore —u attains its maximum value on the boundary 02 of
the domain 2. Equivalently, v attains its minimum value on 9€2; hence, u satisfies a minimum principle
in this case, i.e.,

mingepo u(r) = min, g u(z).

Our objective is now to construct a finite difference approximation of the elliptic boundary-value
problem —Au = f, ulgq = g, and show that a discrete counterpart of the maximum principle satisfied
by the function w holds for its finite difference approximation U. For ease of exposition we shall confine
ourselves to the case of two space dimensions and consider a general nonaxiparallel domain, such as the
one depicted in Fig. 4, and a general nonuniform mesh

Q= {(zi,y7) € Q¢ wigy — 2 = by yj1 —yj = kj ).

The Laplace operator, A, is approximated by D} D, + D} D, , with the difference operators D} D,

D;’ D, defined as in Section The finite difference approximation of the Dirichlet problem

—Au=f in Q,
U=y on 0f)

is then given by

~(DFD Ui+ Dy D, Uy ;) = f(i,y5) in Qp, -
Uij = 9(%i,y;) on Ty,
Equivalently,
1 UH_lj_Uij Uij_Ui_lj 1 Uij—i—l_Ui_j Uij_Uij—l .
h 7 T ol 7 = : = i»Yj Qn,
h; < hit1 h; kj kj—i—l kj f(x y]) mn §2p

Uij = g(xi,y;) on [y,

Suppose that f(z;,y;) < 0 for all (z;,y;) € 2 and that the maximum value of U is attained at a
point (zy,yj,) € Q. Clearly,

1 1 1 1 1 1 Uiv1;  Uic1y U1 Ui
- b () Uy = R T L WL gy
<ﬁz’ (hi+1 hi) %j <’fj+1 k‘g)) T by hihi o Rk Rk fwo ;)

for any (x;,y;) € Qp. Therefore, because Usy+1,j, < Uiy jo and Uiy jox1 < Usgjo, and f(24g,yj,) < 0, it
follows that

1 1 1 1 1 1 Ui Ui Ui Ui ;
— )+ o ) ) Uigjo < 72— + 0 4 —0— 4~
(7% (hio-l-l hi0> %ij (’%H k; >> 0 7 highigr1  Bighig o kjor1  Fjo Ko

Note, however, that the expressions on the two sides of this inequality are equal, which means that we
have run into a contradiction. Thus we have shown that if f(z;,y;) < 0 for all (z;,y;) € € then the
maximum value of U is attained on the boundary I'y, of €2, which completes the proof of the discrete
mazimum principle in this case:

max (g, yer, Uij = maxg, g Uij.
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Now suppose that f(z;,y;) <0 for all (x;,y;) € Q. We define the auxiliary mesh function V' by

€
—(a:l2 + y?) for (z;,y;) € Q.

Vij=Uij+ 7

Hence,

—(DfD,Vij+ DS D, Vi;)=—(DiD,Ui;+ D, D, U;) — e = f(aiy;) —e <0 in Qp,
which then implies that the maximum value of V is attained on I'j,. Therefore,
€
@+

max U;; = max [Vm—4

(wi,y5)€l (wi,y;)€l

€
> max Vi; -~ max (27 +y?)
(zy)€ln 4 (wiy)ern !
€
= max_ Vj;— - max (z7+ y?)

(wi,y;)EQ, 4 (z,y;)€Th
As, by definition, V; ; > U, j for (z;,y;) € Qp, it follows that

€
max U;; > max U;;—- max (o7 + y?) Ve > 0.
(xi,y;)€Th (wi,y5)EQn 4 (z;,y;)€ly,

By passing to the limit € — 04 it then follows that

max Ui,j > max UZ'J'.
(xi,y;)€Th (Ti,y5)EQ

As Ty, C Qp, trivially mMax . . eq, Uij > max( )er, Ui j, and therefore we deduce from these two

TiYj

inequalities that if f(x;,y;) < 0 for all (z;,y;) € Qp, then the discrete mazimum principle holds:

maX(%yj)eph Ui,j = max(wi’yj)eﬁh Ui,j'

Analogously, if f(z;,y;) > 0 for all (z;,y;) € Qp, then a discrete minimum principle holds:

mln(xivyj)eph Uiv' = mln(:ci,yj)eﬁh UZJ

Our objective in the next section is to use the discrete maximum/minimum principle we have established
to prove the stability of the finite difference scheme (78]) with respect to perturbations in the boundary
data.

4.4 Stability in the discrete maximum norm

Consider the finite difference scheme (78]) on the nonuniform mesh formulated in Section Our first
result asserts the existence of a solution to (78] as well as its uniqueness.

Lemma 10 The finite difference scheme ([[8) has a unique solution.

ProOOF. We note that (78] is, in fact, a system of linear algebraic equations for the values U;; such
that (z;,y;) € Qp, so if the total number of mesh-points contained in €2, is denoted by M}, then the
system of linear algebraic equations concerned has an M) x M} matrix, and showing the existence of a
unique solution to the finite difference scheme (78]) is therefore equivalent to showing that this system of
linear algebraic equations has a unique solution, which amounts to proving that the matrix of the linear
system is invertible. The matrix of the linear system associated with (78]) is invertible if, and only if, the
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corresponding homogeneous system of linear algebraic equation has the zero vector as its only solution,
which is, in turn, equivalent to showing that the finite difference scheme (78) with f(z;,y;) = 0 for all
(xi,yj) € Qp, and g(z4,y;) = 0 for all (z;,y;) € I'j, has the trivial solution as its only solution, i.e., that

Ui; =0 for all (x;,y;) € Q. Let us therefore consider

—(D;D;UL]' + D;_Dy_UZ,]) =0 in €y,

(79)
UZ'J' =0 on Ph.

The existence of a solution to (79) is obvious: the mesh-function U, with U; ; = 0 for all (z;,y;) € Qp is
clearly a solution. According to the discrete maximum principle, for any solution U of the finite difference

scheme ([79)),

0= max_ U,
(2i,y5) €2

while according to the discrete minimum principle

0= min_ Ui,j-
(zi,y;)€Qn

Therefore the only solution is the trivial solution. This then implies the existence of a unique solution to

@). O

We are now ready to embark on the analysis of the stability of the scheme (78) with respect to
perturbations in the boundary data.
Consider the mesh functions UM and U®) | which satisfy, respectively:

—(Df D; U + Df Dy UD) = flai,yy) in Qp, 50
Ui%) = g (@i, ;) on I',
and
—(DF D7 U + Df DU = f(ai,yy) in Q, .
Uﬁ-) = ¢® (i, y)) on I'y, =y

for given boundary data ¢V and ¢@. Let U := UM —U® and ¢ := ¢V — ¢®. Then, by subtracting
&I from (B0) we find that U solves

—(D:D;Ui,j + D;D;UZJ) =0 in Q, (82)
Ui,j = 9(xi,y;) on I'p.
By the discrete maximum principle we have from (82)) that
max U,;= max U;;= max T;,Yi) < max i, yqi)l.
(z4,y5)EQ ! (ziy;)€ln (zi,y5)€T 9l i) (wi,y;)€ly 9 y])’
In other words, for all (z;,y;) € Qn,
U;; < max T, Yi)l|- 83
S max l9(i, y5)] (83)
It follows from (82]) that —U solves
—(D3 Dy (=U)ij+DyD,(~U);;) =0 in Qp, (84)
(=0)ij = —9(xi,y;) on I'y,
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where (=U); j = —U; j. Hence, also,

—U;;=(-U);; < max |—g(x;,y;)|= max Ti, Y 85
=iy (:vi,yj)el“h’ 9(i, )| (miﬁyj)erh!g( yi)l (85)

for all (z;,y;) € Q. By combining (83) and (85]) we have the inequality

U; ;| < max Ti,Yj
’ 17]’ = epers, lg(xi y])’

for all (z;,y;) € Q. and hence,

max U'7' < max g(x;, yi)l.
(wiyyj)eﬁh’ Z]’ (mi,yj)el“h‘ ( [3) ])’

By recalling the definitions of U and g, we have thereby shown that

< max g (@iyy) — 9P (i)l (86)

max ]Ui(;) - UZ-(
’ ’ (z4,y5) €T

(wi,y;)EQ,
The inequality (86 expresses continuous dependence of the solution U to the finite difference scheme
with respect to the boundary data ¢: it ensures that small perturbations in the boundary data result in

small perturbations of the associated solution, a property that is referred to as stability of the solution
with respect to perturbations in the boundary data (in the discrete maximum norm, in this case).

4.5 Iterative solution of linear systems: linear stationary iterative methods

Before embarking on our discussion of the main topic of this section, we require a few technical tools.
Let us start by considering the finite difference approximation of the eigenvalue problem:

—u"(x) + cu(z) = Iu(z), x € (0,1),
u(0) =0, wu(l) =0,

where ¢ > 0 is a real number. A nontrivial solution u(z) # 0 of this boundary-value problem is called
an eigenfunction, and the corresponding A € C for which such a nontrivial solution exists is called
an eigenvalue. A simple calculation reveals that there is an infinite sequence of eigenfunctions u* and
eigenvalues A\i, Kk =1,2,..., where

uF(z) == sin(krz) and A := ¢+ k*n2, E=1,2,....

Clearly, c+ 72 < X\ for all k =1,2,..., and \;, — +oo as k — +o0.
The finite difference approximation of this eigenvalue problem on the mesh {z; :==ih : i =0,...,N}
of uniform spacing h := 1/N, with N > 2, is given by
Uiy1 —2U; + Ui

- 72 —I-CUi:AUi, izl,...,N—l,

Uy=0, Un=0.
Again, we seek nontrivial solutions, and a simple calculation yields that U; := U*(z;), where

4 kmh
Uk(a:)::sin(knra;), x € {xg,z1,...,xNn} and Ak::c—kﬁsinQ%, k=1,2,...,N —1.

This can be verified by inserting

U; = Uk(:nl) =sin(kmx;) and Ujpq = Uk(:niil) = sin(kmx;11)
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into the finite difference scheme and noting that

sin(krziyq) = sin(km(x;£h)) = sin(knx;) cos(kmh)+cos(kma;) sin(kmh)

fork=1,2,....,N—1landi=1,2,...,N — 1.

Using matrix notation the finite difference approximation of the eigenvalue problem becomes

and 1—cos(kmh) = 2sin

2 1 Tr 7 - .
zte gz 0 Ui Ui
1 2 1
B omte —p Us Uz
‘ . . : A :
12 1
—7Z jzTC —3z Un—2 Un_2

] O L 2] | Unv—1 | | Un-1 |

2 b

or, more compactly, AU = AU, where A is the symmetric tridiagonal (N — 1) x (N — 1) matrix displayed
above, and U = (Uy,...,U N_l)T is a column vector of size N — 1. The calculation performed above
implies that the eigenvalues of the matrix A are

4 krh
Ak:c—l—ﬁsiﬁ%, k=1,2,...,N—1
and the corresponding eigenvectors are, respectively, (U*(z1),...,U*(y_1))", k=1,...,N — 1.

Clearly, c+8 < Ap < c+ % forall k =1,2,..., N —1. The first of these inequalities follows by noting
that Ay, > A; for k=1,...,N —1 and sinz > ¥$ for z € [0, %] (recall that h € [0, 3] because N > 2,
whereby 0 < ”—2h < 7); the second inequality is the consequence of 0 < sin?z < 1 for all z € R.

Example 1 Suppose that Q = (0,1)2, the open unit square in R?, and consider the problem

—Au+cu = A\u

u=20

in €,
on T := 09,

where ¢ > 0 is a given real number. A simple calculation shows that there is, once again, an infinite
sequence of eigenfunctions and associated eigenvalues:

w2, y) = sin(krx) sin(mmy), Mg = ¢+ (K% +m?)n?, k,m=1,2,....

The finite difference approrimation of this eigenvalue problem posed on a uniform finite difference mesh
{(xi,y;5) := (ih,jh) : i, =0,...,N} of spacing h =1/N, N > 2, in the x and y directions, is

Ui =i+ Uiy Uijn =2V +Uijor Ui, = AU,

h? h?

i,7=1,...,N —1,
fOT’ (xwy]) S Ph7
where, I'y, is the set of mesh-points on I'. This can be rewritten as an algebraic eigenvalue problem of the

form AU = AU, where now A is a symmetric (N —1)2 x (N — 1)? matriz with positive eigenvalues

4 kmh h
Agm =c+ 72 (Sin2 % + sin? mTﬂ-> ,

with ¢+ 16 < Appy < c+ %, and eigenvectors/(discrete) eigenfunctions U; j = Ukm(a;, yj), where
UR™(z,y) = sin(krz) sin(mmy),

fori,j=1,....N—1and k,m=1,...,N — 1.
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Let us consider now the boundary-value problem:

—u"(z) + cu(z) = f(2), x € (0,1),
u(0) =0, wu(l) =0,

where ¢ > 0 and f € C([0,1]). The finite difference approximation of this boundary-value problem on
the mesh {x; :=ih : i =0,..., N} of uniform spacing h := 1/N, with N > 2, is given by

_U+1 U+U 1—|—CUi:f(xi)7 Z:l,...,N_la

h2
Up=0, Unx=0.

(87)

In terms of matrix notation, this can be rewritten as a system of linear algebraic equations of the form
AU =F (88)

where A is the same (N — 1) x (N — 1) symmetric tridiagonal matrix as in the univariate case considered
above, with distinct positive eigenvalues Ay, k = 1,..., N —1, as above, F := (f(x1),..., f(zxy_1))T, and
U:=(Uy,...,Ux_1)7T is the associated vector of unknowns.

Similarly, if one considers the elliptic boundary-value problem

—Au+cu = f(z,y) in ,
u =0 on I' := 09,
where ¢ > 0 is a given real number and f € C(Q), whose finite difference approximation posed on a
uniform mesh {(z;,y;) := (ih,jh) : i,j = 0,...,N} of spacing h := 1/N, N > 2, in the z and y
directions, is
Uit1j = 2Uij + Uicrj  Uijt1 = 2Uij + Uijj—1

a h2 - 2 +cUiy = flzi,y)), ij=1,...,N —1,

(89)
Uij=0 for (x;,vy;) € I'n,

where, '}, is the set of mesh-points on I', then this, too, can be rewritten as a system of linear algebraic
equations of the form AU = F, where now A is a symmetric (N — 1)2 x (N — 1)? matrix with positive
eigenvalues, Ay, k,m =1,...,N — 1, given in Example [Il above.

Motivated by these examples, we shall be interested in developing a simple iterative method for the
approximate solution of systems of linear algebraic equations of the form AU = F, where A € RM*M jg
a symmetric matrix with positive eigenvalues, which are contained in a nonempty closed interval [o, 3],
with 0 < a < B, U € RM is the vector of unknowns and F € RM is a given vector. To this end, we
consider the following iteration for the approximate solution of the linear system AU = F.

Ut .= gl — r(AUY — ), j=0,1,..., (90)

where U(®) € RM is a given initial guess, and 7 > 0 is a parameter to be chosen so as to ensure that
the sequence of iterates {U (3)}‘]?‘;0 C RM converges to U € RM as j — co. We begin by observing that
U=U —7(AU — F). Therefore, upon subtraction of (Q0) from this equality we find that

U—UU) =0 -0V —7AU —UD) = (I —7A)(U -UY),  j=0,1,..., (91)
where I € RM*M ig the identity matrix. Consequently,

U-UY =T -7AU-U),  j=1,2,....

47



Recall that if ||-|| is a(ny) norm on RM | then the induced matriz norm is defined, for a matrix B € RM*M
by

BV
1Bl = sup L2V

verm\goy VI
Thanks to this definition, ||BV|| < ||B||||V|| for all V € RM and hence, by induction | BV | < || B|J?||V||
forall j =1,2... and all V € R™. Therefore, with B:=1 —7A and V := U — U©), we have that

|U - U9 = ||(I - 74 (U - UD)| < |II - 74)|U - UO). (92)

In order to continue, we need to bound ||I — TA||, and to this end we need a few tools from linear
algebra; we shall therefore make a brief detour. OQur first observation is that RM is a finite-dimensional
linear space, and in a finite-dimensional linear spaces all norms are equivalent@ Therefore, if the sequence
{U(j )};";0 converges to U in one particular norm on RM | it will also converge to U in any other norm on
RM . For the sake of simplicity of the exposition we shall therefore assume that the norm || - || on RM
appearing in the inequality above is the Euclidean norm:

M 1/2
V| = (Z vf) ., V=,....,VanT e RM,
=1

A symmetric matrix B € RM*M has real eigenvalues, and the associated set of orthonormal eigenvectors
spans the whole of R™. Denoting by {e;}}£, the (orthonormal) eigenvectors of B and by \;, i = 1,..., M,
the corresponding eigenvalues, for any vector V' = aje; + --- 4+ aprenr, expanded in terms of the eigen-
vectors of B, thanks to orthonormality the Euclidean norms of V' and BV can be expressed, respectively,

as follows:
M 1/2 M 1/2
HVH=<Za?) and \\Bvu:(zam) |
i=1

i=1

Clearly, | BV|| < max;—1,._a |Ai| |V for all V € RM | and the inequality becomes an equality if V happens
to be the eigenvector of B associated with the largest in absolute value eigenvalue of B. Therefore,

| B|| = max;=1,.ar |Ai|, where now || - || is the matrix norm induced by the Euclidean norm.
We are now ready to return to (02)) to find that ||I — 7 A|| appearing on the right-hand side of ([©2)),
where again || - || denotes the matrix norm induced by the Euclidean norm, is equal to the largest in

absolute value eigenvalue of the symmetric matrix I —7A. As the eigenvalues of A are assumed to belong
to the interval [a, (], where 0 < a < 3, and the parameter 7 is by assumption positive, the eigenvalues
of I — 7 A are contained in the interval [1 — 75,1 — 7a], whereby || — TA| < max{|1 — 70|, |1 — Tal}. As
7 > 0 is a free parameter, to be suitably chosen, we would like to select it so that the iterative method
[@0) converges as fast as possible, and to this end we see from (02]) that it is desirable to choose 7 so that
|I — 7A|| is as small as possible, and less than 1. We shall therefore seeck 7 > 0 so as to ensure that

min max{|1 — 74|, |1 — 7|} < 1.
7>0

By plotting the nonnegative piecewise linear functions 7 +— |1 — 73| and 7 — |1 — 7o for 7 € [0, 00),
we see that they vanish at 7 = 1/8 and 7 = 1/a, respectively; their graphs intersect at 7 = 0 and at
T = ﬁ As 0 < a < B, clearly 0 < 1/8 < 1/a. Next, by plotting the continuous piecewise linear

6Suppose that V is a linear space and || - ||1 and || - |2 are two norms on V; then || - ||1 and || - ||2 are said to be equivalent
if there exist positive constants C; and Co such that C1[|[V]|1 < ||V||2 < C2||V]|1 for all V € V. For the details of the proof
of the assertion that any two norms on a finite-dimensional linear space are equivalent, see, for example, the webpage
http://mathonline.wikidot.com/equivalence-of-norms-in-a-finite-dimensional-linear-space#tocO
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function 7 — max{|1 — 74|, |1 — 7|} for 7 € [0, 00), we observe that it attains its minimum at 7 = —=

a+
where 1 — 78 = 7« — 1. Thus,
i {1 =78, 11 I} {1 —78[,11 Hrez ioe
min max{|l — 78|, |1 — 7a|} = max{|1 — 78|, |1 — Tal}| _ =
>0 =575 5+«

In summary then, the iterative method proposed for the approximate solution of the linear system
AU = F is the one stated in (Q0), with 7 := 64%1’ and [o, 8] being a closed subinterval of (0,00) that

contains all eigenvalues of the symmetric matrix A € RM*M,

Example 2 In the case of the finite difference scheme [&T), « =c+8 and f = c+ %, while in the case
of B, a=c+16 and B =c+ %. In both cases

8 — «

— 1 — Const. h?;
B+«

thus, while the sequence of iterates {U(j)}‘]?‘;o defined by the iterative method (QQ) is guaranteed to converge
to the exact solution U of the linear system AU = F, the right-hand side in the inequality

B—
B+

will gradually deteriorate as h — 0. By ‘deteriorate’ we mean that the smaller the value of the mesh-size
h, the closer the fraction (8 — a)/(B + «) € (0,1) will be to 1, and therefore the slower the convergence
of the sequence appearing on the right-hand side of the inequality (©3]) will be to 0 as j — oo. The
deceleration of the convergence to 0 of the right-hand side of the inequality [@3) as j — oo with decreasing
h does not, of course, automatically imply a corresponding deceleration of the convergence of ||U — U(j)H
to 0 as j — oo with decreasing h, as the right-hand side of the inequality ([Q3)) is merely an upper bound on
the left-hand side. That this is however the case can be verified by numerical experiments, which indicate
that the smaller the mesh-size h the slower the convergence of ||U — UY|| to 0 will be as j — oco.

) J
o -9 < (522 1w - v (98)

We note that by multiplying (@I]) by the matrix A and recalling that AU = F', one has that
F—AUUTY = (I — 7A)(F — AUY)),

and therefore, by proceeding as above,

J
IF - AU < |1 = s | - 409 < (522) |7 - ). (o)
B+«

As « and § are available (in the case of the simple boundary-value problems considered here, at least) as
are I, A and the initial guess U© | it is possible to quantify the number of iterations required to ensure
that the Euclidean norm of the so-called residual ' — AUU) of the j-th iterate becomes smaller than a
chosen tolerance TOL > 0: a sufficient condition for this is that the right-hand side of (04)) is smaller than
TOL, which will hold as soon as

. |F — AUO)| B+a\]™
j > log 0L log 5 a . (95)
In the case of the two boundary-value problems considered above,
f-a = 1 — Const.h?
B+«

and therefore (because log(1 — Const.h?) ~ —Const.h? as h — 0) the right-hand side of the inequality
([@5) is ~ Const. h~=2log(1/TOL). We see in particular that the smaller the value of the mesh-size h the
larger the number of iterations j will need to be to ensure that |F — AUY)|| < TOL.
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5 Finite difference approximation of parabolic equations

This penultimate section of the lecture notes is concerned with the construction and mathematical Lecture 8
analysis of finite difference methods for the numerical solution of parabolic equations. As a simple yet
representative model problem we shall focus on the unsteady diffusion equation (heat equation) in one
space dimension:

ou  0%u

which we shall consider for = € (—o0,00) and ¢ > 0, subject to the initial condition
u($70) = UO(l‘), T € (_00700)7

where ug is a given function.

The solution of this initial-value problem can be expressed explicitly in terms of the initial datum wg.
As the expression for the solution of the initial-value problem provides helpful insight into the behaviour
of solutions of parabolic partial differential equations, which we shall try to mimic in the course of their
numerical approximation, we shall summarize here briefly the derivation of this explicit expression for
the analytical solution of the initial-value problem (9.

We recall that the Fourier transform of a function v is defined by

o

06 = Fll(©) = [ vla)e e d.

—00

We shall assume henceforth that the functions under consideration are sufficiently smooth and that they
decay to 0 as z — 400 sufficiently quickly in order to ensure that our formal manipulations make sense.
By Fourier-transforming the partial differential equation (O6]) we obtain

% 9%u
2
oo O

< ou

oo o @t e T de =

(z,t) e dz.

After (formal) integration by parts on the right-hand side and ignoring ‘boundary terms’ at +oo, we
obtain

0 . .
au(&t) = (Zé)zu(é',t),

whereby ) e
a(g,t) = e (g, 0),

and therefore ,
u(z,t) = F~1 <e_tf &0) .

The inverse Fourier transform of a function is defined by

o(z) = F[o](z) = — / T h(E)eE de.

:% .

Thus, after some lengthy calculations whose details we omit, we find that

u(a,t) = F~! (e‘t52?lo(§)> = / w(z —y,t)uo(y) dy,
where the function w, defined by
e pa——C0)



is called the heat kernel. So, finally,

u(z,t) (z=y) /(4t)u0(y) dy. (97)

\/zF

This formula gives an explicit expression for the solution of the heat equation (@@ in terms of the
initial datum wuy. Because w(x,t) > 0 for all x € (—o0,00) and all ¢ > 0, and

/ w(y,t)dy =1 for all t > 0,

—00

we deduce from (O7) that if ug is a bounded continuous function, then

Supxe(—oo,-‘,-oo)‘u(xat)‘ < Supme(—oo,oo)‘u()(x)’7 t>0. (98)

In other words, the ‘largest’ and ‘smallest’ values of u(-,t) at ¢ > 0 cannot exceed those of ug(-). Similar
bounds on the ‘magnitude’ of the solution at future times in terms of the ‘magnitude’ of the initial datum
can be obtained in other norms as well, and we shall focus here on the Lo norm in particular. We will
show, using Parseval’s identity stated below, that the Lo norm of the solution, at any time ¢ > 0, is
bounded by the Lo norm of the initial datum. We shall then try to mimic this property when using
various numerical approximations of the initial-value problem for the heat equation.

Lemma 11 (Parseval’s identity) Let Lo((—00,00)) denote the set of all complex-valued square-integrable
functions defined on the real line. Suppose that u € La((—00,00)). Then, 4 € La((—00,00)), and the

following equality holds:
.
HuHLQ((—oo,oo)) = \/—2—71_ ||uHL2(—oo,oo)a

lllatoemy = ([ Tute)l d) "
PROOF. We begin by observing that
[ @@= [ ([ utwear) e ac
_ /_ Z < /_ Z v(E) et d{) u(z) de

- / u(w) o) da.

—00

where

We then take (where, for a complex-valued function w, we denote by w the complex conjugate of w)
v(€) = a(€) =2nF @ (€), €€ (—o0,00),
and substitute this into the identity above to complete the proof. O

Returning to the equation (Q6]), we thus have by Parseval’s identity that

1.
(s O Ly ((—s0,00)) = N oG Ol Ly ((—o000))s  t>0,

o1



and therefore

1 2
”u('7t)HL2((—oo,oo)) = \/% He % UO(')”LQ((—oo,oo))
1
< I —00,00
< Jom %01 £5((—00,00))
= [[uol| o ((=00,00))> t>0.

Thus we have shown that

[u(s ) La (=00,00)) < MU0l Lo((—00,00))  for all £ > 0. (99)

This is a useful result as it can be used to deduce stability of the solution of the equation (@) with
respect to perturbations of the initial datum in a sense which we shall now explain. Suppose that ug and
Ug are two functions contained in Lo((—o00,00)) and denote by u and @ the solutions to (@6]) resulting
from the initial functions ug and g, respectively. Then u — @ solves the heat equation with initial datum
ug — o, and therefore, by (@9]), we have that

lu(-st) = a(, )l Ly ((—00,00)) < 10 = ol Ly((=00,00))  for all &> 0. (100)

This inequality implies continuous dependence of the solution on the initial function: small perturbations
in up in the La((—00,00)) norm will result in small perturbations in the associated analytical solution
u(+,t) in the Ly((—o00,00)) norm for all ¢ > 0.

The inequality (@9]) is therefore a relevant property, which we shall try to mimic with our numerical
approximations of the equation (OG)).

5.1 Finite difference approximation of the heat equation

We take our computational domain to be
{(z,t) € (—o0,00) x [0,T]},

where T' > 0 is a given final time. We then consider a finite difference mesh with spacing Az > 0 in
the z-direction and spacing At := T'/M in the t-direction, with M > 1, and we approximate the partial
derivatives appearing in the differential equation using divided differences as follows. Let x; := jAz and
tm := mAt, and note that

au ~ u(‘r.ﬁ tm+1) - U($J7 tm)
at (‘T]7 tm) ~ At
and ,
@@. b) & W(T 1, tm) — 2u(Tj, tm) + w(zj—1,tm)
8x2 Jom (A:E)Q .

This then motivates us to approximate the heat equation (@8] at the point (x;,t,,) by the following
numerical method, called the explicit Fuler scheme:

grtt—uym  um, —2um+un
J J_ _ g+t J j—1 s —
; = (Bx) , j=0,x1,+2,..., m=0,...,M —1,

U = ug(x;), j=0,41,+2,....

Equivalently, we can write this as

UMt = UM + (U — 27+ U), j=0,£L,42,..., m=0,...,M—1,
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U = ug(x), j=0,41,+2, ...,

At
(Az)?”
;’}H, U ]m, and Uj"l 1 from the previous time level.

Alternatively, if instead of time level m the expression on the right-hand side of the explicit Euler

scheme is evaluated on the time level m + 1, we arrive at the implicit Fuler scheme:

where p = Thus, U;’“’1 can be explicitly calculated, for all j = 0,£1,42,..., from the values

[ﬂn—l—l Um [7m+1 2lfm+1 UT”“
J J J+1 j j—1 :
= =0,£1,%£2,... =0,.... M -1
: t ( 21;)2 ) J ) ) 9 ) m ) ) )

U = ug(z;), j=0,+1,42,....

The explicit and implicit Euler schemes are special cases of a more general one-parameter family of
numerical methods for the heat equation, called the 8-method, which is a convex combination of the two
Euler schemes, with a parameter 6 € [0,1]. The f-method is defined as follows:

m+1 m m
U™ -y (1 g Y
At

1 1 1 .
-2 AU, U 20 4+ U j=0,£1,%2,...,
(Az)? (Az)? ’ m=0,...,M—1,
U = uo(x;), j=0,+1,42,...,
where 0 € [0, 1] is a parameter. For § = 0 the #-scheme coincides with the explicit Euler scheme, for § = 1
it is the implicit Euler scheme, and for § = 1/2 it is the arithmetic average of the two Euler schemes, and
is called the Crank—Nicolson scheme.

Numerical methods of this kind are called fully-discrete approximations. An alternative approach is to
approximate the spatial partial derivative only in the heat equation, resulting in the following initial-value
problem for a system of ordinary differential equations:

dU;(t Uir1(t) —2U;(t) + U1 (2t
J(): ]+1() ]()+ ]1()’ j=0,41,42, ...,
dt (Az)?

Uj(O) = ’LL(](l‘j), jZO,:l:l,:l:Z,... .

This is called a spatially semi-discrete approximation, because no discretization with respect to the
temporal variable ¢ has taken place. Because an initial-value problem for the heat equation is considered
for x € (—00,00), the spatially semidiscrete approximation consists of an infinite system of ordinary
differential equations. Had the range of x been limited to a bounded interval (a,b) of the real line
instead, and had, in conjunction with the initial condition, boundary conditions been supplied at z = a
and z = b, spatial semi-discretization of such an initial-boundary-value problem for the heat equation
would have resulted in a system consisting of a finite number of ordinary differential equations, coupled
to algebraic equation that stem from the spatial discretization of the boundary conditions. Such a system
of differential-algebraic equations (DAEs) could then have been solved approximately by any standard
method for the numerical solution of DAEs (such as, for example, the Matlab solvers ode15s and ode23t).
Because no discretization in time was performed in the first place, this approach is usually referred to as
the method of lines.

5.1.1 Accuracy of the #-method

Our aim in this section is to assess the accuracy of the #-method for the initial-value problem for the
heat equation. The consistency error of the f-method is defined by

1 1 1 1 .
T ui"™t —“T_(l_Q)Uﬁl—QUTJrUT_l_euyiﬁ —2uf T j=0,+1,42, ...,
I At (Az)? (Az)? ’ m=0,...,M—1,
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where

ul' = (g, t).

We shall explore the size of the consistency error by performing a Taylor series expansion about a suitable
point. We begin by noting that

1 1/1 \2 1/1 \° I
mtl — —At —(zAt — [ =At
u} u—|—2 ut+2<2 utt+6 5 Ut + | )
L 4y
o 1 m+1/2
1 1/1.\° 1/1.\° "
M= — —At — | =At —— | =At
uj U 5 ut+2 (2 ) Ut 6 <2 ) Ut + |
L 1y
Therefore,
u7.n+1 — |: 1 m+1/2
J J 2
= Ut+—(At) uttt—i—--l
At 24 j
Similarly,
1 1 1
(1-0) ully —2ult +ujl, Lo ujnfl — 2u;-”+ + u;”fl
(Az)? (Az)?
1 ) 9 . m+1/2
) J
1 1 m+1/2
+ 6 . At gt + —= (AJZ)2 Ugrzat + -
2 12 ;
1 2 m-+1/2
+§ (At) [umtt —+ - ]j .
Combining these, we deduce that
ij = [’LLt — Uxx];n+1/2
r/1 1 ) m+1/2
-+ <§ — 9> At ugy — E (A(L’) uxxxx:|
L J
1 ) 1 ) m+1/2
+ ﬁ (At) Uttt — g (At) umtt]
L J
1 1 ) 2 . m+1/2
+ =z 6 At (A(L’) Ugrxaxt — =y (A(L’) Ugrzxxxx + -
112\ 2 6! j

Note however that the term contained in the box vanishes, as u is a solution to the heat equation. Hence,

m_10 ((Az)? + (At)?) for 0 =1/2,
i { O ((Az)? + At) for 6 #£ 1/2.

Thus, in particular, the explicit and implicit Euler schemes have consistency error

T/" = O ((Az)* + At),

while the Crank—Nicolson scheme has consistency error

T/" = O ((Az)® + (At)?) .

o4



5.2 Stability of finite difference schemes

In order to be able to replicate the stability property ([Q9) at the discrete level, we require an appro- Lecture 9
priate notion of stability. We shall say that a finite difference scheme for the unsteady heat equation is
(practically) stable in the ¢y norm, if

HUmHZQ < ”UOHZw m=1,...,M,
where
1/2
o
2
U™ e, = | Az Y U7
j=—00

We shall use the semidiscrete Fourier transform, defined below, to explore the stability of the finite

difference schemes under consideration. In order to avoid complicating the discussion with the inclusion of

technical details that concern the convergence of various infinite sums, we shall simply assume throughout
that all infinite sums considered converge.

Definition 2 The semidiscrete Fourier transform of a function U defined on the infinite mesh with
mesh-points ©; = jAx, j =0,£1,£2,..., is:

Uk):=Azx Y Uje ™, kel-n/Az,m/A].

j=—o00

We shall also require the inverse semidiscrete Fourier transform, as well as the discrete counterpart
of Parseval’s identity that connect these transforms, analogously as in the case of the Fourier transform
and its inverse considered earlier.

Definition 3 Let U be defined on the interval [—m/Ax,7/Ax]. The inverse semidiscrete Fourier trans-
form of U is defined by

oL U(k) e™57 dk
7 om —7/Ax .
We then have the following result.
Lemma 12 (Discrete Parseval’s identity) Let
> ) 2 . n/Ax ) 1/2
Ulle, = | Az Y |Uj] and ||U||L, = (/ U (k)| dk) :
j=—00 —7/Ax
If |U|lg, is finite, then so is ||U]|L,, and
U, = =17
& 27 be:

The proof of this result is very similar to the proof of Lemma [I1, and we shall therefore leave the
proof to the reader as an exercise.

With all technical prerequisites in place, we are now ready to discuss the stability of the various
finite difference schemes under consideration. We begin by exploring the practical stability of the explicit
and implicit Euler schemes. We shall prove in particular that the explicit Euler scheme is conditionally
practically stable (the condition required for stability being that u := At/(Az)? < 1), while the implicit
Euler scheme will be shown to be unconditionally practically stable.
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5.2.1 Stability analysis of the explicit Euler scheme

We are now ready to embark on the stability analysis of the explicit Euler scheme for the heat equation
(©6). By inserting
1 w/Ax

um

1kjAxyrm
’ RIATT™ (1) Ak

B % —7/ Az

into the explicit Euler scheme we deduce that

i 7w/ Az ezijm ﬁm"'l(k‘) _ Um(k,) U — i /W/Aac ezk(j-i—l)Ax _ 9pWkjAT + ezk(j—l)A:c Um(k,) m
27 —7/Ax At 27 —7/Ax (Ax)2 ‘
Therefore, we have that
i w/Ax ezij:c [jm—l—l(k) _ Um(k) Qe — i /W/Ax hiAe gkAz _ 9 + e tkAz ﬁm(k) "
27 —7/ Az At 27 —7/Ax (Ax)z .

By comparing the left-hand side with the right-hand side we deduce that the two integrands are identically
equalE and therefore K K )
Um+1(k‘) _ Um(k’) + M(ezkAx —24 e—zkAx)Um(k,)

for all wave numbers k € [—w/Az, m/Az], and we thus deduce that
U™ (k) = AR)U™ (k),

where
Ak) := 14 p(eFAT — 2 4 e7kAT)

is the amplification factor and

At

He= (Az)?

is called the CFL number (after Richard Courant, Kurt Friedrichs, and Hans Lewy, who first performed
an analysis of this kind)ﬁ By the discrete Parseval identity stated in Lemma [I12] we have that

1 .

U™ ey = —= 10U,

V2T
1
V2T

1 rm
S\/—Z_wml?X’A(k)’ U™ | L,
= max [A(K)] [T [le..

IAT™| .,

In order to mimic the bound ([@9) we would like to ensure that
U™ ey <NNU™ey, m=0,1,....,M—1.

Thus we demand that
m]?x\)\(k;)\ <1,

"This is a consequence of the fact that the semidiscrete Fourier transform and its inverse are injective (one-to-one)
mappings.

8Richard Courant, Kurt Friedrichs, and Hans Lewy (Uber die partiellen Differenzengleichungen der mathematischen
Physik. Mathematische Annalen, 100:32-74, 1928).
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i.e., that

(ezkAx

ml?x|1+u — 24 e HAT) <1,

Using Euler’s formula
e'¥ = cosp +1siny

and the trigonometric identity

1—cosgpz2sin2§

1 — 4y sin? <k:ATx>‘ <1

we can restate this as follows:

max
k

Equivalently, we need to ensure that
A
—1 <1 — 4pusin® <k:_2x> <1 Vke[-n/Az,n/Az].

This holds if, and only if, u = A;

Theorem 12 Suppose that U™ is the solution of the explicit Euler scheme

+1
At S k) M) j=0,41,42,...., m=0,...
At (Aaz)2 ) ) ) ) s s
UYi=wo(x;),  j=0,£1,%2,...,
and H = (AA;)z < % Then,
U™, < N0 ey  m=1,2,..., M.

) < % Thus we have shown the following result.

7M_17

(101)

In other words the explicit Euler scheme is conditionally practically stable, the condition for stability
being that p = At/(Az)? < 1/2. One can also show that if > 1/2, then (IOI) will fail. In other words,
once Az has been chosen, one must choose At so that At/(Az)? < 1/2 in order to ensure that the bound

(I0T) holds.

5.2.2 Stability analysis of the implicit Euler scheme

We shall now perform a similar analysis for the implicit Euler scheme for the heat equation (@6, which

is defined as follows:

+1 +1 +1 +1
A S Skl S §=0,41,4+2 m =0
At (A[L‘)2 M M M PR bR
U} i=wug(x;), j=0,+1,42,....
Equivalently,
Ut - p(Urt 2t Ut = U, j=0,41,42,..., m =0,
U i=wug(x;), j=0,+1,+2,...,
where, again,
At
M ey

7M_17



Using an identical argument as for the explicit Euler scheme, we find that the amplification factor is
now

1
1 + 4y sin® (kAx)

AEk) =
Clearly,
max IA(k)| <1

for all values of
At

o= (Az)?’

Thus we have the following result.

Theorem 13 Suppose that U™ is the solution of the implicit Euler scheme
+1 +1 +1 +1
ur —UT”_U]"}_1 0T+ U™
At (Az)? ’
U = uo(x;), j=0,41,42,....
Then, for all At >0 and Az > 0,

U™ e, <NU°Meny  m=1,2,..., M. (102)

j=0,4£1,42,...., m=0,...,M—1,

In other words, the implicit Euler scheme is unconditionally practically stable, meaning that the bound
(I02) holds without any restrictions on Az and At.

5.3 Von Neumann stability

In certain situations, practical stability is too restrictive and we need a less demanding notion of Lecture 10
stability. The one below, due to John von Neumann, is called von Neumann stability.

Definition 4 We shall say that a finite difference scheme for the unsteady heat equation on the time
interval [0, T] is von Neumann stable in the {o norm, if there exists a positive constant C = C(T) such

that
T

”Um”fz SCHUOHZw mzlv"'szﬂv

where
1/2

U™ ley = | Az Y U
j=—00

Clearly, practical stability implies von Neumann stability, with stability constant C' = 1. As the
stability constant C in the definition of von Neumann stability may dependent on T', and when it does
then, typically, C(T') — +o0 as T" — +o0, it follows that, unlike practical stability which is meaningful
for m =1,2,..., von Neumann stability makes sense on finite time intervals [0, 7] (with 7" < o) and for
the limited range of 0 < m < T'/At, only.

Von Neumann stability of a finite difference scheme can be easily verified by using the following result.

Lemma 13 Suppose that the semidiscrete Fourier transform of the solution {Um}
of a finite difference scheme for the heat equation satisfies

U™ (k) = A(k)U™ (k)
and there exists a nonnegative constant Cy such that

IA(E)| <1+ CoAt Vke[-n/Azx,m/Ax].

m=0,1,..., L,

j=—oc0r M

Then the scheme is von Neumann stable. In particular, if Cy = 0 then the scheme is practically stable.

o8



PRrROOF: By Parseval’s identity for the semidiscrete Fourier transform we have that

U™ g, = U™,

—I
1
=—|A
7 [
< —— max AR [0

\/_ 2
= max A(B)] U7 e,

[ijLz

Hence,
U™ e, < 1+ CoAD|IU™ g, m=0,1,...,M ~1.

Therefore,
U™ ey < (14 CoA)™|U°|lp,,  m=1,...,M.

As 1+ CoAt < %08 and (1 4 CoAt)™ < eComAt < ¢CoT for all M = 1,..., M, it follows that
U™ ey < DTNT gy, m=1,2,..., M,

meaning that von Neumann stability holds, with stability constant C = e“0”. In particular if Cy = 0,
then C' = 1, and practical stability follows. O

5.4 Stability of the #-scheme

The explicit and implicit Euler schemes are special cases of a more general one-parameter family of
numerical methods for the heat equation, called the 6-scheme, which is a convex combination of the two
Euler schemes, with a parameter 6 € [0,1]. The #-scheme is defined as follows:

m—+1 m m m m—+1 m—+1 m—+1 .
Uit = Uj _- )rH_2U +Ur" Ujin =207 + U j=0,+1,42,...,
At (Az)? (Az)? ’ m=0,...,M —1,

U = uo(;), j=0,+1,+2, ...,

where 6 € [0,1] is a parameter. As we have noted in Section 5.1, for § = 0 the #-scheme coincides with
the explicit Euler scheme, for § = 1 it is the implicit Euler scheme, and for § = 1/2 it is the arithmetic
average of the two Euler schemes and is then called the Crank—Nicolson scheme.

To analyze the practical stability of the 6-scheme in the £5 norm, we shall use Lemma [I3] with Cy = 0.
Suppose that

U = (k)™ e

Substitution of this ‘Fourier mode’ into the #-scheme gives the equality

A A
k) — 1= —4(1 — 6) p sin® <k7_23:> — 460 p (k) sin <k:_23:> .
Therefore the amplification factor of the scheme is

1—4(1 — 0)psin? (kAm)
1 4 40 sin (kAx)

Ak) =

For practical stability, we demand that
Ak)| <1 Vke[-n/Azx,m/Ax],

which holds if, and only if,
2(1-20)p < 1.

Thus we have shown that:
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e For 0 € [1/2,1] the 6-scheme is unconditionally practically stable;

e For 6 € [0,1/2) the f-scheme is conditionally practically stable, the stability condition being that

1
< —,
H=90 29

5.5 Boundary-value problems for parabolic problems

When a parabolic partial differential equation is considered on a bounded spatial domain, one needs to
impose boundary conditions at the boundary of the domain. Here we shall concentrate on the simplest
case, when a Dirichlet boundary is imposed at both endpoints of the spatial domain, which we take to
be the nonempty bounded open interval (a,b) of R. We shall therefore consider the following Dirichlet
initial-boundary-value problem for the heat equation:

ou  0%u
— = b t<T
% = 922 a<x<b 0<t<T,
subject to the initial condition
u(z,0) = up(z), x € [a,b],

and the following Dirichlet boundary conditions at £ = a and x = b:
u(a,t) = A(t), wu(b,t) = B(t), t € (0,7].
It will be assumed throughout this section that the boundary conditions are compatible with the initial

condition in the sense that A(0) = up(a) and B(0) = ug(b).

Remark 3 We note in passing that the Neumann initial-boundary-value problem for the heat equation
18:

ou  0%u
— = b, 0<t<T
It 922 a<x <o, <t<d,
subject to the initial condition
u(z,0) = up(z), x € [a,bl,

and the Neumann boundary conditions

ou ou
5 @t =AM), -0 =B(), te(0T]

An example of a mized Dirichlet—-Neumann initial-boundary-value problem for the heat equation is

ou  0%u
— = b t<T
% = 92’ a<x<b 0<t<T,
subject to the initial condition
u(z,0) = up(z), x € [a,bl,

and the mized Dirichlet—-Neumann boundary conditions

u(a,t) = A(t), %(b,t) = B(t), t € (0,77.
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5.5.1 #-scheme for the Dirichlet initial-boundary-value problem

Our aim in this section is to construct a numerical approximation of the Dirichlet initial-boundary-value
problem based on the #-scheme. Let Az := (b —a)/J and At :=T /M, and define

rj:=a+jAzx, j=0,...,J, tm i =mAt, m=0,..., M.
We approximate the Dirichlet initial-boundary-value problem with the following #-scheme:

m+1 m m m m m—+1 m+1 m+1
At (Az)? (Ax)? ’

fory=1,....,.J -1, m=0,..., M —1,

Ujo = ug(x), j=0,...,J,

Uittt .= A(tys1), U= B(tmt1), m=0,...,M — 1.

In order to implement this scheme it is helpful to rewrite it as a system of linear algebraic equations to
compute the values of the approximate solution on time-level m + 1 from those on time-level m. We have
that

1= Oud® U =1+ (1 —0)us’ U}, j=1,....,J =1, m=0,....,M—1,
Ujo = ug(xj), j=0,...,J,
Ul o= Altmsr),  UPT = B(tmg), m=0,...,M—1,
where
52Uj = Uj+1 — 2Uj + Uj—l-

The matrix form of this system of linear equations is therefore the following. We consider the sym-
metric tridiagonal (J — 1) x (J — 1) matrix:

-2 1 0 0 0 0 0 O
1 -2 1 0 O 0 0 O
A 0 1 -2 1 0 0 0 O
o o o o o0 ... 1 =21
o o o0 o0 o0 ... 0 1 =2

Let Z be the (J — 1) x (J — 1) identity matrix Z := diag(1, 1, 1,..., 1, 1). Then, the #-scheme can be
written as

(T - 0p AU = (T + (1 - 0)pA)U™ + uF™ ! 1 (1 — 0)uF™
form=0,1,..., M — 1, where
U™ .= Ur, Uy, .., U, U )T

and
F™ = (A(tm), 0, ..., 0, B(t,)T.

Thus, for each m =0,..., M — 1, we are required to solve a system of linear algebraic equations with
(the same) tridiagonal matrix Z — 6pA in order to compute U™ from U™,
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Matlab code for the Crank—Nicolson scheme

% cn.m - Crank--Nicolson scheme for the heat equation.
% Save this file as cn.m
% Run the program by typing cn at the Matlab command line, and choose the value of N when prompted.

N = input(°N? ’);

dx = 1/N; x = dx:dx:1-dx; N1 = N-1;
dt = dx/2; mu = dt/dx"2;

% u = max([1-2.*abs(0.5-x); 0*x])’;
u = (sin(pi*x).*exp(3*x))’;

x1 [0, x, 11;

ul = [0, u’, 0];

hold off; plot(xl,ul,’linewidth’,2)
text(0.71,0.75,’t = 0’,’fontsize’,15)
A= (-2.) x eye(N1);

for i = 1:N1-1

AGi,i+1) = 1; AGi+1,1) = 1;

end

Al = eye(N1) - (1/2) * mu * A;

A2 = eye(N1) + (1/2) * mu * A;
grid;

hold on;

pause;

for i = 1:50

u = AI\(A2 * u);

ul = [0, u’, 0];
plot(xl,ul,’b’,’linewidth’,2);
text(.41,0.45,°t=20*%dt’, ’fontsize’,15)
end

5.5.2 The discrete maximum principle

We shall now try to prove a bound for the #-scheme in the discrete maximum norm, analogous to (98]) Lecture 11
satisfied by the solution of the heat equation. Recall that the CFL number is defined by u := At/(Az)?.

Theorem 14 (Discrete maximum principle for the #-scheme)
The 6-scheme for the Dirichlet initial-boundary-value problem for the heat equation, with 0 < 8 <1 and
w(l—0) < %, yields a sequence of numerical approrimations {U;n}j:()7___7j; m=0,...M Satisfying

l]nnn < [];n < Lanax

where

Umin := min {min{Ué”}%zo, min{U]Q 3-]:0, min{UT}M_,

and
Unmax = max {maX{Uom}n]\fb[:O, maX{U]Q 3-]:0, maX{UT}n]‘{ZO} .

PROOF: We rewrite the 6-scheme as
(1+20p) U = 0p (Uml + Uj"ztl) + (1= (U +U) + 1 =201 — 0)u UJ", (103)

and recall that, by hypothesis,

O >0 (1—0)u=>0, 1-2(1—-0)u>0.
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Suppose that U attains its maximum value at an interior mesh-point U ;”H, 1<53<J-1, 0<m< M—1.
If this is not the case, the proof is complete. We define

U* = max{U1', U, UL, U, U

j+1 0
Then,
(1420p) U™ < 20uU" +2(1 — 0)uU" + [1 — 2(1 — 0)p]U* = (1 + 20p) U*, (104)
and therefore
urtt <o
However, also,
Ur < Ut

U M+l s assumed to be the overall maximum value. Hence,

Um—l—l U*

Thus the maximum value is also attained at the points neighbouring (z;, ;1) present in the Schemeﬁ

The same argument applies to these neighbouring points, and we can then repeat this process until
the boundary at * = a or x = b or at t = 0 is reached, and this will happen in a finite number of
steps. The maximum is therefore attained at a boundary point. Similarly, the minimum is attained at a
boundary point. O

In summary then, for

p(l—0) <= with e l0,1]

N =

the 6-scheme satisfies the discrete maximum principle. Clearly, this condition is more demanding than
the fo-stability condition:

u(l—260) < for 0<6<

N =
l\)lr—-

For example, the Crank—Nicolson scheme (f = 1/2) is unconditionally stable in the ¢ norm, yet it
only satisfies the discrete maximum principle when p = (AA—;)Z < 1. More generally, for 6§ € [%, 1] the
f-scheme is unconditionally stable in the f5 norm, but it will only satisfy the discrete maximum principle
unconditionally when ¢ = 1 (implicit Euler scheme); for 6 € [,1) the validity of the discrete maximum
principle is only guaranteed when p(1 — ) < 4. Concerning the values of 6 € [0, 5], except for 6 = 0
when the conditions for the validity of the discrete maximum principle and discrete fy-stability coincide
(both require that o < 3), for 6 € (0, 3] the inequality u(1—6) < % is more restrictive than p(1—26) < 3
because, for such 0, 1 — 0 > 1 — 26.

9To see that the maximum value Uerl U™ is attained at each of points neighbouring (x;, tm+1) present in the scheme,

first observe that if: (a) 6 = 0, then Uﬁ*ll and Um+1 are absent from the right-hand side of ({I03); (b) if § = 1 then U},

and U;", are absent from the right-hand side of (IEBI) (c) if 2(1 — @) = 1, then U™ is absent from the right-hand side of
(@3, and (d) if 0 ¢ {0,1,1 — L} then U;’:{l, U"LH, %1, U4, and U™ are all present on the right-hand side of (I03)).
There are therefore four different cases to be dlscussed (a), (b), (c) and (d). Suppose that we are in case (d) (the cases (a),
(b) and (c) being dealt with identically); if one of U]”fﬁl, Umﬂ, 1, Uy, and U™ were strictly smaller than U}”H =U",

then, by returning to the transition from ([I03)) to (I04]), we would deduce ([I04) from (03], but now with the < symbol in
([@I04) replaced by <, which would then imply that UJ’-”H < U*. This would, however, contradict the equality U;"H =U*

we have already proved. Thus the value U™ 1! = U* is attained at each of the five point neighbouring (2, tm+1).
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5.5.3 Convergence analysis of the f-scheme in the maximum norm

We close our discussion of finite difference schemes for the heat equation (96]) in one space-dimension
with the convergence analysis of the #-scheme for the Dirichlet initial-boundary-value problem. We begin
by rewriting the scheme as follows:

(1+20p) U = 6p (Uml + U;ﬁl) + (L= (Ut + U ) + [1—2(1 - 0)p] U,

forj=1,...,J —1land m=0,..., M — 1. The scheme is considered subject to the initial condition

UJQ = up(xj), ji=0,...,J,

and the boundary conditions
UMt i= A(tmt), UPT = B(tmi1), m=0,...,M — 1.

The consistency error for the #-scheme is defined by

um—l—l _,m

Uje T 20 H Uy g 2y U

(Az)? (Az)? ’

where " := w(xj,tm), and therefore

(1+20p)u*! = 0p (u;*fll + ugn_T) + (A=) (vl +ufy) + 1 —2(1 — O)plul* + At T

Let us define the global error, that is the discrepancy at a mesh-point between the exact solution and
its numerical approximation, by
e’ = u(xzj, ty) — U™

It then follows that

eftt =0, et =0, =0, j=0,...,J,
and
(1+20p0) € = g (e + e ) o+ (1= O)p (e + €f2y) + [1 = 21— O)u] e + AL}
We define,
E™:= max |e'| and T™:= max [T/"|.
0<j<J 7 1<j<s—17

As, by hypothesis,
Op>0, (1-0)pu>0, 1-2(1-0)p>0,

we have that
(1+20p)E™T < 20uE™M + E™ + AtT™, m=0,...,M — 1.

Hence,
EMHL < E™ 4 AtT™, m=0,...,M—1.

As E° = 0, upon summation,

m—1
EmM< ALY T"
n=0
<mAt max T"
0<n<m-—1
<T max max  |T}"], m=1,..., M,

0<m<M-1 1<j<J—1
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which then implies that

tm) — U <T .
0SmEM 02527 futws, tm) = Uj"| < 0<mei—1 1§I;1£}(—1‘ i

Recall that, assuming that w« is sufficiently smooth, the consistency error of the #-scheme is

Tm O ((Az)? + (At)?) for 0 =1/2,
J O ((Az)* + At) for 6 # 1/2.

It therefore follows that for the explicit and implicit Euler schemes, which have consistency error

T/" = O ((Az)* + At),

one has the following bound on the global error:

, —UM < . 2
olnax - max, lu(zj, tym) — UJ"| < Const. ((Az)® + At)

while for the Crank—Nicolson scheme, which has consistency error

T = 0 ((Az)* + (At)?),

J

one has

: _ym 2 2
plnax, - max lu(zj, tm) — UJ"| < Const. ((Az)* + (At)?).

The results developed in this section can be easily extended to multidimensional axiparallel domains,
such as rectangular or L-shaped domains in two space-dimensions whose edges are parallel with the x and
1y, axes, or cuboid-shaped domains in three space-dimensions whose faces are parallel with the coordinate
planes. For more complicated computational domains, such as those with nonaxiparallel or curved faces,
finite difference meshes with uneven spacing need to be used for points inside the computational domain
that are closest to the boundary of the domain, or if a mesh with even spacing is used, then ‘ghost-
points’, which lie outside the computational domain, need to be introduced. For further details, we refer,
for example, to R. LeVeque, Finite Difference Methods for Ordinary and Partial Differential Equations.
SIAM, 2007. ISBN: 978-0-898716-29-0; or to K.W. Morton and D.F. Mayers, Numerical Solution of
Partial Differential Equations: An Introduction, 2nd Edition, CUP, 2005. ISBN: 978-0-521607-93-3.

In the next section we shall confine ourselves to discussing the construction of finite difference schemes
for the unsteady heat-equation in two space-dimensions on a rectangular spatial domain.

5.6 Finite difference approximation of parabolic equations in two space-dimensions
Consider the heat equation

ou  0*u  O*u
E_W—i_@—yz’ (z,y) € Q:= (a,b) X (¢,d), t € (0,T],

subject to the initial condition

w(@,y,0) =uo(z,y),  (z,9) € [a,b] x ¢, d],
and the Dirichlet boundary condition

ulpg = Blz,y,t),  (z,y) €09, te (0,1,

where 012 is the boundary of 2. We begin by considering the explicit Euler finite difference approximation
of this problem.
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5.6.1 The explicit Euler scheme

Let
02Uij = Uiyr5—2U; j + Ui,
and
6:Uij = Ui jy1 — 2U;ij + Ui j1.
Let, further, Az := (b—a)/J,, Ay = (d —¢)/Jy, At := T /M, and define

r; = a+iAx, 1=0,...,Js,
yj:c+jAy7 j:07---7<]y7
tm = MmAL, m=20,...,M.

The explicit Euler finite difference approximation of the unsteady heat equation on the space-time domain
2 x [0,T] is then the following:

urtt—um sium s

At (B2)? " (Ay)?

fori=1,...,J, —1,5=1,...,J,—1,m=0,1,..., M — 1, subject to the initial condition
UL i=wuo(zi,y;), i=0,...,Jp, 5=0,...,Jy,

and the boundary condition

U »= B(%i,yj,tm), at the boundary mesh-points, for m =1,..., M.

5.6.2 The implicit Euler scheme

The implicit Euler scheme is defined analogously. Let Az := (b—a)/J;, Ay := (d —¢)/Jy, At :=T/M,
and define

T = a+iAuw, 1=0,...,Jz,
yj == b+ jAy, J=0,...,Jy,
tm = mAL, m=0,...,M.

The implicit Euler finite difference scheme for the problem under consideration is then

m-+1 m 2rrm~+1 2rrm—+1
Upy” = Ui 65U o,Ui;

At (Ax) 0 (Ay)?T

fori=1,...,J, —1,57=1,...,J,—1,m=0,1,...,M — 1, subject to the initial condition
Ui(?j =ug(wi,yj), 1=0,...,Jy §=0,...,Jy,

and the boundary condition

U[Z-H = B(xi,yj,tm+1), at the boundary mesh-points, for m =0,...,M — 1.
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5.6.3 The 0-scheme

By taking the convex combination of the explicit and implicit Euler schemes, with a parameter 6 € [0, 1],
with 6 = 0 corresponding to the explicit Euler scheme and 8 = 1 to the implicit Euler scheme, we obtain
a one-parameter family of schemes, called the #-scheme. It is defined as follows.

Let Az := (b—a)/Jy, Ay :=(d—c)/Jy, At:=T/M, and, for § € [0, 1], consider the finite difference
scheme

Ui - U RUL | BUL Ut ot
’7’:(1_9) »J + Yy +0 5] + Y, ,
At (Az)? ~ (Ay)? (Az)? (Ay)?

fori=1,...,J, —1,57=1,...,J,—1,m=0,1,...,M — 1, subject to the initial condition
Ui(?j =ug(wi,yj), 1=0,...,Jy §=0,...,Jy,
and the boundary condition
UZZ-H = B(xi,yj,tm+1), at the boundary mesh-points, for m =0,...,M — 1.

The practical stability of the #-scheme (in the absence of boundary conditions now, i.e., for the pure
initial-value problem rather than the initial-boundary-value problem) in the £2 norm is easily assessed by

inserting the Fourier mode
Ul = (ki by )] ¢t Retirbos)

into the scheme. This gives the following expression for the amplification factor A = A(k,, ky):

A—1=-4(1-90) [,ux sin? <kw2ﬂ> + fy sin? </<:yTAy>] — 46X [uz sin? <km2A$> + iy sin? <ky2Ay>} ,

where

o At o At
P = az 17 (a2

Hence,
1= 4(1 = 0) | sin? (5£2) + gy sin? (222 ) |
1446 [,ux sin? (k’”QAI) + fhy sin? <ky—2Ay>]

For practical stability in the ¢5 norm, we require that

™ T
< - = S
Ak By)l <1V (ke Ky) € [ A:U’A:J x [ Ay’Ay]

Thus, we demand that

A= Nkz, ky) =

1A= ) [ + )
1440 [pe + py]

which can be restated in the following equivalent form:

21— 20)(sta + 1) < 1.

For example, the implicit Euler scheme (# = 1) and the Crank—Nicolson scheme (§ = 1/2) are
unconditionally practically stable, while the explicit Euler scheme (§ = 0) is only conditionally practically
stable, the stability condition being that Az, Ay, and At satisfy the following inequality:

+ py = At L + ! <1
el = 2@y T ayp) S 2
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Under a suitable condition the 8-scheme for the initial-boundary-value problem also satisfies a discrete
maximum principle. To see this, we rewrite the #-scheme as

(1+20(ps + ,uy))Ui,j—H =(1-2(1-0)(pa + ,uy))Ui’"}
+ (1= ) pa(Uiy; + Uy 5) + (1= O)py (Ui + U1)
+ Opa (UL + UM + 0y (U + U,

fori=1,...,J, —1,57=1,...,J,—1,m=0,1,...,M — 1, subject to the initial condition
UY =wuo(zi,y;), i=0,...,Jp, 5=0,...,Jy,
and the boundary condition

Ul == B(zi,yj,tm), at the boundary mesh-points, for m =1,..., M.

Theorem 15 Suppose that

(/Lﬂc —|—,uy)(1 - 9) <5 AS [07 1]'

Then, the 6-scheme satisfies the following discrete maximum principle:

N =

Umin § UZZ é Umaxa

where y
Umin = min {mln{USQ }17;7:87 II]II]{UZZ }%20’(%,9]‘)689}

and
._ 0 Jzdy my\ M
Umax 1= max{maX{UM}i’j:O, maX{UM m:0|(xi7yj)€69 .

PRrROOF: The proof proceeds by an obvious modification of the proof of the discrete maximum principle
for the 6-scheme in one space-dimension. [
In summary, then, for

1

(,u:c + ,Uy)(l - 9) § 5

the 6-scheme satisfies the discrete maximum principle. This condition is more demanding than the one
for the practical stability of the scheme in the £5 norm, which requires that

for 0<6<

N~

(Nx + Ny)(l - 29) §

N —

For example, the Crank—Nicolson scheme is unconditionally practically stable in the 5 norm, but for the
discrete maximum principle to hold we had to assume that

Lol A A
e T e T Ay T

We close our discussion by returning to the #-scheme for the initial-boundary-value problem, and
discussing its error analysis. The starting point is to rewrite the scheme as follows:

(14 20(pt + py)UH = (1= 2(1 = 0) (2 + 1)) U7
+ (1 = 6) pa( iT—l,j + Uinll,j) +(1— e)ﬂy(Ui,n}H + Ui,n}—l)

+ Oua (VT + U3 + 00y (U553 + UG,
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fori=1,...,J, —1,57=1,...,J, =1, m=0,1,...,M — 1, subject to the initial condition
Ui(?j =ug(wi,yj), 1=0,...,Jy §=0,...,Jy,
and the boundary condition
Ul == B(zi,yj,tm), at the boundary mesh-points, for m =1,..., M.
Suppose further that
()1 -0) <5 6e(0,1]
The consistency error of the #-scheme is defined as follows:

m+1 m 2, m 2, m 2, m+1 2, m+1
v At (Az)? ~ (Ay)? (Az)? — (Ay)?2 )’

where

m

uis o= u(Zi, Yj, tm)-

By performing some elementary but tedious Taylor series expansions, one can deduce that

Tm { (@) ((A:E)2 + (Ay)? + (At)?) 0=1/2,
HT O ((Az)? + (Ay)? + At) 0 #£1/2.

It follows from the definition of the consistency error 7 for the f#-scheme that

(14 260 + ) )ul5 = (1= 2(1 = 0) (1t + ) )i’y
+ (1 = O pa(uiyy j +wiy ;) + (1= 0)py(u’ g +ui's_q)

1 1 1 1
+ Hum(u?}lj + uff{]) + Huy(u?fjtl + uzmjtl)
+ At Tiff;,

fori=1,...,J; —1,5=1,...,J, =1, m=0,1,...,M — 1. We define the global error as

;s = u(Ti, Yj, tm) — U5

Then, egj = 0 and €} = 0 for (z;,y;) € 95, and

(14200 + 1)) = (1= 2(1 = 0)(pt + 1))}’
+ (1= O palefty j + ey ;) + (1= O pyleljq +el5-1)
+ Op (e + e ) + Oy (e + e
—I—AtT[f; fori=1,...,Jp,—land j=1,...,J, — 1.

We further define,

E™:=max|e;| and T™ :=max|T}}|.
Y] ’ 0,J ’

As, by hypothesis,
1= 21— 0)(ua + 1) = 0,

we have that
(14 20(pz + 1)) E™ T < 20(py + py) E™T + E™ + AtT™, m=0,...,M — 1.

Hence,
E™L < E™ 4 AtT™, m=0,1,...,M —1.
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As E° = 0, upon summation we deduce that

m—1
EmM <Aty T"
n=0

<mAt max T"
0<n<m-—1

<T max T3], m=1,...,M,
0<m<M—1 1<z<Jm—1 1<]<J -1 "
and we have that

max max |u(z;, Yy, tm) — UG < T max max |T]].
0<i<J,, 055 < Sy 0<m<M ’ 1<i<Jp—1,1<j<Jy—1 0<m<M-1 "

The explicit and implicit Euler schemes therefore satisfy the error bound

Yistm) — U™ < t. ((Az)? + (Ay)? + At
ogigg,%éngy ognvl%XM lu(zi, yj, tm) — Uj';] < Cons ((Az)* + (Ay)* + At),

[y

where in the case of the explicit Euler scheme we are assuming that p; + uy < 5.

For the Crank—Nicolson scheme, on the other hand, we have that

S Yistm) — U < ((Az)? 4 (Ay)? + (At)?
ogigg,%};ngy Ogr?nagM [u(zi,yj,tm) — Uj'5] < Const (( x)“ + (Ay)* + (At) ),

assuming that g, + py < 1.

5.6.4 The alternating direction (ADI) method

Except for § = 0 corresponding to the explicit Euler scheme, for all other values of 6 € (0,1] the Start of
f-scheme is an implicit scheme, and its implementation therefore involves the solution of a large system ;’f;:gg‘;ll
of linear algebraic equations at each time level. This is true, in particular, in the case of the Crank-—

Nicolson scheme corresponding to 6 = % Our objective here is to propose a more economical scheme,
which replaces the tedious task of solving such large systems of algebraic equations with the successive
solution of smaller linear systems in the  and y coordinate directions respectively, alternating between
solves in the z and y coordinate directions. The resulting finite difference scheme is called the alternating
direction (or ADI) scheme. We describe its construction starting from the Crank—Nicolson scheme, which

has the form:
Lo 2\ rrm+1 Lo Lo rrm
1- 5#325 Ny25 Ui,j =1+ 5#22532 + My§5y U,j? (105)
fori=1,...,J, —1,5=1,...,J,—1,m=0,1,...,M — 1, subject to the initial condition

U, .=

Z?]

wo(zi,ys), ©=0,...,Jy, 7=0,...,Jy,
and the boundary condition
Ul == B(zi,yj,tm), at the boundary mesh-points, for m =1,..., M.

Let us modify this scheme (subject to the same initial and boundary conditions) to:

1 2 m+1 _ 1 1 m
<1 2,%5) <1 ,uy25>Um- = <1—|— 2,%5) <1+,uy25>U (106)
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As the expressions on the left-hand side and the right-hand side of (I06]) differ from those in the Crank—
Nicolson scheme (I05) above, the numerical solution computed from (I06]) will also differ from the one
obtained from the Crank—Nicolson scheme (I05]). It can be shown however that the consistency error of
([@08)) is still O((Ax)?+ (Ay)? + (At)?) as in the case of the Crank-Nicolson scheme; there is therefore no
significant loss of accuracy resulting from the replacement of (I05]) with (I06]). The benefits of replacing
([I0%) with ([I06) will be made clear below.

By introducing the intermediate level U”71/2 we can rewrite the last equality in the following equiv-
alent form

Lo\ m+l/2 L9\ m
Lo\ prmet L 9\ mt1/2
<1 - §Ny5y> Ut = <1 + 5pad? ) UL, (108)

The equivalence of the system (I07), (I08) to the scheme (I06) is seen by applying the finite difference
operator

1 1
<1 + 5%{:5;%) to eq. (107 and the finite difference operator <1 — 5/%52) to eq. (108,

and noting that these two finite difference operators commute. Given Uit’}, the equation (I07) amounts
to solving, for each j, a one-dimensional problem in the z-direction to compute UZ-";-H/ 2; and then, by
using the computed values UEH/ % one solves, for each ¢, a one-dimensional problem in the y-direction

using (I08) to determine UZ-’"}H. Thus, by starting from the information at time level m = 0, where UB]- is
specified by the initial datum, one proceeds from time level m to time level m+ 1, alternating successively
between the x and y directions and advancing from time level m to time level m+1 form =0,..., M —1.

The practical stability in the £2 norm of the ADI scheme (for the pure initial-value problem now, i.e.,
with no boundary conditions assumed) is easily seen by substituting the Fourier mode

U7 = Mk, k)] e et
into the scheme. Hence,

(1 — 21, sin? %k‘an:) (1 — 2ty sin? %kxAy)
(1 + 241, sin? %k‘an:) (1 + 241y sin? %kxAy) '

kg, ky) =

Clearly,
T ow T T
Ao k)| <1V (K k [———} T T,
Consequently, the ADI scheme is unconditionally practically stable in the ¢ norm. The consistency error
of the ADI scheme can be shown (again, by tedious Taylor series expansions) to be

T = O ((Az)® + (Ay)® + (At)?).

The ADI scheme satisfies a discrete maximum principle for p, < 1 and p, < 1. The proof of this is
similar to the case of the #-scheme in one space-dimension (cf. the textbook by K.W. Morton and D.F.
Mayers, Numerical Solution of Partial Differential Equations: An Introduction, 2nd Edition, CUP, 2005.
ISBN: 978-0-521607-93-3. pp. 64, 65).

End of
optional
material
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6 Finite difference approximation of hyperbolic equations

In this section we shall be concerned with the finite difference approximation of the simplest example Lecture 12
of a second-order linear hyperbolic equation, the linear wave equation
0%u 0%u
YR 02—2 = f(=,1),
ot oz
where ¢ > 0 is the wave speed and f is a given source term.
In the special case when f is identically zero and the equation is considered on the whole real line,
—00 < ¢ < o0, by supplying two initial conditions

u(z,0) = ug(x) for z € R,
ou
—(2,0) =ui(z) forz eR,
ot
where ug and wq are defined on R, ug is twice continuously differentiable and uq is once continuously
differentiable on R, the solution is given by d’Alembert’s formula

1 xr+ct
u(z,t) = 5 [ug(z — ct) + up(x + ct)] + % /_ t up(€) d€.

More generally, if f is a continuous function on R x [0,00) such that % is a continuous function on
R x [0,00), then there is still an explicit formula for the solution:

1 1 z+-ct 1 t  prxte(t—r)
u(z,t) = = [ug(z — ct) + ug(x + ct)] +—/ ui(€) d§+—/ / f(s,7)dsdr.
2 2¢ Jy—et 2¢ Jo z—c(t—7)

In this section, we shall be interested in a problem of the above form, but in the physically more
realistic setting where z is confined to a nonempty bounded closed spatial interval [a, b] of the real line,
with @ < b, and where t € [0,T], with T" > 0. In this case, in addition to the two initial conditions
stated above, boundary conditions need to be prescribed at £ = a and x = b, and the problem under
consideration thus becomes an initial-boundary-value problem.

6.1 Second-order hyperbolic equations: initial-boundary-value problem and energy
estimate

Consider the closed interval [a, b] of the real line, with @ < b, and let T'> 0. We shall be concerned with
the finite difference approximation of the initial-boundary-value problem

Pu 0

-y =) for (5,0) € (a,b) x (0,7
az(x, 0) = up(z) for x € [a,b], (109)
E(””’O) = up(x) for = € [a, b],
w(a,t) =0 and wu(b,t) =0 for t € 0,77.

Here, f is assumed to be a continuous real-valued function defined on (a, b) x [0, T, up and u; are supposed
to be continuous real-valued functions defined on [a, ], and we shall assume compatibility of the initial
data with the boundary conditions, in the sense that uy and u; will be required to vanish at both x = a
and x = b. As before, ¢ > 0 is the wave speed.

Before embarking on the construction and the analysis of the finite difference approximation of (I09]),
it is worth emphasizing that our key analytical tools will be ‘discrete energy inequalities’, which will imply
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the stability of the finite difference schemes under consideration, and which will also play a key role in
their convergence analysis. We shall consider two finite difference schemes — an implicit scheme and an
explicit scheme — and the derivations of the corresponding discrete energy inequalities for these will be
guided by the derivation of an energy inequality for the initial-boundary-value problem (I09). We shall
therefore begin by describing the derivation of the ‘energy inequality’ (or ‘energy estimate’) satisfied by
the solution of the initial-boundary-value problem (I09). As the proof of the existence of a solution to
the initial-boundary-value problem (I09]) is not within the scope of these lecture notes, we shall simply
suppose here that a solution u to (I09)) exists and that w is sufficiently smooth, so that the calculations
to be performed below are meaningful.

We begin by multiplying the partial differential equation (I09]); by the time derivative of u, and we
then integrate the resulting expression over the interval [a, b]; thus,

b 52 2
o“u ou b 5%u ou ou
e G- 82(xt)at(xtdx /fxtat(:nt)d (110)
As u(a,t) = 0 and u(b,t) = 0 for all ¢ € [0,T7, it follows that
ou ou
E(a,t) =0 and E(b’t) =0 forallte [O,T]

Thus, by performing partial integration with respect to x in the second term on the left-hand side of
(II0), we arrive at the following equality:

G Ly e ) oy

Clearly,

9 (Ou\ du 10 [du)’ g Qud (du\ _10 (0u 2

ar (E) Y <a> and 5 o <£> =59 (%) ’
and therefore, by interchanging integration over the spatial interval (a,b) and differentiation with respect
to t, we have that

In the special case when f is identically zero, the right-hand side of (I12]) vanishes, and after inte-
grating the resulting expression from 0 to ¢, for any ¢ € (0,7], we deduce that

(B e (8 e[ (B e (8) o

(113)

If we view the expression on the left-hand side of the equality (II3]) as the ‘total energy’ at time ¢ and the
right-hand side as the ‘initial total energy’, then the equality (II3) can be understood to be expressing
conservation of the total energy during the course of the evolution of the solution from time 0 to time
€ (0,7}, in the absence of a source term.
After multiplying (I12]) by 2 and defining

L3 (u(-,t) = /ab <%>2(x,t) dz + 2 /ab <%>2(az,t) dz

for t € [0,T], the equality (II3]) can be rewritten as

L2(u(- 1)) = L2(u(-,0))  for all £ € [0, T].
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It is this argument that we shall try to mimic in our stability analysis of the finite difference approxima-
tions of the initial-boundary-value problem (II2]) when f is identically 0. We note in passing that the
mapping u — maxe|o, 7] [£2(u(-,1))]*/? is a norm on the linear space of continuous functions u defined
on [a,b] x [0,T] such that u(a,t) = u(b,t) = 0 for all ¢t € [0,T], and whose first partial derivatives with
respect to x and ¢ are continuous functions defined on [a, b] x [0, 7.

More generally, if f is not identically zero, then (I12)) implies that

t b au
£2(u(-,t)):£2(u(-,0))—|—2/0/af(x,T)E(x,T)d:EdT.

As
208 < o? + 2, for all a, 8 € R,

it follows that

L3 (u(-,t)) §£2(u(.70))+/0t/abf2(:n,7)dxd7+/0t/ab (%)2(x,7')d$d7'

e . (114)
2U' 2(ET xdarTt 2U'T T.
Sﬁ((,O)H/O/af(,)d a +/0£<<, )d

To proceed, we require the following result, called Gronwall’s Lemma.

Lemma 14 (Gronwall’s Lemma) Suppose that A and B are continuous real-valued nonnegative functions
defined on [0,T], and B is a nondecreasing function of its argument. Suppose further that

A(t) < B(t) + /t A(s)ds
0

for allt € [0,T); then
A(t) < e' B(t)

for allt € [0,T7.

ProoOF: Clearly,
t
e TA(t) —e? / A(s)ds < e ' B(t),
0

and therefore, equivalently,
t
4 [e_t / A(s) ds] <e ' B(t).
dt 0

Hence, by integrating and observing that the expression in the square brackets on the left-hand side of
the last inequality vanishes at ¢ = 0 we find that

e ! /Ot A(s)ds < /Ot e B(s)ds.

Multiplying this inequality by ef, and because B is by hypothesis a nondecreasing nonnegative function,
whereby B(s) < B(t) for all s € [0,t], we have that

/t A(s)ds < e' B(t) /t e *ds=¢e"B(t) (1 —e ") =e' B(t) — B(t).
0 0

By substituting this into the right-hand side of the inequality assumed in the statement of the lemma, it
follows that A(t) < B(t) +e' B(t) — B(t) = e' B(t), as has been asserted. That completes the proof. O
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We now return to (I14]) and set

t rb
A(t) := L3(u(-,t)) and B(t) ;=£2(u(-,0))+/0/f2(a;,7)dxd7

It then follows from Gronwall’s lemma that A(t) < e'B(t), that is

£2(u(',t)) < et <£2(u(-,0)) + /Ot /ab fz(a;,T) dz d7'> ,

L2 (u(-1)) = /ab <%>2 (z,t)dz + ¢ /ab <%>2 (z,t)dz

£l 0) = | b

a

with

and

5 ) (@0)de+e 90 ) @0 de = Jlunllz, ap) + ¢ uolin o)

which is the desired energy inequality satisfied by the solution. It provides a bound on the (square of
the) norm of the solution in terms of the (square of the) norm of the initial data and the (square of the)
L5 norm of the source term f. We shall mimic the derivation of this energy inequality in the stability
analysis of the implicit and explicit finite difference approximations of the initial-boundary-value problem
(I09)) in the general case when f is not identically zero.

6.2 The implicit scheme: stability, consistency and convergence

For M > 2, we define At := T'/M, and for J > 2 the spatial step is taken to be Az := (b —a)/J.
We let z; := a+ jAz for j =0,1,...,J and t,, :== mAt for m = 0,1,..., M. On the space-time mesh
{(zj,ty) :0<7<J, 0<m< M} we consider the finite difference scheme

U AU U AT AU el d= Ll o
(At)2 (Az)2 = g tm Or{mzl,...,M—l,
UJQ::uo(:Ej) for j=0,1,...,J,
Ujl ::U]Q—i—Atul(a:j) forj=1,2,...,J —1,
Uy':==0 and UJ :=0 form=1,...,M.
(115)

The second numerical initial condition, featuring in equation (II5Hl)3, stems from the observation that if
24 ¢ O([a,b] x [0,T]) then

u(xj, At) — UJQ B u(zj, At) — u(z;,0) _ Ou _ .
s — A7 = E(xj,()) + O(At) = ul(xj) + O(At),

thus, by ignoring the O(At) term and replacing u(x;, At) by its numerical approximation U]:-l we arrive
at the numerical initial condition (IIH)s.

Once the values of U]m_l and U, for j =0,...,J, have been computed (or have been specified by
the initial data, in the case of m = 1), the subsequent values U;”H, j=0,...,J, need to be computed
by solving a system of J — 1 linear algebraic equations for the J — 1 unknowns U ;’”1, j=0,....,J—1, for
each m =0,..., M — 1. The finite difference scheme (IT5]) is therefore usually referred to as the implicit
scheme for the initial-boundary-value problem (109]).
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Stability of the implicit scheme. We shall consider the inner products

J-1
(U, V) =) AzU;Vj,

j=1

J
U, V]:=) AzU;Vj,

Jj=1

=

and the associated norms, respectively, || - || and ||-]|, defined by ||U]| := (U, U)% and ||U]| := (U, U]z.
Note that for two mesh functions A and B defined on the computational mesh {z; : j=1,...,J—1}
one has that

<

1 1
(A-B,A) = §(||AH2 —1BI”) + A= B,
Thus, by taking A = U™+ — U™ and B = U™ — U™, we have that
m m m— m m 1 m m m m— 1 m m m—
(umtt —oum yymt ymtl _yu ):5(\\0' H_um)2—|um-u 1|!2)+§HU T _oum 4 U2,

We note further that, similarly as above, for two mesh functions A and B defined on the computational
mesh {z; : j=1,...,J} we have that

(A~ B, A= S(I4IP - |BIP) + 514 - B]
Hence, by performing a summation by parts and then taking A = D;U™*! and B = D U™ we have
(—DfDyumtt Uttt —u™) = (DU, Dy (U — U™
= (D;U™' — D U™ D U™
= SUID7U™ P ~ [D7U™P) + S IDF (@ — TP

By taking the (-, ) inner product of ([I5]); with U™+ — U™ and using the identities stated above we
therefore obtain:

1 Um+1 —_ym
2 At

1 . . 1
+ 5 (IDFUHE — DU + 5 (At

Um+1 —o2U™ Um—l 2

(At)?

3 Um+l _ym
o (=)

2 B Uum — Um—l
At

2
1
) +3 (At)?
2
= (f(stms1), U™ —U™).

(116)
In the special case when f is identically zero the equality (I16]) implies that
Um+1 —_ym 2 B Uum — Um—l 2 3
Let us define the nonnegative expression
Um+1 —_ym 2

M2(Um) — H —|—C2‘|D;Um+1]|2.

At
With this notation (II7)) becomes
MA(U™) < M2(U™TY), foralm=1,...,M —1,
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and therefore
M2(U™) < M2(UY), foralm=1,..., M —1.

One can verify that the mapping U maxme{o,,,,7M_1}[MQ(Um)]1/2 is a norm on the linear space of
mesh functions U defined on the space-time mesh {(z;,t,,) : j=0,1,...,J, m=0,1,..., M} such that
Uy* =U75 =0 for all m =0,1,...,M. Thus we have shown that when f is identically zero the implicit
scheme (IIH]) is (unconditionally) stable in this norm.

We now return to the general case when f is not identically zero. Our starting point is the equality
(II6)) and we focus our attention on the term on its right-hand side. By the Cauchy—Schwarz inequality,

(fCotmn), U™ = U™) < | fCtma) | JU™T = U™

At ||[Um+t — gm
~ VBTt 3 || (118)
AT , At Ut —pgm)?
< = . bl | I

where in the transition to the last line we have made use of the elementary inequality
Lo, 1y
aﬁgaa —1—55, for a, 8 € R.

By substituting (II8]) into (I16]) we deduce that
. At Um+1 _ym
T At

By recalling the definition of M?(U™) we can rewrite (II9) in the following compact form:

2

Um_Um—l -
——— || FEIDTUTP AT (|t

At

2
—1—62||D;Um+1]|2> < H

(119)

(1 - %) MAU™) < MAU™) + AT | £t

As, by assumption, M > 2, it follows that At := T/M < T/2, whereby At/T < 1/2. By noting that

1
> 1
1 $_1+2x Vx€[0,2],
it follows with « = At/T that, for m =1,2,..., M — 1,
2 At 2 At
pewm) < (14228 ) Mty + a1+ 220) 17t

2 At
< (1 N T) MUY + 2 AT || (-t 2

To proceed, we require the following result, which is easily proved by induction.

Lemma 15 Suppose that M > 2 is an integer, {am}%:_ol and {bm}f‘n/lz_l1 are nonnegative real numbers,
a >0, and
am < am_1 + by, form=1,2,...,M — 1.

Then,

m
amgamao—l—Zam_kbk form=1,2,... M —1.
k=1
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We shall apply Lemma [I5] with

2 At
am = MAU™), b = 2ALT [ f (s tmsn) [P, =14+ =
to deduce that
2At\™ m 2At\ " F
M(U™) < (1 + T) MA(U®) +2AtT Z (1 + T) IfCotrp)lP form=1,2,..., M —1.
k=1

We note that

L 2ANT 1+2AtM |, 2t %<2
= = —— e
T - T T -
where the last inequality follows from the inequality
(1+2x)% <eé? vz e (0,1],

with & = At/T, which, in turn, follows by noting that 1 + 2z < e?* for all x > 0. Thus we deduce the
following stability result for the implicit scheme (II5]).

Theorem 16 The implicit finite difference approrimation (IIB) of the initial-boundary-value problem
[@ID9), on a finite difference mesh of spacing Ax := (b—a)/J with J > 2 in the x-direction and At := T /M
with M > 2 in the t-direction, is (unconditionally) stable in the sense that

Mz(Um) < e2 M2(U0) + 2€2T ZAt Hf(')tk-i-l)sz fOT m=1...,M-1,
k=1

independently of the choice of Ax and At.

Consistency of the implicit scheme. We define the consistency error of the scheme by

+1 -1 +1 +1 +1 .
Tm-i—l,:u;n —2u§”'-|—u;n _CQU‘;r'Li‘l —2u§n —|—u;n_1 —f(xt ) jzla"'7j_17
i (At)? (Az)? d>imtL)s m=1,...,M—1,
and .
U: — U
1. s
T, = ]At]—ul(:nj), j=1,....J—-1,
where u}* 1= u(xj,ty). As
d%u d%u ou
f(@j tme) = w(‘fj,trrﬁl) —c W(%‘atmﬂ) and  uy(x;) = E(%AO),
it follows that
m+1 m—1 m+1 m+1 m+1
Tl u; —2u§“+uj —@(x fren) 2 u;'ly —2uj + ujy —@(x )
J (At)2 otz (Az)? da2 I

forj=1,...,J—landm=1,...,M — 1 and
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for j=1,...,J — 1. Hence, by Taylor series expansion of u7" = u(zj,ty,) and utl = w(xj,tm—1) about

j
the point (xj,tp41) we have that

W —2um T 92y 1 Pu u
’ (Atj)z — - W(iﬂj,tmﬂ) = gAt <@($ja77m) - 4@(%’,%)) )

where 1, € [tim, tm+1] and (p € [tm—1,tm+1] and, provided that the third partial derivative of u with

respect to ¢ is a continuous function on [a,b] x [0,T]. Similarly, by Taylor series expansion of u;fll =
W(Zj41, tm1) and u;n_ﬁl = u(xj—1,tm+1) about the point (x;,tm11) we find that
u;n:il — 2u}n+1 + u;n_ﬁl d%u 1 A2 *u
(A7) - @(%‘,tmﬂ) = ﬁ( z) @(é},tmﬂ),

where &; € [xj_1,2j4+1], provided that the fourth partial derivative of v with respect to « is a continuous
function on [a,b] x [0, T]. Hence,

1 5 i=1,...,J—1
m—+1 -2 2 e J ’ ) )
7" < 15¢ (Az) M4x+3AtM3t7 { m=1. M-1, (120)
where ” 5
u u
My, = —(x,t d My = —(z,t)|.
T G pelasix (01 |02 (= )‘ o T enelabixor) | O (= )‘

It remains to bound le. This time, by performing a Taylor series expansion, but now with an integral
remainder term, we get that

1 At d%u
TH= — At —t) == (z,t)dt 121
te [ @e-ngEEa (121)
and therefore 1

|z}1|§§AtM2ta j=1...,J-1,
where

Moy = w(x,t)

0%u
max .
(z,t)€[a,b]x[0,T]
Having bounded the consistency error we are now ready to investigate the convergence of the implicit
scheme.

Convergence of the implicit scheme. In the rest of the section we shall explore the convergence
of the finite difference scheme (II5]). To this end, we define the global error

B J=0,...,J,
et = u(xj, tym) — U", { m=0,...,M.

It follows from the definitions of ijH and le that

it —2ef e el —2e 4 e = Tmt! j=L....J -1,
(At)Q — C (AII}‘)2 - 77 ?

and

e}:e?—i—Atle, j=1...,J-1L

0 _
0=
satisfies an identical finite difference scheme as U, but with f(x;,#,+1) replaced by T]mﬂ, U]Q = up(z;)

Furthermore, e 0for j =0,1,...,J, and eft =€} =0 for m = 1,..., M. Hence, the global error e
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replaced by e? =0, and u;(z;) replaced by le. It therefore follows from Theorem [I6 with U™ replaced
by e™, U° replaced by €® and f(z;,tx11) replaced by Tf“ forj=1,....,.J—1land k=1,...,M — 1,
that

2

M2(e™) <2 M%) + 22T iAt HT’“H‘ , form=1,..., M —1.
k=1

Now, because (J — 1)Az < (b — a), it follows from (I20]) that

k+1|]7 k4112 < (p _ 2 2 9
12}%XmHT H max 2 Az T 7 < (b—a) [120 (Az)* My, + 3AtM3t} .
On the other hand,

61—60

At
As, by recalling (I21]),

2
M2 (%) =

_ . 1 ? _
L R e Y O e T e L 3

. B - - At _82’&
Dyel = Dl + AtD; T} = AtD; T :/0 (At —1) D L%, 1) at

T ot?
1 At T a3u
= — At —t — t t
ar ), 00 [ g aa,

we have that
Pu
0z 0t2

)

_ 1
’Dw 6]1’ < 5 (At)2 Mlx2t7 where M1x2t =

max
(w,t)€[a,b]x[0,T]
whereby

_ 1 2
D2 < (- )| 5802 M|

Therefore,
2

M2() < (b—a) Bm Mgt] g (b —a) E (At)QMlxzt}

Hence, finally,

1 2 1 2 1 5 2
M?2(e™) < e (b—a) [gAtht] +c?e?(b—a) [5 (At)QMlxgt] +2¢> T2 (b—a) [Eé(m;)?mx + S AtMy,

form=1,...,M — 1. Thus, provided that Ms;, M7zo;, My, and Msz; are all finite, we have that

2/ m my1x 2
me{g%_l}w (u™ = U™z = O((Az)” + At),

meaning that the implicit scheme exhibits second order convergence with respect to the spatial discretiza-
tion step Az and first-order convergence with respect to the temporal discretization step At in the norm
maX,e(1,..., M_l}[MQ(-)]%. Thanks to the unconditional stability of the implicit scheme, its convergence
is also unconditional in the sense that there is no limitation on the size of the time step At in terms of
the spatial mesh-size Ax for convergence of the sequence of numerical approximations to the solution of
the wave equation to occur as Az and At tend to 0.

Next we shall investigate the explicit finite difference approximation of the wave equation. It will be
shown that, in contrast with the implicit scheme, the explicit scheme is only conditionally stable, and its
convergence will therefore also shown to be conditional; specifically, we shall require that

c At
—— <1,
Axr —

where ¢ > 0 is the wave speed, appearing as the coefficient of % in the wave equation.
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6.3 The explicit scheme: stability, consistency and convergence

For M > 2, we define At := T/M, and for J > 2 the spatial step is taken to be Az := (b — a)/J. Lecture 14

We let x; := a+ jAz for j =0,1,...,J and t,, :== mAt for m = 0,1,..., M. On the space-time mesh
{(zj,ty) :0<j<J, 0<m< M} we consider the finite difference scheme

m+1 m m—1 m .
U (QAU;J'); Ui _2U (QAUx) O ) for{ fnzzli;::.’i\;h,
U = up(x;) for j=0,1,...,J, (122)
Ul :==U)+ Atug(z;) forj=1,2,...,J -1,
Uy :=0and U7 :=0 form=1,...,M.

As in the case of the implicit scheme (IIH]), the second numerical initial condition, appearing in (I22))s,
stems from the observation that

u(wj, At) — U_jo _u(zj, At) —u(x;,0)  Ou

= = —(x; At) = ; At
upon replacing u(x;, At) by its numerical approximation U jl at the cost of ignoring the O(At) term.
Instead of (I22)3, a more accurate second numerical initial condition can be obtained by observing
that, if f is assumed to be a continuous real-valued function defined on [a, b] x [0, T], 2 8t3 € C([a,b] x[0,T))

and u; € C*([a,b]), then

u(z;, At) — U  (z; —ulz; U 2u
2070 ey A0 w00 )+ e P, 00+ 0((a02)
1 5 0%u 9
i) + 580 (A5 @3,0)+ a3,0)) + O((A1P)

1
= uy(z;) + §At <C2D;_D;’LL1(33]‘) + f(xj, 0)> + O(At (Az)* + (A)?).
One could therefore, instead of (I22))3, use the following more accurate second initial condition:
1
Uj1 = U]Q + Atug(x;) + §(At)2 (*DF Dy ui(z;) + f(z4,0)) . (123)

Once the values of U ]7”_1 and UT", for j = 0,...,J, have been computed (or have been specified by
the initial data, in the case of m = 1), the subsequent values U}”H, j=0,....J,form=1,...,. M —1,
can be computed explicitly from ([I22]), without having to solve systems of linear algebraic equations;
hence the terminology explicit scheme.

Stability of the explicit scheme. We begin our exploration of the properties of the finite difference
scheme (I22)) by investigating its stability. It will transpire from the analysis that will follow that the
explicit scheme is, unlike the implicit scheme, which was shown to be unconditionally stable, now only
conditionally stable: we shall prove its stability in a certain ‘energy norm’, whose precise definition will
emerge during the course of our analysis, — the stability condition for the explicit scheme being that
cAt/Ax < 10.

We begin by noting that, for any j € {0,...,J} and m € {1,..., M — 1}, the following identities hold:

m+1 m—1 m+1 m m m—1\ __ m+1 m m m—1
Urtt Ut = (Ut U 4 (U - U = (U R U - (U U,
Urt U Ut = (U — ) — U - U, (124)
Ujm—i—l + 2Um Um 1 (Um—i-l + Um) + (Ujm + Ujm—l)'
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The left-hand side of equality (I22); can be rewritten as

m—+1 m—1
Ut - 2um 4 U

—- DD U

(At)?
+1 ~1 +1 -1 +1 -1
Ut Uy . c2(At)2D+D_U;” —20" + U —02D+D_U]m + 205" + Uj”
(At)2 4 v (At)2 v 4
for j =1,...,J — 1. Insertion of this into (I22]); then yields
urtt —oum + Ut Urtt 4 oum + Ut

= 2DFp; + [z tm)  (125)

(At)?

12 2n+n— J
<I+4c (At) Dwa> 4

foryj=1,....,J -1, m=1,...,M — 1, where [ signifies the identity operator, which maps any mesh
function defined on the spatial mesh {z; : j = 1,...,J — 1} into itself. We shall consider the inner
products

J—1
(U, V) =) AzU;Vj,
j=1

J
U, V]:=) AzU;Vj,
j=1

and the associated norms, respectively, || - || and ||-]|, defined by |U|| := (U, U)% and ||U]| := (U, U]% We
then take the (-,-) inner product of (I28) with U™ — U™~! making use of (I24)3 and ([24)); on the
left-hand side, and (124])4 and (I24))2 on the right-hand side, together with the equalities

(D(A— B), A+ B) = (DA, A) — (DB, B),

(D(A+ B),A—B)=(DA,A) — (DB, B),

on the left-hand side and the right-hand side, respectively, where the finite difference operator D satisfies
the symmetry property (DA, B) = (DB, A); in our case,

1
D=1+ ZCQ(AtFD;D; and D =D D,

on the left-hand side and right-hand side of (I25]), respectively, satisfy this symmetry property, which can
be verified using summation by parts thanks to the fact that the mesh functions A = U™ + U™ and
B = U™+ U™ ! vanish at 29 and z; because of the homogeneous Dirichlet boundary condition (22))4.
Thus we obtain the following equality:

12 9 b e Uerl_Um Uerl_Um 12 9 b e Um—Um71 Um_Umfl
((I—i— ke (At)°D] Dm> 7 , A7 I+ ke (At)°D; D, Y , Y

gmtl 4 um Um+1+Um>+02 <_D+DUm+Um1 Um+Um1)

2 ’ 2 2 ’ 2
+ (f(;tm), Uerl - Umil)'

= (—D;{Dm

Next, we shall perform summations by parts in the first two terms on the right-hand side, using that,
for any mesh-function V' defined on {z; : j =0,...,J} and such that V, = V; = 0, one has

(-DFD;V,V)=(D;V,D;V]=||D; V]

Using these equalities with V = Z(U™ 4 U™) and V = (U™ + U™~ '), we deduce that
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1 m+1 _ 7rm m+1 _ 7rm 1 m _ yrm—1 m _ yrm—1
((I—i— ZCQ(At)QD;DI> v v ,U v > - <(I+ ZCQ(At)QD;DI> vr-vu ,U v >

At At At At
m+1 m m—+1 m m m—1 m m—1
_ o (p UmtAUn p U AU L (p UM UTT UM
2 2 2 2
+(fCotm), UM U™
Ut o) U+ umP
=-¢| D; f] 8 f} + (f (st U =T,

This implies, following a minor rearrangement of terms, that

2
1 2 9 b e ymtl _pgm pm+l _pgm ) _Um+1 +um
<<I+ 16 (8?D] Dx> A + || D; 5
2
B 1y gy \Um—U™L gm_pym-l U umt (126)
= <<I+ 1€ (At)°D] Dm> Az , Az +c° || D, 5

+ (fCotm), U =U™ ),

The second term on the left-hand side of (I26) is nonnegative, as is the second term on the right-hand
side. We would therefore like to ensure that first term on the left-hand side of (I26)) and the first term on
the right-hand side are also nonnegative. In order to do so we shall make a small diversion to investigate

this question. Letting
yntl _gm
=4 ___J
J At ’

and noting that Vi = V" = 0, it follows that
<<1 - ic%At)zD;D;)Vm, Vm> = ||V + i@(AtY(D;ngm, V™)
= V™2~ 3@ (D V™, DV
= V™2~ 3 @02 Dy VTR
The left-most expression in this chain of equalities will be nonnegative if and only if
[V72 — 3@ DV 2 0

Our objective is to show that this can be guaranteed by requiring that cAt/Ax < 1. Noting that for any
nonnegative real numbers o and 3 one has (o — 8)? < 2a? + 242, it follows that

J
IDZ V™ =" Aw|DF V) = (Az) ™!
j=1 i

(V" = vmy)?

J
=1

<

-1
(VIM)? 4+ (V22 = 4 (Ax) ™1 Y (V/™)?
1

M~

<2(Ax)™!

o .
Il
_
<.
Il

2
= 4(a0) 2 Y A (v = (o) IVIZ
1 (a2)

<.
Il
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Thus we deduce that
1 At ?
<<I - Z(:2(A1t)2D;;Dg;>vm,vm> > (1 <CA—> V™2 (127)
x

We shall therefore suppose that the following condition holds, referred to as a Courant—Friedrichs—Lewy
(or CFL) condition:

cAt
— < 1. 12
Ay S (128)
Assuming that (I28) holds, we then have from (I27) that
1 Um+1 —_ym Um+1 _ym
I+ =c2(At)?DF D, > 0. 12
(e R e EL (12)
We shall therefore proceed by assuming that (I28]) holds, and define the nonnegative expression
1 Um+1 _ym Um+1 —_ym Um+1 L+ ym 2
2rrmy . 12 21+ - 2 (| H—
N2 U™) = <<I+4c (At) Dme> A7 : A7 >+c D 5 ]
With this notation (I26]) becomes
NU™) = N2U™ ) + (), UM = U™ ). (130)

In the special case when f is identically zero (I30]) guarantees the stability of the explicit scheme
under the CFL condition (I28)); indeed, (I30) implies that

N2 U™) = N3 (UY), foralm=1,...,.M — 1.

One can check that the mapping U — maX,,cfo,... m—1} [./\fz(Um)]l/2 is a norm on the linear space of
all mesh functions U defined on the space-time mesh {(z;,t,,) : j =0,1,...,J, m=0,1,..., M} such
that Uy* = U = 0 for all m = 0,1, ..., ML Thus we have shown that, provided that the CFL condition
(I28)) holds and f is identically zero, the explicit scheme ([I22]) is (conditionally) stable in this norm.

,,,,,

linear space V of all mesh functions U defined on the space-time mesh {(z;,tm) : j=0,1,...,J, m =0,1,..., M} such that
Ug" =UT =0for all m=0,1,...,M. Indeed, |||U]|| > 0 for all U € V, |||0]]| = 0, |||]AU]|| = |A||||U]]| for all A € R and all
UeV,and |||[U+ V||| < |||U|||+]||V]]] for all U,V € V. To show that ||| - ||| is in fact a norm, one needs to check in addition
that if |||U]||| = 0 for some U € V then U = 0. When cAt/Az < 1 this is an immediate consequence of (I27)), which implies
that [|[U™T! —U™|| =0 forallm =0,1,..., M — 1, and therefore U;nH—U;-” =0forallj=0,1,...,J,m=0,1,...,M—1;
and this, together with 0 = || Dz (U™ + U™)]|2 > 2||[U™! +U™||? (by the discrete Poincaré-Friedrichs inequality), which
yields U]m“ +Uj" =0forall j =0,1,...,J, m=0,1,...,M — 1, then implies that U;j” = 0 for all j = 0,...,J and all
m=0,1,..., M, as required. Thus, when cAt/Az < 1, ||| -]|| is indeed a norm on V. On the other hand, when cAt/Ax =1
the inequality (I27) can no longer be used to repeat this argument. It can be shown, however, that (I2Z7]) can be improved:

2
I+1c2(At)2D;D; vmy™) = I+1(Ax)2D;D; ymym™ —l(mf 1— cat (DFDZ V™, V™)
4 4 4 Az
Az 1 cAt\? _
>aa2 (T my2 L 2 o m7|2
> asiu (T2 ) IV + 4 (80) (1 (<) )anv ]

2
2 4sin2 <W§$> ”VmH2 + <1 _ <CAAxt> > HVm”Q. (131)

Using this inequality instead of (IZ1]) one can now show that |||-||| is a norm on V as long as cAt/Az < 1. We note however
that when cAt/Az = 1 the right-hand side of the inequality (I3I)) reduces to 4sin® (Z52) |[V™|?. Since 4sin® (Z92) <
72(Az)? as Az — 0, and 72(Az)? — 0 as Az — 0, the prefactor of |[V™||? on the right-hand side of the inequality (31
gradually deteriorates when cAt/Ax = 1 and Az — 0. In particular when cAt/Az = 1 there is a no constant co > 0,
independent of Az, such that the left-hand side of the inequality (I3I) is bounded below by co|| V™).
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We now return to the general case when f is not identically zero, under the following assumption,
which is slightly more restrictive than the CFL condition (I28):

A
Jep € (0,1)  such that % < ¢p, (132)

and we focus our attention on the second term on the right-hand side of (I30). For m € {1,..., M}, let
Z™ be the solution of the problem

1
[+—2At2Dj{D;>Z’-”: o tm), =1,...,J — 1.
(r+5e@0 7= fata) )

Zm =7 =0,

To show the existence of a unique solution Z™ to this problem we note that (I33)) is in fact a system of
J — 1 linear algebraic equations for the J — 1 unknowns Z7",..., 2" ;. Therefore (I33]) will possess a
unique solution if, and only if, the corresponding homogeneous problem (i.e., the problem with f(z;,,)
replaced by 0 for all j € {1,...,J — 1} on the right-hand side of (I33)) has Z]* =0, j = 0,...,J, as its
unique solution. Clearly, the homogeneous counterpart of (I33]) does indeed have Z]m =0,j=0,...,J,
as a solution. The fact that this is the unique solution to the homogeneous counterpart of (I33]) follows by
noting that, thanks to the inequality (I27) with V™ = Z™ and the assumed CFL condition (I32]), we have
that || Z™||?> = 0. Therefore Z7* =0forall j =0,...,J. In other words, the homogeneous counterpart
of (I33)) has the trivial solution as its unique solution; therefore the nonhomogeneous problem (I33))
possesses a unique solution.
Having shown the existence of unique solution to ([I33]), it makes sense to write

1 ~1
A <I + Zc2(At)2Dj{D;> FCotm)- (134)
With this, we return to the second term on the right-hand side of (I30]) and decompose it as follows:

(f('?tm)v Um+1 - Um_l) = (f('atm)7Um+1 - Um) + (f('7tm)a Uum — Um_l)

= ((1 + icQ(At)szD;>Zm, umtl Um> + <<1 + icz(At)QDjD;>Zm, um— Um—1>.

We would now like to transfer, in each of the two inner products appearing in the last line, the finite
difference operator featuring there from the first entry of the inner product to the second entry in the inner
product. To this end, note that for any two mesh functions V', W, defined on the mesh {z; : j =0,...,J}
and such that V) = V; =0 and Wy = W; = 0, one has, by summation by parts,

As Zp = Zm =0, U — U = U — U =0, and U — U~ = U — U~ = 0, it follows that
(fCotn), U™ = U™ ) = (F( ) U™ = U™) 4 (f (), U™ = U™
N (Zm’ (I * iCQ(At)2D3D5> (umst —um) > + <Z’”, <I + icz(At)ZD;D;> (U™ —um >

— <<1 + icz(At)2DjD;> (umtt —ym) ,Zm> + <<I - %2(&)21);13;) (um—um1 ,Zm>.

To simplify our notation, for mesh functions V, W defined on the mesh {z; : j = 0,...,J} and such
that Vo = V; =0 and Wy = W; = 0, we shall write

[V,W]:= <<I + ic2(At)2D;’D;>V’, W).
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We leave it as an exercise to the reader to verify that [, -] is an inner product: note, to this end, that
[-,-] is linear in both of its entries; thanks to (I33)), [V, W] = [W, V]; and, by virtue of (I27) and (I32]), if
[V.,V] =0 then V = 0.
Let |[-]| denote the norm induced by this inner product, i.e., let |[V]| := [V, V]% One then has the
following Cauchy—Schwarz inequality:
[V, W] <|[[VIHWII.

With these preparations in place, we are now ready to continue the stability analysis of the explicit
scheme. In terms of this newly introduced notation we have

(f('?tm)v Um+1 - Um_l) = (f('atm)7Um+1 - Um) + (f('7tm)a Uum — Um_l)
— [Um-i-l _ Um7 Zm] + [Um - Um_l, Zm]
< ™ =iz + U - U2

We substitute this into the right-hand side of (I30) and, after dividing and multiplying by At, we find
that

Um+1 —_ym U™ — Um—l .
o] as

NAHU™) S NHU™T) + At HT” A '[ At

By recalling the definition of N?(U™) and the definition of the norm |[-]| the last inequality can be
rewritten as follows

m+1 _ trm 2 m—+1 m7|2 m _ yrm—1 2 m m—172

HU AtU] el - 2+U} SHU AItJ } el Y +2U ]
(137)

Um+1 —_ym " U™ — Um—l "

Next we shall make use of the elementary inequality
2, 19
af <« +Zﬁ’ for a, 8 € R.

in the last two terms on the right-hand side of ([I37):

a [P =5 [ | ATz

At [[Umt —ym])®  AtT )
< = mi|2.
<F||7ar—| * e
analogously,
gm — gm-1 At [[Um —Um 1> AtT
At || ————— | |[Z™] < = AKIES
|| = ||+ S e

We then substitute these inequalities into the right-hand side of (I37]) and, after a rearrangement of terms
and by noting that 1 — % <1<1+ %, we arrive at the following inequality:

At Um+1_Um 2 ) _Um+1—|-Um 2
(-3 ([ e ]
< (14 A0 ([[Em T s o o T T 4 ALy -
= T At o 2 2 ‘
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By recalling the definition of N2(U™) we can rewrite (I38)) in the following compact form:

.M%Um)<1t+At

2 -1 T2
ST U F3

— At |[Z™]? =1,....,.M—1.
T M2 m
As, by assumption, M > 2, it follows that At := T'/M < T/2, whereby T'— At > T'/2; using this the

second term on the right-hand side of the last inequality can be simplified, resulting in

N U™) < T+ At

2 m—1 m1|2 _ _
< T NUTTHTAZMP m=1, M -1

To proceed, we shall appeal to Lemma, [15] with

T+ At
o =

o ) m _ m7|2

to deduce that

T+ At\™ Ui T+ At k
2 my 2 0 k112 — .
N(U )_< t> N(l/')ﬁ—ZAtkEl( t) HZ ”, m=1, M —1

Note that

Bl=

T+AN" _(T+AnNY  (1+ 5
T-at) “\T-At) —\1-4

for all m € {0,1,..., M}, with At < %, and one has

1+z
o Sltdr Vee [0, 3]

and )
= 4 1
(1+4z)= <e* Vae (03],

where the second inequality follows by noting that 1 4 4z < e*® for all = > 0. Hence,

N2 (U™ <! N2(U) +e' T Y At|[Z¥])> form=1,...,M —1.
k=1

Finally, by recalling the definition of Z™ from (I34]), we deduce the following stability result for the
explicit finite difference scheme under consideration.

Theorem 17 Suppose that the CFL condition (I32) is satisfied. Then, the explicit finite difference
approzimation ([I22)) of the initial-boundary-value problem ([I09)), on a finite difference mesh of spacing
Az = (b—a)/J with J > 2 in the x-direction and At := T/M with M > 2 in the t-direction, is
(conditionally) stable in the sense that

m 2
N2(Um)§e4N2(UO)+e4TZAt , form=1,...,M—1.
k=1

1 2A 2p+tn— -
(r+3e@0pin ) fe)

Consistency of the explicit scheme. We define the consistency error of the explicit scheme by

m=1,...,.M —1,
xj,ty) for {jzl S

m+1 _ o, m m—1 m _ 9,m m
. u; 2u3" + u; oW 2ui +uity

J (At)? ¢ (Ax)?2 A
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and

ul — 0
TJO:: ]At]—ul(a:j), forj=1,...,J —1,
where u]" : =u(xj,tm), 7 =0,...,J,m=0,..., M. Hence, similarly as in the case of the implicit scheme,
— u = 20 4 ! 82u(x R uitn —2uf Ui, @(sg. tn)
J (At)? o2 (Az)? Ox2 X7

form=1,.... M —1land j=1,...,J — 1, and

Uy —uy o Ou
I At ot

(,0), forj=1,...,J—1.

By performing Taylor series expansions with respect to ¢ about the point mesh-point (z;,t,,) and then
with respect to x about the same mesh-point we deduce that

84 1 8 u
m 2 _ L 2(A)?

where 7,, € [tm—1,tm41] and & € [xj—1,x;41], provided that the fourth partial derivative of u with respect
to t is a continuous function on [a,b] x [0,T] and the fourth partial derivative of u with respect to z is a
continuous function on [a, b] x [0,T]. Also,

1, 0%

0 _
Tj At 8t2(

T, 7o),

where 79 € [0, At], provided that the second partial derivative of u with respect to ¢ is a continuous
function on [a,b] x [0,7]. Hence,

j=1...,J—-1,

1
m 2 - 2
(17 < e (A0)” My + o (A1) M, {mzle_lj

where y )
. U
M r = —_— ,t d M — ' 7t |
4 (x,t)el[lc},abf(x[O,T] Ox?t (z )‘ an 4t (w’t)el[lg’abf(x o1 | 588 (x )'
and 1
0
7] < 548 Moy,
where )
n
M = ou t ‘
7 woelabixor | 08 (2, )‘

If the more accurate second initial condition (I23]) is used instead of (122))3, then

: 1 _
T].O = ]At —ui(xj) — §At (*DF Djui(zj) + f(z;,0)).

In this case, again by Taylor series expansion,
7| < (At) My + —c 2At (Az)? My,.
Convergence of the explicit scheme. The global error of the finite difference scheme (122) is

defined by

o 7=0,...,J,
e;n.—u(xjytm)_U;n7 {m:17...7M_1.
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Thus, thanks to the definition of the consistency error, we have that

eg’”l —2e' + eg’"”_l B 6265’3:31 — 26;”+1 + Qe;-”fll _ { j=1,...,J—1,
(At)? (Az)? 7 m=1,...,M —1,
and
e =€)+ AtT),  j=1,....J-1L
Furthermore, e? =0for j =0,1,...,J, and eft =€} =0 for m = 1,..., M. Hence, the global error e

satisfies an identical finite difference scheme as U, but with f(z;,t,,) replaced by T}" and u;(x;) replaced
by T]-O. It therefore follows from Theorem [I7] with U™ replaced by ™, U replaced by €® and f(z;,tx)
replaced by Tf foryj=1,...,.J—1land k=1,...,M — 1, that

2

1 -1
<I + —c2(At)2D;D;> TR, form=1,...,M —1. (140)

N2(e™) < et N?(e) + ' T? max
1<k<m 4

It remains to bound the two terms on the right-hand side of this inequality. We note that

el+eo] 2

1 el — el el —¢0
2/ 0y . 12 2+ H— 2
N4 (e”) == <<I+4c (At) DxDx> _— " >+c

D-
T2

= <<1 - iaQ(AtFD;D;)TO,TO) - %8 (A1) ||D; T .

By expanding the first term on the right-hand side and then performing summation by parts in the middle
term among the three resulting terms, we have

1 1
<<I + 1(:2(A1t)2D;D;>T0,T0> - 1(:2 (AL)? || D;T0]|2

1 1

= [T + 3P (ADF DT, TO) o+ 4 (A D, TP
1 1

=77 = 3 (AOIDZ T + ¢ (A)* || D T

= |IT°*.

By Taylor series expansion with a remainder term we have that
uj — U? ou 1, 0%

0_ 9 9 _ 2% )= At (s
Tj At 8t (x.ﬁ 0) 2At 8t2 (:EJ7TO)7

where 7y € [0, At]; it therefore follows that

1
77| < §At Mo,

with o2
My = max —u(x,t) .
(z,t)€[ab] x[0,T] | Ot
Hence,
J—1 1
170> = At TP < Z(At)2M22t'
j=1

and therefore

((1+ @02DED2 )701°) 4 1 (AOPIDL TP = Tl < (A0 213 = O((AWP)

B~ =
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Thus we have shown that

N(e") = O((At)?).

Having bounded the first term on the right-hand side of the inequality (I40), we proceed to bound
the second term on the right-hand side of (I40):

2

e T? max

1 2 2P+ p— - k
max. <I+Zc (At) Dme> T

Lettin
g ) B
vk .= <1 + Zcz(At)2D:{D;> T*,

it follows that )
(I - Zé(AtFDjD;)Vj’f =T} forj=1,...,J—1,

and Vok = V}C = 0. Taking the (-,-) inner product of both sides of the inequality, using the Cauchy—
Schwarz inequality on the right-hand side and the inequality (I27) in conjunction with the CFL condition
(132), we deduce that

1 _
(= @IVHE < (14 3 @02DEDE VA vH) = IVHR = (V) < T VL )
and therefore
IVE < (1 =) HIT™).
This and the last inequality in (I4]]) imply that
VRIP < (1 =) HIT )%

Hence, thanks to the definition of V* above and (I39), we have that

2
e T? max =T VHP <e*T?2(1 - @)™ max [T
1<k<m

1 ~1
(I + —cQ(At)QD;“D;> Tk
1<k<m 4

= O(((Az)* + (A1)*)?).
Thus we have also bounded the second term on the right-hand side of the inequality (I40]); consequently,
N2(e™) = O((At)?) + O(((Az)? + (A1)?)?).

It is worth emphasizing here that the first term on the right-hand side comes from the approximation
of the second initial condition, stated in (I22)3. If instead of (I22])3 one uses the more accurate initial
condition (I23)), then

N(e") = O(((A1)? + At (Ax)?)?),

and therefore in that case
NZ(e™) = O(((At)* + At (Az)*)?) + O(((Az)* + (A1)*)?) = O(((Ax)* + (At)*)?).
In summary then, in the first case,

max [N2(u™ — U™)]Y? = O((Az)? 4+ At),

1<m<M-1
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while in the second case, when the more accurate approximation (I23]) of the second initial condition

([I09)3 is used, then )
2(,m m\11/2 2 2
max [NA(” - UMY = O((Aa)? + (A0)?),

This completes the convergence analysis of the explicit scheme (I22]). We have thus shown that the explicit
scheme exhibits second order convergence with respect to the spatial discretization step Ax and first-order
convergence with respect to the temporal discretization step At in the norm max,,c,..., M_l}[/\/ 2()]% if
the second initial condition (I09])3 is approximated by ([I22))3, but if one uses the more accurate approx-
imation (I23)) of the second initial condition, then the explicit scheme exhibits second-order convergence
with respect to both Az and At in the norm maxme{17,,,7M_1}[./\/'2(-)] 3. Both of these convergence results
are conditional, in the sense that they hold in the limit of Az and At tending to zero provided the CFL
condition cAt/Az < ¢y holds, where ¢y € (0,1) is a constant, independent of Az and At.

6.4 Fourier analysis of the implicit and explicit finite difference schemes for the pure
initial-value problem

Consider the second-order wave equation
Upp = czum, reR, t>0,

subject to the initial conditions u(z,0) = wug(x), us(x,0) = ui(x) for z € R. We shall assume that
ug, u1 € C(R) and that both up and u; have compact support in R (and therefore, trivially |lug|le, < o0
and [[u1lle, < 00 as well as |[ug|| £, ((—o0,00)) < 00 and |1 || £, ((=00,00)) < 00)-

The implicit scheme. The implicit finite difference approximation of this initial-value problem is

+1 -1 +1 +1 +1
U]m —2U;”+UJm g ﬁl —ZU;n +Uj”11 ey -
(At)2 =cC (AZE)2 ’ J ’ m=1,4...,
subject to the initial conditions
Ul —yo
U]Q = ug(z;), % =ui(z;), jEZL

Define the CFL number p := cAt/Ax, and seek U;" in the form (cf. the definition of the inverse
semidiscrete Fourier transform on p.56):

1 w/Ax
m_ - m( e zkxjdk : 7, > (0.
Uj o _W/AmU (k)e , JEZ, m=>0

After inserting this into the finite difference scheme and noting that the semidiscrete Fourier transform
and its inverse are one-to-one mappings, we deduce that, for all k € [—7/Ax, 7/Ax],

Ut (k) — 20™ (k) + U™ (k) = p? (€A% — 24 e A T k), m > 1.
Therefore (by Euler’s formula and simple trigonometry) we have that, for all k € [—7/Az, 7/Ax],
(1 + 44° sin? kATx> U (k) —20™(k) + U™ (k) =0, m>1.
For each fixed k € [—m/Ax, /Az], this is a second-order difference equation of the form

zZma1 + Bem +Veme1 =0, m>1, (142)
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where a = 1+ 42 sin? k;ng B=-2,v=1,and z, = U"(k). We seek a (nontrivial) solution to (I42) in
the form z,, = \™, with A\ # 0 to be found. By plugging z,, = A" into (I42)) we obtain:

AN Ha 2+ BN +4) =0, m>1.

As X #£ 0, it follows that aA? + BA +~v = 0. If A1,2 are the roots of this quadratic equation and A1 # A,
then the general solution of (I42]) is of the form

Zm = AN]' + BAS', m >0,

where A and B are independent of m and are to be found from zy and z; (by setting m =0 and m =1
and solving a system of linear algebraic equations for A and B). If on the other hand A\; = Ay = A
(repeated root), then the general solution of (I42]) is of the form

Zm = AN + BmA\™,

with A and B independent of m, to be determined from zy and z; (again, by setting m = 0 and m =1
and solving a system of linear algebraic equation for A and B).

In our case, because the roots of the quadratic depend on the wave number k € [—7w/Az, 7/Az] we
shall write A\ 2(k) instead of A2 to emphasize this fact. The roots are then as follows:

1:|:z,u|sink#?w|

A2(k) = — 7, foral ke [—n/Az,m/Ax].
1+ 4p? sin? k22

Obviously |A12(k)| < 1; also, Aj(k) = Aa(k) = 1 if, and only if, k = 0.

We note in passing that the definition of practical stability of finite difference approximations of
the pure initial-value problem for the second-order wave equation is precisely that [A; (k)| < 1 for all
k € [-n/Ax,m/Ax]. Thus we have shown that the implicit scheme under consideration is unconditionally
practically stable.

As things stand, it is unclear however what, in anything, the requirement that |\ (k)| < 1 for all
k € [-m/Ax,n/Az] has to do with “stability” of the finite difference scheme. The aim of the discussion
that will now follow is therefore to explain the kind of bound on the ¢ norm ||[U™]|,, of the sequence of
numerical approximations U™, m = 2,3, ..., where t,, = mAt, generated by the finite difference scheme,
in terms of the £ norms of the initial data ug and wy, that practical stability thus defined then implies.
Incidentally, by applying a similar technique to the initial-value problem under consideration we shall
derive an analogous bound on of the Ly ((—00,00)) norm [[u(:,#)||1,((=oo,00)) ©f the exact solution u. This
analogy of the bound on ||[U™||¢, with the bound on |[u(-,?)||1,((—c,0)) then serves as a justification (as
was the case for the initial-value problem for the heat equation) for the use of the terminology “practical
stability”.

We start with the derivation of the bound on ||[U™||,. It follows from the discussion above concerning
the form of the general solution to a second-order difference equation that

U™ (k) = A (k)™ + B(Ag (k)™ for k # 0 and all m > 0,

with A and B to be determined. On the other hand, when k& = 0 (in which case A;1(0) = A2(0) = A = 1),
we have that A
Um™0)=A1"+ Bm1™,

with A and B (possibly different from the A and B above) to be determined.
Next, we determine A and B by using the prescribed initial conditions for the finite difference scheme,
first in the case of k % 0 and then in the case of k = 0.
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(1) First consider the case when k # 0. Then, with m = 0 and m = 1, respectively, we have that (for
the sake of simplicity of the notation we shall now write A1, Ay instead of A\ (k), A2(k), respectively):

U(k)=A+ B, U'k)=X\A+ \B.

We solve this linear system for A and B and obtain

A=

5001yl 101y v 770
WO =0 k) Ok = MO%(k).
A2 — A A2 — A1

Recalling that U1 U0 + Aty (z;) it follows that U (k) = U%(k) + At @y (k). Thus,

A= k)y— —= d B= k _—.
jupns vLA G veny vl o nl WL
Hence, for m > 2, we have that
~ A—1 . — A1l 0 Atuy (k)
m o m E)\T mo_\my 14
U™ (k) = /\2_/\1U(k)/\1 +>\2_>\1U( )A +7/\2_/\1 (A" = AT") (143)
Note that, for all m >4 and all k € [—-n/Az,7/Az]\ {0},
1 m
Ao — 1 1— )\ 1 kAz\z | 1+ p?sin?koe |2
2 | \m:‘ = <1+16u sin” x) u S%n2 A
A2 — A1 Ao — 2 (1 4 4p? sin® £5%)2

l3

1
1 9 KAz 2
5 <1+16,u sin? 2x>

1
2 in2 kA 2
1+ 16p?sin® 252 | 2 -
(1 + 4p2sin? kozym | =

1
02 kA
1+ 4p? sin Tx]

l\’)l»i

1
2

Concerning the excluded values m = 2, 3, by plotting the function
1 [ 1422 )7
R —(1+162%)2 | ——
T € 2( + 16x°)2 [(1_'_43:2)2}
we see that this is, for both m = 2 and m = 3, again, bounded by 1/2. Thus, for all m > 2,

1
| ol < 5.

>\1

Mo—1 ]
‘/\2—>\1‘ X _‘

A2 —
Hence, and because for |A; 2| < 1 we have that

A — AP

| = AT AT TN A AT AT <

it follows that ]
U™ (k)| < §|U0( I+ 35 IUO( )| 4+ mAt [ur(k)].

Since U°(k) = @o(k), this then implies that
U™ (k)| < [ao(k)| + mAt [ar(k)| for all k € [—n/Az,w/Az] \ {0} and all m > 2.
(2) Now consider the case when k£ = 0 (in which case A\; = Ay = A = 1). Then,

U°0)=A+B-0, UY0)=A+B.
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Thus, A = U%(k) and B = U'(0) — U°(0) = At U°(0). Consequently,

U™(0) = AN™ + Bm A™ = U°(0) + (U*(0) — U°(0))m = ug(0) + mAtu1(0).

Hence, R
U™ (0)] < |ug(0)] + mAt [ug(0)] for k=0 and all m > 2.

Combining the bounds on |U™ (k)| for the cases k # 0 and k = 0 thus obtained we therefore have that
U™ (k)| < [ug(k)| + mAt[ai (k)| for all k € [—7/Az,7/Az] and all m > 2.
By the triangle inequality we then deduce that
U™ Lo (=0 Az)) < N0l (= /anm/az)) + tm 10T | (2 /A0 /A0))

for all m > 2, where t,, :== mAt. Multiplying this inequality by 1/v/27 and using the (discrete) Parseval
identity (cf. Lemma 12 on p.56) it follows that

U™ le, < lJuolley + tmlluille, for all m > 2. (144)

Remark: We note in passing that if the precise forms of Aj 2(k) are not taken into account, and we only
use that [A\j2(k)| < 1 for all k € [-n/Az, 7/Az] and A\ (0) = A2(0) = 1, then we obtain a cruder stability
inequality because, instead of being bounded by 1/2, we can then only deduce that

Ay —1
A2 — A1

1—-XM\
A2 — A1

1
1 kEAz\2 1
Ae|™ < 5 (1 + 16 sin® Tx> <50+ 1642)%.

A ='

Thus, instead of (I44]) we then end up with the bound

1
O™ |le, < (1+ 16,u2)§ lluolle, + tmlluille, for all m > 2. (145)

For comparison, we Fourier transform the wave equation with respect to = (we shall abuse the no-
tation used above and will write ~ in this calculation to denote the Fourier transform rather than the
semidiscrete Fourier transform denoted by = above) and solve the resulting ordinary differential equation

G (€,1) + 2E2%0(€,t) = 0 with the initial conditions 4(€,0) = 4p(€) and iy (€,0) = 41 (€),
with £ € R treated as a parameter, to find that

sin(c{t)
ckt

(€, t) = cos(c&t) o () + ta ().
Hence, and because |sin(s)/s| <1 for all s € R\ {0} and lim,_,sin(s)/s = 1, it follows that

a(&, )] < |ao(§)] + tlaa (£)]-

This then implies by the triangle inequality that

”a('vt)”Lz((—oo,oo)) < ”ao(')”Lz((—oo,oo)) + t”al(')”Lz((—oo,oo))-

Multiplying by 1/+/27 and using Parseval’s identity for the Fourier transform on R it follows that

Hu('vt)”L2((—oo,oo)) < ”uo(')”L2((—oo,oo)) + tHul(')HLz((—oo,oo))7 t>0. (146)
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It is instructive to compare this with the inequality (I44]) obtained for the numerical method. Clearly, the
form of the stability inequality (I44]) is the same as the stability inequality (I46]) for the exact solution
of the initial-value problem. This then justifies the use of the terminology “practical stability”.

The explicit scheme. Next we shall perform a similar analysis for the explicit scheme:

+1 ~1
Ujm —2U]m+U]7” _ 2 Sy 200+ U

(At)? - Bap

jEZ, m=12...,

subject to the initial conditions

1 0
u; - Uy

J
We shall suppose in what follows that |u| < 1. The corresponding expression in Fourier space is therefore
Um-l—l(k,) _ 2Um(k,) + Um—l(k) — M2(ezkAx —24 e—zkAm) ﬁm(k), m > 1.

Equivalently,
rml 2 2 KATY oy rm—1
U™ k) —2(1—2pu sin” —— U™k)+U™ "(k)=0, m>1.

The corresponding quadratic characteristic equation is
kA
N2 <1—2M28in2 Tx> A+1=0.

When £ = 0 this has the repeated root A;(0) = A2(0) = A = 1. If on the other hand k # 0, then

2 (1 — 2usin? 582) 4 1 /4 (1 — 2p2sin? £82)” _4
Ma(k) = 5

EA Az 2
= <1 — 2% sin® T:E) + Z\/l — <1 — 242 sin? kr_23:>

Clearly, |A\1(k)| = |A2(k)| =1 for all k € [—n/Ax, 7/Az].
(1) First consider the case when k # 0. Then the roots are distinct and therefore, as in the case of
the implicit scheme studied above,

1—-XM
A2 — A

At (k)
Ay — A1

k) = 221

0 m
= )\2_)\1[] (K)AT* +

U%(k)AD + (AT — AT). (147)

Let as write, for the sake of brevity, S := u?sin? %. Hence,

A—1  —28—1/1-(1-25)2 —S—1/S(1-05)
Ao — A\ —21,/1— (1—25)2 —2,/S1—S)

Because S < p? < 1 for all k € [-7/Axz,7/Ax], this then implies that

o117 S24s51-5) 1 _ 1
Ao— M| 4S(1—8) 401 —8) T 41 —p?)’
Therefore,
Ay —1 < 1
Ao —A1| T 2y/1— 2
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Analogously,

‘1—)\1 1
Ao —A1| T 2y/1— 2

It then follows from (I47) that for all k € [—n/Ax,7/Ax]\ {0} we have that

U™ (k)| <

N T =
(2) When k = 0, we have a repeated root A;(0) = A2(0) = A = 1 and therefore, in the same way as in
the case of the implicit scheme considered above,

[ug(k)| + mAt |[ur(k)| for all m > 2. (148)

U™ (0)] < [ap(0)] + mAt[u1(0)|  for all m > 2.

Therefore, by combining this with (I48]), analogously as in the case of the implicit scheme, we arrive
at the stability inequality

1T [le, <

1
< ﬁ“uowz + tinlule,

but, in contrast with the implicit scheme, now only under the assumed CFL condition |u| < 1, where
W= cAt/Ax.

for all m > 2,

6.5 First-order hyperbolic equations: initial-boundary-value problem and energy
estimate

Let © be a bounded open set in R™”, n > 1, with boundary I' = 92, and let 7" > 0. In Q =  x (0, 7],
we consider the initial boundary-value problem

Zb Hu= f(z,t), zeQ, te(0,T], (149)
u(z,t) =0, =zel_, te[0,T], (150)
u(z,0) = up(z) =€, (151)

where

_={z el :b(x) v(z) <0},

b= (by,...,b,) and v(x) denotes the unit outward normal to I at x € I'. T'_ will be called the inflow
boundary. Its complement, I'y = I'\I'_, will be referred to as the outflow boundary. It is important to
note that unlike elliptic equations where a boundary condition is prescribed on the whole of 02, and
parabolic equations and second-order hyperbolic equations, such as the wave equation considered in the
previous section, where a boundary condition is specified on the whole of I' x [0,7] = 9 x [0,T], in the
initial boundary-value problem for the first-order hyperbolic equation stated above, a boundary condition
is only imposed on part of the boundary, namely on I'_ x [0, T']; — else, the problem may have no solution,
or if a solution exists continuous dependence of the solution on the data may fail to hold.
We shall assume that

beCl@Q), i=1,...,n, (152)
ce C(Q), e LQ), (153)
ug € La(). (154)
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In order to ensure consistency between the initial and the boundary condition, we shall suppose that
up(x) =0,z €I'_.

The existence of a unique solution (at least for ¢, f € C1(Q), up € C*(Q)) can be shown using the
method of characteristics (see Al Differential Equations). More generally, for b;, ¢, f, ug, obeying the
smoothness requirements of (I52]), a unique solution still exists, but the proof of this result is beyond
the scope of these notes. We shall therefore assume henceforth that the initial-boundary-value problem
(I49)—(I51) has a unique (‘sufficiently smooth’) solution, and consider the behaviour of the solution as it
evolves as a function of time, ¢, from the given initial datum ug.

We make the additional hypothesis:

c(x,t) — %Z SZZ (x) >0, x€Q, tel0,T). (155)
i=1 "

By taking the inner product in Ly(Q2) of the equation (I49) with u(-,t), performing partial integration
and noting the boundary condition (I50]), we obtain:

(Greutn) + <c<-,t> 5 <->,u2<-,t>>

t3 /F+ [Z bz(ZE)Vz(ZE)] uw?(z,t)ds(z) = (f(-, 1), u(-, 1)), (156)

where v(z) = (v1(x),...,vn(x)) is the unit outward normal vector to I at « € I'. By virtue of (I55]) and
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noting that

it follows from (I56]) that

n

ol w2+§[;liﬁmmwmﬂu%mwdxms<ﬂ»muuw»

i=1

By the Cauchy—Schwarz inequality,

(FC08) < 17D 1]
< SIFCHI + Sl DI

and therefore,

d 2
gl o+ [

Multiplying both sides by e, this inequality can be rewritten as follows:

< (et 0I?) _/[Zb ]2@ﬁ@swwmm%temn

By integrating this inequality with respect to ¢t and noting the initial condition (I5]]), we have that

e ul- D2 + / AJ“

9%W+Aammmﬁw,mmjy

Zb ] u?(z,t) ds(z) — [lul ) < IF I, te[0,T].

a:)] u?(z,7) ds(x) dr

It therefore follows that

[u(-, )] +/0t /r+ [ =

§etHu0H2+/ T f () dr, €[0T, (157)
0

:E)] u?(z,7)ds(z) dr

This, so called, energy inequality expresses the continuous dependence of the solution to (I49)—(I51]) on
the data. In particular it can be used to prove the uniqueness of the solution. Indeed, if u; and uo are
solutions of (I49)—(I51]), then u := u; — ug also solves (I49)—([I51]), with f = 0 and ug = 0. Thus, by
@57, ||u(-,t)|| =0, t € [0,T] and therefore u = 0, i.e., u; = ug. The inequality (I57) also reveals the
importance of imposing a boundary condition on I'_ x [0,7] only. On I'y x [0,7T], where I'y :=T\T_,
the outflow part of I' = 02, the solution is ‘controlled’ by the data: the initial datum wg, the source
term f and the boundary condition on I'_ x [0, T] (the latter does not appear explicitly in (I57) because
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we assumed a zero boundary datum on I'_ x [0,7]). Note that the integrand in the second term on the

left-hand side of (I57]) is nonnegative thanks to the definition of T';.
Let us consider a particularly important case when

" ob;

= = d divd= =
c=0, f=0, and div ;8@

0,

where b(z) = (b1(x),...,bn(z)). Then, thanks to the identity (I56]), we have that
1d , 1 ) B
gl O 5 [ B vt ds(@) =0,

and therefore,

2 t 2 _ 2
(- 0)2 + /0 /F ) ()] 0t 7) () d = ol

which can be viewed as an identity expressing ‘conservation of energy’ for the initial-boundary-value
problem (I49)-(I51).
6.6 Explicit finite difference approximation

In this section we focus on a special case of the problem stated in the previous section, and describe a
simple explicit finite difference scheme for the numerical solution of the constant-coefficient hyperbolic
equation in one space dimension:

ou . Ou
E + b(‘?_x - f(:Evt)v LS (071)7 te (OvT]7 (158)

subject to the boundary and initial conditions

u(z,t) =0, xel_, te|0,T], (159)
u(z,0) = ug(z), =€]0,1]. (160)

If b > 0 then I'_ = {0}, and if b < 0 then I'_ = {1}. Let us assume, for example, that b > 0. Then the
appropriate boundary condition is

w(0,8) =0, tel0,T]. (161)

To construct a finite difference approximation of (I58)-(I6I) let Az := 1/J be the mesh-size in the
x-direction and At := T'/M the mesh-size in the time-direction, ¢. Let us also define

zj:=jAzx, j=0,...,J, tyn:=mAt, m=0,...,M.

At the mesh-point (x;,t,,), (I58) is approximated by the explicit finite difference scheme

ymtl _pgm

subject to the boundary and initial condition, respectively:
Uy* =0, m=20,...,M, (163)

U i=wuolx;), j=0,....J (164)
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Equivalently, this can be written as follows:
ji=1,...
U]m+1 = (1= p)Uj" + pU™ ) + At f(2),tm), { 0.

in conjunction with

Uyt =0, m=20,...,M,
Ujo =uo(z;), j=0,...,J,
where
bAt
= A—$'

u is called the CFL (or Courant—Friedrichs—Lewy) number. The explicit finite difference scheme (162)) is
frequently called the first-order upwind scheme.

We shall explore the stability of this scheme in the discrete maximum norm. Suppose that 0 < p < 1;
then

U] < (U= ) [+ U |+ A ()]

(1= p) max [U7"] +p | mex [U7% |+ At max |£(zj, tm)]

IN

:012]:32( ‘U |—|—At max |f(x], m)|-

Thus we have that

m+1 .
Josx, ‘Uj ( < max |U"] + At max |f(zj, tn)] -

Let us define the mesh-dependent norm

1Ulloo = max |Ujl;

then
|’Um+1”oo <NU™ oo + AtFCtm) oo, m=0,...,M — 1.

Summing through m, we get
k 0
m U < ||U + A
1<kix 10" ]loo < U0 § tLf s tm)loos (165)

which expresses the stability of the finite difference scheme (I62])-(I64) under the condition

bAt
< <1 1
0<pu= A = (166)
Thus we have proved that the finite difference scheme (I62))—(I64) is conditionally stable, the condition
being that the CFL number, y, is in the interval [0, 1].
It is possible to show that the scheme (I62])-(I64]) is also stable in the mesh-dependent Ly-norm, ||-]|,
defined by

V1|2 ZA:EVz
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The associated inner product is

J
(V,W] =Y Az VW,

i=1
Since
ur+ur um—ygm
m_ J j—1 J j—1
Ui 2 * 2 ’
and Ug" = 0, it follows that
J
Um _ gm
m D™ = A m_J Jj—1
(U™, D;U™ ; 2U =
J J 2
1 N - Az um -,
j=1 j=1
1, JAV: .
= §(UJ )2 + THDQ: Ul

In addition, since

m—+1 m—+1
I R A A

U= 5 5 , m=0,...,M—1,
we have that
gmtl _ym 1 11 oo At Umtl—pm?
(o = g Qo = ompy - 5 S w0 a1 o

Thus, by taking the (-, ]-inner product of (I62) with U™ and using (I67]) and (I68]), we find that

[T + Atb(U])? + b Aw At | D U™ — U™

Um+1 —_ym 2
— (At)? T] =2At(f™, U™, m=0,...,M—1. (169)
First suppose that f = 0; then,
Um+l _ym
A hUT

and by substituting this into the last term on the left-hand side of the equality (I69) we have that
U™ )2 + Atb |U§n|2 +bAzAt(1—p)|D; U™ = U™, m=0,...,M—1.

Summing through m, we have that

k—1 k—1
U2+ 3 AT +bAz (1) S ALD;U™P = U2, k=1,...,M,  (170)
m=0 m=0

which proves the stability of the scheme in the case when f = 0 under the assumption that

bAt
OSM:A—:ESL
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In particular, if g4 = 1, we have that
k—1
IOH1P+ D Atoug)? = U7, k=1,..., M,
m=0
which is the discrete version of the identity (I57]), and expresses ‘conservation of energy’ in the discrete
sense. More generally, for 0 < p < 1, (I7Z0) implies
k—1
TR+ Atb|UF P < UV, k=1,...,M.
m=0

Now let us consider the question of stability in the ||-]|-norm in the general case of f # 0. Since

= [If™ = bDZ U™ < {IIf™] + bl Dz U™}

Um+1 —_ym 2
=

1 m - m
< (14 3) 1P + @ RIDUE, >
and
(U™ < O™ < sl P+ g Ilo™)P,
it follows from the equality (I69]) that

1Dz U™

U™ 2 + At |UT 2 4 b Az At [1 —(1+e )bAt]

1
< At [(1 + §> At + 1} IF™17 + (1 + At)|U™])2.
Letting e =1—1/(1 4+ ¢€) € (0,1) and assuming that
0<pu=—<1—g¢,

Ax
we have, for m =0,...,M — 1, that

O + AtblUF < [0 + ¢ (14 2 I + Ao

Upon summation of this inequality over m = 0,...,k — 1, we deduce that

1U*)12 + <Z Atb U ) < U + (1 + —) Z At|lf™? + Z At||U™]? (171)

for k =1,..., M. To complete the proof of stability of the finite difference scheme we require the next
lemma, which is easily proved by induction.

Lemma 16 Let (ag), (bg), (ck) and (dy) be four sequences of nonnegative real numbers such that the
sequence (cy) is nondecreasing and

k—1
ak+bkéck+zdmam, k>1; ag+by < co.

m=0

Then
k—1
ar + br < cpexp (Z dm) , k>1.
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By applying this lemma to the inequality (I7I)) with

ap = |UMP, k>0,
k—1
b= Y Atb|[UP*, k>1; by =0,

m=0
At k—1
= [0+ (14 25) 30 AP k215 o= U7
€ m=0

dp:=At, k=1,2,..., M,

we obtain,
k—1 At k—1
IUFIP + ) Atb |UP? < e <HU0]|2 + <1+ —) S :At||fm]|2> L k=1,..., M,
€

where t;, := kAt. Hence we deduce stability of the scheme, in the sense that

@%('U'f )2+ ZAMUJ |) <\|U°1|2+ <1+—) ZAtnfm ) (172)

An error bound for the difference scheme (I62)—(I64]) is easily derived from its stability. For the sake
of simplicity we shall focus on the error analysis of the scheme in the || - || norm, which we shall deduce
from the stability of the scheme in the || - || norm for p € [0,1].

We define the global error, €7, and the consistency error, T7", of the scheme, respectively, by
e = u(ey, tm) — UL,

J
(xjvtm-i-l) (xjatm)

" = A7 + 0D u(zj, tm) — f(x),tm).
It is easily seen that
e§”+1 e’ - - ‘
T—i—bee] =15, j=1....J, m=0,....M—1,
ey’ =0, m=20,...,M,
ej:0, j=0,...,J.

By virtue of the stability inequality established in the first part of this section we have that, for u € [0, 1],

M—-1
Moo < A T™|| so- 1
25, el < 32 AT (173)

By Taylor series expansion of 77" about the point (xj,tm) it follows that

m 0%u 0%u m
er = A 8t2 (xjy )+ be O 2(6]7 )7 T € (tmatm-i-l)? 5] € (xj—lvxj)y

and therefore also

|Tm| < = AtM2t + bAx My,),
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where
ak—i—l
Ozkot (

Mpgir == max_
(z,t)eQ

x, t)‘ .
By defining M := max(My¢, Ma,), we have that
m 1
177" < sM(At+bAT) (= O(Az + At)). (174)
Thus, by (I73), we arrive at the error bound

1

max ||[u™ —U™||eo < =TM(At+bAx),
1<m<M 2

where u™ := u(-,tp) and u]" := u(x;,tm). Therefore the scheme (I62)-(I64) is first-order convergent

with respect to both Ax and At.

Analogously, using the stability result (I71)) in the discrete Lo-norm ||-]|, (I74]) implies that

max |[u" —U™]| <cf - (At +bAx),
1<m<M

where ¢ = 1eT/2(1 + T/e)\/2T'/2M.

The analysis presented here can be extended to linear first-order hyperbolic equations with variable
coefficients and to hyperbolic problems in more than one space-dimension, as well as to finite difference
schemes on nonuniform meshes. We shall however continue to operate in the univariate setting and
discuss, instead, a different extension of the problem considered here: a scalar nonlinear first-order
hyperbolic partial differential equation in one space dimension.

6.7 Finite difference approximation of scalar nonlinear hyperbolic conservation laws

Nonlinear hyperbolic conservation laws and systems of nonlinear hyperbolic conservation laws arise
in numerous areas of application, fluid dynamics being one such field. Here, we shall confine ourselves to
the simplest possible case of an initial-value problem for the nonlinear partial differential equation

%—F%f(u)zo for (z,t) € R x (0, 00), (175)
where u = u(z,t), subject to the initial condition u(z,0) = ug(z), where ug € C*(R) and has compact
support, i.e., ug is identically zero outside a bounded closed interval of R. The real-valued function f
will be assumed to be twice continuously differentiable on R and we shall suppose that f(0) = f/(0) = 0,
and f”(s) > 0 for all s € R. Under these hypotheses f’ is a nondecreasing function, whereby f’(s) > 0
for all s > 0. We shall assume further that |f'(s)| < f'(|s|) for all s € R. For example f(s) = 3s? and
f(s) = %34 + %32 satisfy these hypotheses.

Assuming that there is a 7' > 0 such that a solution u € C*(R x [0,7]) to the initial-value problem
exists, then thanks to the chain rule the equation (I75]) can be rewritten as

ou ;o Ou
N +f (u)% =0 for (z,t) € R x (0,T7. (176)

Motivated by the construction of the first-order upwind scheme in the previous section, we decompose
f!(u) into its nonnegative and nonpositive parts, as follows:

flw) = [f' @]+ + [f'(w)]-,
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where we have used the notation:
1 1
[2]+ = 5@ +z]) and [z]- = S(z — Ja).
Clearly,
=z +[z]-, |z|=[x]+ —[z]-, [z]+>0 and [z]- <0 for all x € R.

With this notation, we can rewrite (I70]) as follows:

% + [f’(u)]+g—z + [f’(u)]_g—z =0 for (z,t) € R x (0,7T]. (177)

We approximate (I77) by the following finite difference scheme

m+1 _ rrm
Ut U

L PO DEUP + [ (U)) DEUT =0, jEZ, m=0,.. M-1,

U]Q =uo(xj), JjEL,

(178)

where At =T/M, M > 1, and Z is the set of all integers.

We will show that, under a certain CFL condition, which we shall state below, the sequence of finite
difference approximations {U"}jez, o<m<m is bounded, similarly as in the case of (163]) (but now in
terms of the norm of the initial datum only, as there is no source term on the right-hand of the equation
(I76]) under consideration), in the sense that

Ukl < |U° 179
ér}gw\l lloo < N1U||oos (179)

where now ||V ||oo := maxjez |V}].
To this end, we rewrite (I78); as follows:

UMy A "Um)- A
U?HZUF_U(]A;}JF t(U;n—aniﬂ—[f(jA;] t( m g
"Um)+ A —[f(Um™)]- A
= (1- &L wrwpi - o) Yoy + DO SO S s
B T Y S A R

for all j € Z and all m =0,...,M — 1. Suppose that the following CFL condition holds:

F'UU o) At

<1. 181
Ax - (181)

Suppose further, as an inductive hypothesis, that, for some m > 0,

FIU¥ ) At _

Az 1 forall k=0,...,m. (182)

Thanks to (I8T]) this inductive hypothesis is satisfied for m = 0. Suppose, for the inductive step, that
(I82) has already been shown to hold for some m > 0. Because of the assumptions imposed on the
function f, we have that |f'(U)| < f'(IU"|) < f/(|U™]leo) for all j € Z. It then follows from (I82) with
k = m that ,

|f'(U;")| At

AL <1 for all j € Z,
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and then (I80) implies that

, O PO A PO)AL
"Um)| At "Um)]4 At —[f(Um™)]- At
< (1- Y jormo + L Sy, 4 SO S

UM Aty o ae m
_(1_T> 10 oo + =2 U™ oo = U™ o

for all j € Z. Therefore,
U™ oo < NU™ oo (183)

To complete the inductive step it remains to show that (I82) holds with m replaced by m + 1. By (I83])
and the fact that f’ is nondecreasing imply that

S U™ o) At < LU o) At
Ax - Ax

<1. (184)

The inequality (I84]) shows that (I82]) holds with m replaced by m+1, which then completes the inductive
step. Thus we have shown that, under the CFL condition (I&I]),

N0 oo < NU™ oo < - < U0 forallm=0,1,...,M —1, (185)

which completes the proof of the assertion that the sequence {U 7 }iez, o<m<m of finite difference approx-
imations generated by the scheme is bounded; in particular (I79) has been shown to hold.

Assuming that v has continuous and bounded second partial derivatives with respect to x and ¢
defined on R x [0,T], it can be shown that

| ax |lu™ — U™l = O(Az + At),

as in the case of the linear first-order hyperbolic equation considered in the previous section, but we shall
not include the proof of this result here. One of the main difficulties in proving such an error bound is
that now, unlike the linear first-order hyperbolic equation where a bound such as (I85]) would, thanks
to the linearity of the finite difference scheme, automatically imply the stability of the scheme, in the
case of the nonlinear partial differential equation considered here this is not the case: if {U]"} and {V;"}
are two sequences of numerical solutions generated by the scheme from initial data {U ]Q } and {Vjo} the
inequality (I85]) does not automatically imply that

(U™ — v < U = V™o < - < U=V s forallm=0,1,...,M —1,

which then complicates the convergence analysis of the finite difference scheme. A further technical
complication is that, given a smooth initial function ug it need not be true that the solution u remains
a smooth functions of x an ¢ over the whole of R x [0,T7]; there may be a time ¢, € (0,7) at which the
function x € R — u(x,t,) becomes discontinuous. Then the partial differential equation (I75) no longer
makes sense in the form in which it is stated, and a suitable weak formulation of the problem needs
to be considered instead. The mathematical analysis of numerical approximations of weak solutions to
nonlinear hyperbolic conservation laws, such as (I75), is beyond the scope of these lecture notes; for
further details in this direction we refer the reader to the book by R. LeVeque, Finite Difference Methods
for Ordinary and Partial Differential Equations, STAM, 2007.
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