B8&.2: Continuous Martingales and Stochastic Calculus
Problem Sheet 3

The questions on this sheet are divided into three sections. Only those questions in Section B are
compulsory and should be handed in for marking.
The questions are not in order of difficulty; if you are stuck on one question, move on to the next.

Section A

1. Let a be a function of finite variation, a(0) = 0 and f : [0,7] — R a continuous function. Show
that

T mp—1
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where m, = {0 =ty < t; < ... <tp, =T} is asequence of partitions of [0, 7] with mesh(m,) — 0

as n — o0o.
(Hint: use dominated convergence theorem for the associated measures pi+ and p—, where u([0,t]) =

a(t) and pp = py — p-).
Let fn(t) := Ef(t?)l(t?,tﬁl}(t). Then
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We have pointwise convergence f,(t) — f(t) by continuity. We can apply the DCT (f is bounded
since continuous on a compact interval)

mp—1

T
fim 3 S o) / F) ) = p-(as)) = [ f(s)das)

2. Let M be a continuous square integrable martingale with My = 0 on a filtered probability space
(Q, F,(F)t,P). Show that for any partition m, = {0 =tg <t < --- < t, =t} we have

EM? = EZ(ME - Mti71)2'
=1

We just use the martingale property

n
ES (M~ M, ) = B(3MZ 20, M, +ME)
=1

= E (Z Mtz —2E (Mtth¢71 “Ftifl) + Mtzz'—l)
= EY M- =EM?.

Section B (Compulsory)



1. Let (zp)n>1 be a sequence of real numbers. For real numbers a < b, let U([a,b], (xy)n>1) be
the number of upcrossings of [a, b] by the sequence. Show that (xy)n>1 converges to a limit in
[—00,00] as n — oo if and only if U([a, b, (zn)n>1) < oo for all a < b with a,b € Q.

Recall that a sequence of real numbers converges if and only if it is a Cauchy sequence. Evidently

if U([a,b], (xn)n>1) is unbounded for some a < b, then for any N € N, we can find n,m > N such
that |z, — ;| > b—a > 0 and so the sequence is not Cauchy.

In the opposite direction, suppose that U([a, ], (z,)>1) < oo for all a < b. We consider two cases:
either there exists M > 0 such that x,, € [-M, M] infinitely often, or not.

In the second case, eventually, for any M, either x,, > M or z, < —M (since otherwise
U([—M, M], (xn)n>1) = 00), and so either z,, — oo or x,, — —o0.

Suppose then that there exists M such that x,, € [-M, M] infinitely often. Then the subsequence
of those z,, € [-M, M] is a bounded infinite sequence and so has a convergent subsequence that
we denote by (2, )r>1, converging to a limit [, say, as k — oo. Then given € > 0, there exists
K such that z,, € [l —¢,l+ €| for all £ > K. But then z, € [l — 2¢,1 + 2¢] for all but finitely
many n, since otherwise U ([l + ¢€,1 + 2¢], (xp,)n>1) or U([l — 2¢,1 — €], (xy,)n>1) is infinite. In other
words, there exists N such that n > N implies |z, — | < 2¢. Since € was arbitrary the sequence
converges as required.

2. Let M be a positive continuous martingale converging a.s. to zero as t — oo. Let M* :=
sup;>o M. Note that we do not assume that Fo is trivial or that My is deterministic.

(a) For z > 0, prove that
M
P[M* > z|Fo) = 1A —2.
x

Conclude that M* has the same distribution as My /U, where U is independent of My and
uniformly distributed on [0, 1].

(Hint: stop M when it becomes larger than x).

Let Hy = Hy(M) :=inf{t > 0: M; > z}. Then

Mo = E[M,rt|Fo] = Molp<ns, + 2P(Hy < t|F0) — 2la<ns, + E[M15,>¢|Fo]
lMonotone Convergence l
xP(M™* > z|Fop) 0

where the last convergence follows from the DCT because M; — 0 and 0 < Mylpg,>; < .
Rearranging this yields
xly<nry, + Molysy, = xP(M™ > x| Fo).

i.e.
M,
P(M* > z|Fo) = 70 AL

Now average over the distribution of My to recover

P[M* > 2] = E [E[1y+5,| 5] zE[% M| =E[E[1, |5

S

where U is independent of My and uniformly distributed on [0, 1].



(b) Let a > 0 and Bf := a+B; be a Brownian motion started at a. Let 7 = Hy(B%) = H_,(B) =
inf{t > 0: Bf =0}. Find the distribution of the random variable Y := sup,., By".
Fix a > 0 and set Bf := a + B;. Then M, := B}, is a martingale, M; > 0 and M; — 0
a.s., and Y = M*. It follows from the first part of the question that

3. Suppose that (Bi);>o is Brownian motion under P. For a partition 7 of [0, T, write ||7|| for the
mesh of the partition and 0 = {9 < t; <t2 < ... <{ty(r =T for the endpoints of the intervals
of the partition. Calculate

(a)
N(m)—1
lim By, (B, — By,),

+1
|| —0 ti
lIll =0

It’s actually easiest to do part (b) first. If they read far enough ahead in the lecture notes,
they will know that

N(m)—1
. 2
t = 1 B;.., — B;.
||7T1HIEO — ( tj+1 t])
]_
N(m)—1 N(m)—1
= ||71riHrE>0 JZ; (Btjﬂ + Btj) (Bth - Btj) =2 ||71ri||n—1>0 Zo B, (ij+1 - Btj)
N(m)—1
= B BO -2 ”h”II_l)0 Z Btj (Btj-H — Bt].) .
T =0

Subtracting this quantity from

N(r)
Z 5 (B, +By) (B, — By) = (BT Bj)

ITFH—>

=0
we obtain

N(m)—1 1

||l7]|—0 Z BJ+1 (Bt]+1 B Bt’) 2 (BT Bg * T) '

=0
(b)
T N(m)—1 1
A .
/(; BS [¢) dBS = ||71r1|\n—l>0 Z 5 (Btj-H + Bt]‘) (Btj+1 - Btj) .
=0

This is the Stratonovich integral of { Bs}s>0 with respect to itself over [0, 7.

Since the summand on the right is the difference of two squares, this is a telescoping sum
with value

1 2 2 1 2 2
5 (BtN(W) - Bo) — 5 (BT - Bo) .



4. Let M and N be continuous local martingales and 7 a stopping time. We write M”™ and N7 for
the stopped processes, M] = M p¢, NJ = Nype. Show that M7(N — N7) is a continuous local
martingale.

Hint: use the properties of quadratic co-variation

M™(N—-N")=M"N—-M"N"=M"N—-(M",N)+(M",N"y — M"NT
is a sum of two local martingales, where we used Proposition 8.26(iii) from lectures which says

(M,N)™ = (M",N) = (M",N").

5. Show that if M, N are two martingales in H?¢ (that is they are continuous and bounded in L?),
then M N — (M, N) is a uniformly integrable martingale.

First method:
Recall that for X € H?*¢, X? — (X) is a uniformly integrable martingale (Theorem 7.24i). We
have M + N € H** and hence

2(MN — (M,N)) = (M + N)* = (M + N) = (M* — (M)) — (N* - (N))

is a sum of three uniformly integrable martingales and hence a uniformly integrable martingale.

Second (brute force) method:
Recall that [(M, N)oo| < \/(M)oo\/(N)oo (Kunita-Watanabe). Then by Holder’s inequality

E[[(M, N)ool] < VE[(M) o] v E[(N)oc] < 00,

where E[(M)s] < oo and E[{N)] < oo since M, N € H?><.
Also note that supgsq [MsNs| < supgsq |Ms|supgsq |Vg|. Then by Hélder’s inequality

E[Sup!Mst!} < \/E[sup|Ms|2} \/E[supUVSP] < o0.
>0 >0 520

Then, by the Dominated Convergence Theorem, M;N; — (M, N); converges in L' and the result
follows.

6. Let X be a positive random variable independent of a standard Brownian motion B on a prob-
ability space (2,3, (G¢),P). Let My = Byx for t > 0. We assume that the filtration (F;) is the
smallest filtration (satisfying the usual conditions) to which M is adapted.

Show that M = (M;)¢>¢ is a local martingale with respect to (F).
Show that M is a martingale if and only if E(X'/?) < cc.

(a
(b
(c
(d

)
)
) Find the quadratic variation process (M);.

) Let A = (At)¢>0 be a continuous increasing process with Ag = 0 which is independent of the
Brownian motion B. Assuming A is adapted to (F;) = (G4,) show that (Ba,)t>0 is a local
martingale and find conditions which ensure it is a martingale and determine its quadratic

variation.



(a) To see that M is a local martingale take the set of stopping times T, = inf{t : |M;| > n}. We
just need to show that the sequence of stopped processes M = (MinT, )ter, are martingales.
Clearly by construction as By is adapted to Gy, M is adapted to F; and by definition of T, we
have |[M7n| < n, so that M is integrable. The martingale property then follows from that of
Brownian motion

E(M;|Fs) = E(Bix|Fs) = E(Bix|Gsx) = Bsx = Mg, 0< s <t.

(b) To see when M is a martingale it is clear that all we need to establish is the integrability
condition as the process is adapted and satisfies the martingale property. As X is independent of
B we have, writing Ex for the expectation over the random variable X and E for the expectation
for the Brownian motion

E[M;| = E(Ex|Bix|)
00 ‘:L’| 1,2
= [E exp(——)dx

= Ex+2tX/m.

Hence it is integrable iff Ex(X/?) < cc.
(¢) The quadratic variation is easily seen to be (M); = tX from the result for Brownian motion.

(d) We can do the same thing with an adapted increasing process A. The local martingale
argument is the same as we use the usual stopping times to get bounded paths - the martingale
property holds using that of Brownian motion.

The condition for a martingale is that IEA;L ? < by the same argument as that given in (b).

Finally the quadratic variation process for B4, is the process A;.
Section C (Extra practice questions, not for hand-in)

1. Suppose that the real-valued function a is of bounded variation and that f is a-integrable. Show
that the function (f - a) defined by

(f -a)(t) = /0 £(s)da(s)

is right continuous and of finite variation.

It is enough to check that it is the difference of two non-decreasing right continuous functions
(by a Lemma of lectures, a function is of bounded variation if and only if it can be written as the
difference of two non-decreasing funtions).

If 11 is a measure and f > 0 is integrable with respect to u, then right continuity of fg f(s)u(ds)
is clear. Let p be the generalised measure associated with @ and p = py — p— its Jordan
decomposition. Then

(f-a)®) = ((f" - )& + (F7 - ) () = ((F7 - ) (®) + (FF - p)(1)

is the difference of two non-decreasing functions as required.



A direct proof of finite variation is easy too: Let t;, ;11 be the endpoints of an interval in a

partition 7 of [0, 7], then
tit1
((f - @)ty — (F-a)y] = S/ £ (s)] |da(s)|
ti

/ (s)da(s)

and summing over intervals in the partition we find

V(f-a) < /0 £ ()l da(s),

and so by integrability of f with respect to a, we see that (f - a) has finite variation.
2. Let M be a continuous L?-bounded martingale. Show that

(a) For every deterministic ¢ € [0,00), the time T} = inf{s > ¢ : My # M,} is a stopping time
(and similarly with M replaced by (M))

By now this should be an easy exercise. The simplest thing is to take the process X =
1s5¢(Mg — My), then T; is the first hitting time of the open set R \ {0}.

(b) The intervals of constancy for M and (M) coincide a.s., that is to say, if (S, S’) are random
times with S < 5’ then for almost every w,

Mi(w) = Mgy (w) Vt € [S(w), S (w)]

if and only if
(M)i(w) = (M) () (w) VYt € [S(w), S (w)]-

Hint: Begin with times (S,S") = (t,T}) for t € Q.
Following the hint, as M? — (M) is a uniformly integrable martingale (Q2/Thm 7.24i) and
T; is a stopping time, we can use the optional stopping theorem to write

E[(Mr, — M;)?] = E [(/tTt dM. )2] RELN ) UtT d(M)S]

= E[(M)7, — (M)4]

and the result follows since if two non-negative r.v. have equal expectations then one is
zero iff the other one is. As the rationals are countable, this result holds for all ¢ € Q
simultaneously a.s, that is, except on a null set \.

Now suppose we have random times S, S’. Fix any w ¢ N. Suppose s — M(w) is constant
on [S(w), S’ (w)]. Either this interval is a single point, or it contains a rational ¢, and hence
S’ (w) < Ty(w). However as w € N, we know that s — (M)4(w) is constant on [t, T} (w)]. As
t is an arbitrary rational, this implies that s — (M),(w) is constant on (S(w), S"(w)].

s = (M)4(w) is continuous, it cannot vary at a single point, so it is constant on [S(w), S"(w )]
Similarly if we reverse the roles of M and (M).

3. Recall that an adapted right-continuous stochastic process M is called a local martingale if there
exists a sequence of stopping times 7, T 0o a.s. such that for any n the stopped process M™ is a
martingale, where M;™ = M, r+. The sequence (7,,) is called a reducing sequence or a localising

sequence. Show that if M is a local martingale then



(a) if M is non-negative (i.e. V¢t > 0 M; > 0 a.s.) then it is a supermartingale;
We have E[M, | Fi] = M., ps — M a.s. as n — oco. By Fatou then

M, = li_)m E[M;, at|Fs] ZE[ILm M, nt]|Fs)
—E[M,|F,]

and hence (M;) is a supermartingale.

(b) M is a (true) martingale if and only if for any a > 0 the family
{M; : 7 a stopping time with 7 < a}

is uniformly integrable.
Recall that (M) is a martingale iff

E[M;] = E[M)] V7 bounded stopping time

We also know that if M is a martingale then the statement holds.

For the reverse, suppose that M is a local martingale s.t. {M, : 7 is a stopping time < a}
is UL Va > 0. Take 7 is a bounded stopping time, say 7 < a, and (7,,) a reducing sequence
for M.

E[M., rr] = E[Mp] since M™ is a martingale.
and {M;, rr:n >0} C{M,:p<a}is UL Hence

M,

ke

Ar — M as. and in L'

Then E[M;] = lim,,_,oo E[M; -] = E[M)j] as required.

n

4. (A primer in stochastic integration: We define here the stochastic integral of a simple
process w.r.t. to a nice martingale. The problem may appear long but is elementary and its aim
is primarily for you to reflect on desirable properties a stochastic integral should have.)

Let M = (My : t > 0) be a uniformly integrable martingale bounded in L*: Sup;>( E[M?] < oo
Let € be the space of simple bounded process of the form

ZSO (tistit1] ) t>0

for somen € N, 0 <ty <t; <...<tms1 and where go(i) are bounded F;; measurable random
variables. Define the stochastic integral ¢ - M of such ¢ with respect to M via

m
(90 : M)t = Z‘p(i)(Mt/\tiH - Mt/\ti)7 t=>0.
=0

(a) Show that ¢ — ¢ - M is linear on &;

Note that o+ € & for p,¢ € £. This follows since {1; 4 + 11y, is either of the required
form if (case (1)) s <wor v <torelse (case (2)) if e.g. t < u < s < v then

gl(ts +n1uv Eltu]+(§+77) us]+77]-(sv]



(d)

is of the required form. Then (¢ +v¢ - M), = (¢ M)+ (¢ M);. Indeed it is enough to show
this for ¢ = €14, ¥ = Nl(y.), Where £ (vesp. n) is Fy- (resp. F,-) measurable. Then e.g.

((P + w ) M)r _ g(Ms/\r - Mt/\r) + n(Mv/\r - Mu/\r) %Il case (1)
g(Mu/\T - Mt/\r) + (5 + n)(MS/\r - Mu/\r) + U(Mv/\r - Ms/\r) m case (2>

:g(Ms/\r - Mt/\r) + n(Mv/\r - Mu/\r)

:(90 ) M)r + (w ) M)m

as required. We clearly have (ap - M) =a(p- M) VaeR, p € €.
Show that ¢ - M is a martingale for all ¢ € E;

m

El(p - M)i|Fs] =Y Elp (M, a0 — Mype) | F.
i=0

We have

E[Qp(z) (Mt¢+1 - Mtz)’}—S] = (P(i)(MtH-l - Mti) = So(i)(Mti+1AS - Mti/\s> for liy1 <'s

E[p® (My, ne — My, )| Fs] = @D (Mg — My,) = D (Mg, ns — My,) for t; <s <tin1

E[E[@(i) (Mti+1At - Mti/\t)|fti/\t]‘FS] =0= (p(i)(Mti+1/\s - Mti/\s) for t; > s.
Thus

E(p- M)y Fo] =D Ele (M, ne — Mipd)|Fe] = (0 - M)s.
i=0

Let T be a stopping time and recall that for a process X, X7 is the stopped process X] = X p¢.
Show that we have equality between the following three processes:

- M"=(p-M)" =19 M),

and where to define the last integral we would extend the definition of € to the case of (t;)
being a sequence of bounded stopping times.

(oM7) = Z ‘P(i)(MtTiH/\t — M[ )
= Z W(i) (My,yntnr — Minins)
=(p - M)inr = (- M)j

= ( Z 90(1) 1(ti/\7, tiv1AT] " M)t = < Z Sp(i)l[O,T] 1(t¢, tip1] M)t
=(pli,r - M):

Compute E[(¢ - M)?] for a ¢ € E. Conclude that sup,soE[(¢ - M)F] < oo.



Now assume that there is an adapted non-decreasing process (M), (M)y = 0 a.s. and
such that (M? — (M) : t > 0) is a martingale. Show that

B 207) = E[ [ ap.].

E[(p - M)?] {ZZ@“ (M, ot — Miae) (M, ne — Mt]/\t)]
But
E[So(i)gp(j)(Mterl/\t Miae) (M ne — Miae)] = {I[)E[(Sﬂ(i))2(Mti+1/\t — M) iz ij
and
E <,0 2(Mt1+1/\t MtiAt)Z]
=E[(¢)’E[(My;; e — Meons)*| o]

)
)
<P(Z )Q(MtH.l/\t Mt,At)]
=E W(Z))Q(Miﬂx\t (M)t ne — (MF g — (M)iine))] + E[(0 )2 (M)t nt — (MDgine)]
=E[(¢@) (M), 1t = (M)eipe)]-
We conclude that

t
] =D El)? (Mt — Mti/\t)z]ZE[/O SOZd(MM]

Let p,¢p € €. Show that o € € and that ¢ - (¢ - M) = (Yo - M).
For ¢ = Z . w(J)l(s]-,sHl] and ¢ = Zz ‘10(2)1(ti,ti+1]

(v- (- 0n)). Zzp (6 M)syyn = (- M)
= Z Z¢ ])SO (Mti+1/\5j+1/\t - Mti/\SjJrl/\t - (Mtlurl/\s]‘/\t - MH/\Sj/\If))

:(WP : M)t
since
w(Z)l(ti,tiH] 'w(])1(8j78j+1] - w(Z)w(])l(tiVSjv tit1AS;+1]
can be non-zero only if t; V s; < tj11 A sj41 but then ¢; < s;41 and s; < t;41. On the other
hand, when #; < s;11 and s; < t;41
Mti+1/\8j+1/\t - Mti/\S]'_'.l/\t - (Mti+1/\5j/\t - Mti/\S]'/\t) = (*)
:Mti+1/\8j+1/\t - Mti/\t - MSj/\t + Mti/\Sj/\t
=Myt — Mti+1/\sj+1vt - Mti/\sjvt + Msjvt
:Mti+1/\8j+1/\t - (Mti/\t + Ms]'/\t - Mti/\s]'/\t)a

M(ti\/Si)/\t

and otherwise (x) = 0. We conclude that (w (- M))t = (¢ - M), as required.



