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First-order hyperbolic equations:
initial-boundary-value problem and energy estimate

Let €2 be a bounded open set in R”, n > 1, with boundary I = 02, and let
T >0.In Q=2 x(0, T], we consider the initial boundary-value problem

g':—i-;b,-(x)g;—i—c(x, tu="f(x,t), xe€Q, te(0,T], (1)
u(x,t) =0, xel_, te]0,T], (2)
u(x,0) = up(x) x€Q, (3)

where

M. ={xerl:bx)- v(x) <0},

b= (b1,...,bn) and v(x) denotes the unit outward normal to ' at x € T".
I will be called the inflow boundary. Its complement, [ =T\ I_, will
be referred to as the outflow boundary.






Continuous dependence of the solution on the data

We shall assume that

bie CYQ), i=1,...,n, (4)
ce C(Q), felyQ), (5)
uy € L%(Q). (6)

In order to ensure consistency between the initial and the boundary
condition, we shall suppose that up(x) =0, x € I_.

We make the additional hypothesis:

Z@x x)>0, xeQ, telo,T]. (7)



By taking the inner product in Ly(Q2) of the equation (1) with u(-, t),
performing partial integration and noting the boundary condition (2):

where v(x) = (v1(x), ..., vn(x)) is the unit outward normal vector to I at

xerl.



By virtue of (7) and noting that

Ju ou
(at,u> 5‘t(x t) u(x, t) dx
10 1d [,
/ 281‘“ 2(x,t)dx = Ea/ﬂu (x, t)dx

)12
it follows from (8) that

2
sl GOl [ [}jb ] (x,£)ds(x) < (£, )
By the Cauchy-Schwarz inequality,
(F,u) < [ Ol lul 2]
1 2, 1 2
< Z|I£(- Z .
< SIFC O + SlluC DI

and therefore, for any t € [0, T],

elecors [

Zb ] (x, t)ds(x) = uC, D)l < [IFC ).



Multiplying both sides by e™*, this inequality can be rewritten as follows:

d

a(e—tn u(-, t)[?) / [Zb u,(x] 2(x,t)ds < et f(-, 1)]%,

Integrating this inequality w.r.t. t and noting the initial condition (3),

etHu(-,t)Hz—i-/OteT/r [Z b;(x)yi(x)] u?(x,7)ds(x)dr

t
QMW+A€W%JW®3tHQH

It therefore follows that

o [

Sﬂ%Wﬁ/tWW,W%ﬂtGMTI 9)
0

x)] u?(x,7)ds(x)dr
i=1

This ‘energy inequality’ expresses continuous dependence of the solution to
(1)—(3) on the data. It also implies uniqueness of the solution.



Let us consider a particularly important case when

", Ob;
= f= d div b= E
c=0, 0, an v 2 Bx;

=0,

where b(x) = (bi(x),. .., bp(x)). Then, thanks to the identity (8),

%i I + /[b u2(x, t) ds(x) = 0,

and therefore,
t
lu(- 8)]12 + /0 [ [b0x) - 0] 26, () dr = ol
+

which can be viewed as an identity expressing ‘conservation of energy’ for
the initial-boundary-value problem (1)—(3).



Explicit finite difference approximation

We focus on a special case of the problem: the constant- coefficient
hyperbolic equation in one space dimension

ou ou
5 ba— f(x,t), xe€(0,1), te(0,T], (10)

subject to the boundary and initial conditions

u(x,t) =0, xel_, tel0,T], (11)
u(x,0) = up(x), x€10,1]. (12)

If b> 0 then I'_ = {0}, and if b < 0 then '_ = {1}. Let us assume, for
example, that b > 0. Then the appropriate boundary condition is

u(0,t) =0, telo,T]. (13)



To construct a finite difference approximation of (10)—(13) let Ax :=1/J
be the mesh-size in the x-direction and At := T /M the mesh-size in the
time-direction, t. Let us also define

xj = jAx, j=0,...,, tm:=mAt, m=0,..., M.

At the mesh-point (x;j, tm), (10) is approximated by the explicit finite
difference scheme

ymtt _ ym
. AtjﬁwDﬂﬁszJm, i=1...,J, (14)

subject to the boundary and initial condition, respectively:

Uy =0, m=0,...,M, (15)

UJp =u(xj), j=0,...,J. (16)



Equivalently, this can be written as follows:

j=1,...,J,

m+1 _ m m ;
Uj _(1_H)ljj —|-'UJUJ-_1—{—Atf(Xﬁtm)7 {mzo’“"/\/]—l,

in conjunction with

Uy =0, m=0,...,M,
(JJQZUO(XJ'% j:07"‘7J7
where
_ bAt
H="Ax

w is called the CFL (or Courant—Friedrichs—Lewy) number.

The explicit finite difference scheme (14) is frequently called the first-order
upwind scheme.
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We shall explore the stability of this scheme in the discrete maximum
norm. Suppose that 0 <y < 1; then

U3 < (1= W) |UP |+ | U] + Bt )]
< (U= ) max [UT'| +p max U7 |+ At max [£(x, tm)]

= M+ At f(xi, tm)l.
(max |UF"| + At max [ (. tm)

Thus we have that

max ’Um+1‘ < max |U"| + At max |f(x;, tm)] -
ogj<s 1Y o<j<s ' 0<j<J

Let us define the mesh-dependent norm

|Ulloo := max |Ujl;

0<j<J

then

U™ oo < U™ lloo + ALF(, tm)lloo, m=10,...,M—1.



Summing through m, we get

M—1
K| < |10 ‘
(2% 10 lloo < 1U7 1o + mz_:OAfllf( s tm) oo (17)
which expresses the stability of the finite difference scheme (14)-(16)
under the condition
bAt
<pu=—<1. 1

0<u A = (18)
Thus we have proved that the finite difference scheme (14)—(16) is
conditionally stable, the condition being that the CFL number p € [0, 1].
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It is possible to show that the scheme (14)—(16) is also stable in the
mesh-dependent Lp-norm, ||-]|, defined by

J
VIR =3 ax V2.
=1

The associated inner product is

J
(V,W]:=> Ax VW,
i=1
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Since

gm 2 YT UL U7 U

S 2 2 ’

and U™ =0, it follows that

J
um— up
— | ym m J Jj—1 m
(D7 U JJ]_ ;1Ax4——j7——q

= é; }+§:Ax(

(U7 + THDX_ UmP.

NI = I\J\

—Un ) (19)
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In addition, since

m—+1 m—+1
Ut ur Ut -y

J 2 2
form=0,..., M —1, we have for such m that
Umt = Um L men ymt — ump?
_ —| . (2
(Far 2 um| = g Qumsp - qomp) - 5| S5 o)

By taking the (-, -]-inner product of (14) with U™ and using (19) and (20):

U™ + At b(UT)? + b Ax At || Dy UM — [ U™]]?
Um+1 _ Um:| 2

— A#?
At

—2At(F", U™, m=0,....,M—1. (21)
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First suppose that f = 0; then,
Um+1 —_ym
At

and by substituting this into the last term on the left-hand side of the equality
(21) we have that, for m=0,..., M — 1,

= —bD; U™,

IUTP + At b [UT|? + b Ax At (1 — )| D UM = U

Summing through m,

k—1 k—1
[UMIP+ Y Atb|UTP + bAx(1—p ZAtHD UmIz=|U%)2 (22)
m=0
for k =1,..., M, which proves the stability of the scheme in the case when f =0
whenever
bAt
<p=—Z<5=1
0= np Ax —
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In particular, if 4 =1, we have from (22) that

k—1
IUAIP + > Atb|UTP = U], k=1,...,M,

m=0

which is the discrete version of the identity (9), and expresses
‘conservation of energy’ in the discrete sense.

More generally, for 0 < p <1, (22) implies

k—1
IUKI2+ 3" AtbUTP < U2, k=1,...,M.

m=0
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Now consider the question of stability in the ||-]|-norm for f # 0. Since

2

= [[f™ = bDZ U™ < {|If"]| + bl D U]}

Um+1 _ Um
At

< (14 2)IrmP s o uR. ¢ o
and
(Fm Um < IEPIHIO™ < S IEm2 + 5 I0m 2,
it follows from the equality (21) that

bAt

U2+ At b|UT + b Ax At {1 —(1+ e’)A—
X

| o um

< At [(1 + 61,> At + 1} £ + (L + At)|| U™ 2.
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Lettinge =1—1/(1+¢€') € (0,1) and assuming that

0</_L:E<1—6,

we have, for m=0,...,M — 1, that

At
Um R + A UPP < JUTIP + ac (14 55 ) 1717 + Ad U

Upon summation of this inequality over m=0,..., k — 1, we deduce that
k—1 k—1
U + (Z Atb |U5"|2) <N (14 5F) 3 aetme

k—1
+ ) Atfjum)?

m=0

fork=1,..., M.
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To complete the proof of stability of the finite difference scheme we
require the next lemma, which is easily proved by induction.

Lemma (Discrete Gronwall lemma)

Let (ak), (bk), (ck) and (dk) be four sequences of non-negative numbers
such that the sequence (ck) is non-decreasing and

k—1
ak+bk§ck+2dmam, k>1; ag+ by < cp.

m=0
Then
1
dm> , k>1.

X

ak + b < CkeXP<

5
I
o
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By applying this lemma to the inequality (23) with

a = ||UX]2, k>0,

by :

k—1
S Atb|UTP, k>1; by =0,
m=0

k—1
At
a= || U°)? + (1 + ) S OAtFMP, k=1 =||U°P,
€ m=0
di =At, k=1,2,...,M,

we obtain for k =1,..., M:

k—1 k—1
m At m
IV + 3 ab |Up? < e <U°1|2+ (1 5F) X el 1|2> ,
m=0 m=0

where t, = kAt. Hence we deduce stability of the scheme, in the sense that

k—1 M—1
At
k112 m|2 T 0712 m7|2
nax, <||U 117+ E At b |UT] ) <e <|U 11°+ (1+6 ) ZOAtHf 1| >

m=0
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