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1 The Fourier transform

1.1 The Fourier transform on L'

Definition 1.1. Let f € L'(R™). Then the Fourier transform of f is

o~

FIE) = f(&) = Rnf(fﬂ)e_iz'gd% §eRY,

where x - £ = 2161 + ... + x,&, is the usual dot product in R™.

~

Remark 1.2. Note that f(&) is well-defined for each £ € R™ since

|[f(@)e™ ] = [ f(x)]
and f € L1(R"). Observe that

(O < [If]: for all € € R and F(0) = [, f(x) da, so if f > 0, then f(0) = ||/
o f € C(R™) (this is easy to see),
. J

(&) = 0 as |¢] — oo (by the Riemann—Lebesgue lemma that we state and prove below).

The precise range F(L*(R™)) = {f: f € LYR")} is not so easy to describe in terms not
involving the Fourier transform. It can be shown that it is strictly smaller than

Co(R™) := {g € C(R"): lim g(z) = o} .

|z| =00

The range F(L'(R")) is called the Wiener algebra.

One reason that we are interested in the Fourier transform here is its ability to transform
partial derivatives to an algebraic operation.

Proposition 1.3. [Differentiation Rule] Let f € L'(R™) and assume that for some j €
{1,...,n} the distributional partial derivative 8;f € LY(R™). Then



Proof. Let ¢ € Z(R™) be such that ¢(z) =1 for |z| < 1. We then calculate

537(5) = | Bif(e ¢ da
< i | oston o (2) o
= Jlim (0,f, 7% (7))
-t (2% )0 )

g [ o (40 2) - ) e

DCT f( )i e da = i€, f(€).

Ezample 1.4. Let f =1_y ;). Clearly f € LY(R), and

~ 2siné
f(§) = 2sinc(§) := ¢ for £ #0
2 for £ = 0.

Recall that sinus cardinalis function sinc is not absolutely integrable over R, so f ¢ LY(R).

We can generalize this to indicator functions of rectangles in R™ by a straightforward applica-
tion of Fubini’s theorem: if

R= [alabl] X X [aTL)bn] C Rn
then clearly 1z € L*(R") and

1aJ§J —e —ib;&;

n
1r(¢ :H

for £ # 0 for all j (but L\g is continuous so we can extend to the coordinate planes by
continuity). By inspection, 1r(€) = 0 as |¢| = oo. Thus 1z € Co(R™), but as in the 1-
dimensional case 15 ¢ L!(R™).

Lemma 1.5. [The Riemann-Lebesgue Lemma] Let f € LY(R™). Then the Fourier trans-
form f € Co(R™).

Proof. We have already remarked that the dominated convergence theorem easily gives that J?
is continuous. (One can also prove it more directly from the definition of the Lebesgue integral:
Exercise.) In order to prove that f(£) — 0 as |{] — oo we use that step functions are dense in



LY(R™). Let ¢ > 0 and take a step function s: R® — R so || f — s|[1 < £/2. By Example 1.4 we
infer that s € Co(R™) and so for some r > 0 we have [s(¢)| < £/2 for |£| > r. We then have for
all £ € R" with [£] > r:

~ ~

1£() <IF(§) = 5(&)] + [5(9)]

<I(F = 5)(€)] +¢/2
<|\f = sl +¢/2
<E€.

The proof is finished. O

You will be asked for another proof of the Riemann-Lebesgue lemma on Problem Sheet 1.
While the result is quite elementary and easy to prove, it is useful: on several occasions we will
prove that a function is continuous by showing that it is the Fourier transform of an integrable
function.

Ezample 1.6. Let p € 2(R) be the standard mollifier kernel on R (so in particular, p is an
even function satisfying 0 < p < 1, p(x) > 0 for |z| < 1, supp(p) = [-1,1], and [ p =1). Then

1
76 =2 [ ple) cos(ag) da.

It is not hard to check that p € C*(R), but supp(p) is not compact. Therefore p ¢ Z(R). We
shall return to this point when discussing the uncertainty principle later in the course (see also
Problem Sheet 1). However,

p&§) = 0 as [¢] — oo,

and in fact, for any k, m € Ny we have

pd™
19 dimp(f) — 0 as [£] = oo.

3
Again this is not difficult to show and will be a consequence of a more general result proved
later, so we leave it for now.

We would like to extend the Fourier transform to distributions, and to that end we seek an
adjoint identity.

Proposition 1.7. [The Product Rule] Let f, g € LY(R"). Then

o~

f(x)g(x)dw = (z)g(x) da.
R" R"
Remark 1.8. Note that both sides are well-defined since the Fourier transform of an L! function
is bounded and continuous. We thus have an identity that looks like an adjoint identity with
S = F =T, but there is an issue with the domain: if we start with f, g € Z(R"), then we will
not have f, § € Z(R™), that is, unless f = g = 0. Indeed, in the example with the standard
mollifier kernel we had p ¢ Z(R). In order to address this issue efficiently we must define a
new class of test functions and distributions.



Proof. This is an easy application of Fubini:
[ t@iwae= [ [ f@ame il
Fubini iz
= / A f(x)g(y)e ™V dz dy
— [ Fww
RTL
O

Before addressing the issues with the domain and the appropriate class of test functions, let us
investigate the properties of the Fourier transform on L' functions a little more. It will turn
out to be a useful source of insight.

To us the orthogonal group O(n) consists of n X n matrices with real entries such that its
columns form an orthonormal basis for R"”: thus € O(n) if and only if § € M, x,(R) and
070 = 1. A matrix 6 is a special orthogonal matriz of dimension n, € SO(n), if and only if
6 € O(n) and det(f) = 1. In B4.3 we defined the operation 6, on functions and distributions.
When f € LY(R") and § € O(n) we put 0. f(z) := f(0x). We then have the following invariance
property of the Fourier transform:

Proposition 1.9. [Invariance under orthogonal maps] Let f € LY(R") and 0 € O(n).
Then 0, f =0, f.

Proof. This is a simple calculation where we substitute y = fz, use #~! = 0" and exploit that
detd = £1:

0.f(&) = [ f(Ox)e " dx

R

e Fly)e €07 qy

= [ fly)e*vdy
Rn

=6./(6).
O
Remark 1.10. We emphasize the special case of reflection through the origin: f(ac) = f(—x)
corresponding to # = —I € O(n). In this case we have
F(f) = F(f)

for f € LY(R").



Proposition 1.11. [Translation Rules] Let f € L'(R™) and denote (7,f)(z) := f(z + h)
for h € R™. Then

F(mnf)(€) = " (&)
and
Fle ™" f(@)(€) = mf ()
for any h € R™.

Proof. We simply calculate
Fmf)@) = | flo+ne™de =" [ ety = < fe),
R'IL Rn

and

/ e N f(z)em " dp = (@) E N dg = F(&+ h) = T f(9).

R

Proposition 1.12. [Dilation Rules] Let f € LY(R") and denote

(df)(z) = f(rz)
forr > 0. Then

~

F(d )€ = "Fr7'&) = r "(da f)()
and

(dr f)(&) = F(r="d1 f)(&)-

Remark 1.13. Recall the notation p. for the standard mollifier on R™. We shall adapt it in
general and write f, for r="d1 f:

fr= %nd;f.

We often refer to f, as the L' dilation of f because ||f.|[1 = ||f||1 holds for all » > 0 when
f € LY(R").

Proof. The proof is a simple calculation as in the previous lemma (and we employ the notation
from the previous remark):

Fld: 1)) = | flrm)e™ < ar

= [ ety

dy:?"dx

(g

~

= () (8),



and

(dr F)(€) = F(rE)
§ f(a:)efm"‘5 dz

y=rz y) —iZrg —n
= ZletrTerTd
dy=rndz /n f (T Y

= [ danwe e dy

—

= (fr)(8)-
O
Proposition 1.14. [Convolution Rule] Let f, g € LY(R"™). Then f x g € L}(R") and
F(f*9)(&) = F(©)a(e).
Proof. By Fubini,
©= [ [ ra=-nowaye<as
/ flz—1v) z(zy£dmg() —WE qy
n JRn"
z=z—Y 1z-§d 7iy.§d
/ n Rnf (e dy
Ul

Proposition 1.15. [Re'verse Differentiation Rule] Let f € LY(R™) and assume z;f(x) €
LY(R") for some j € {1,...,n}. Then the distributional partial derivative d;f is a continuous
function and R

(051)(&) = F(=iz; f(x))(E)-
In fact, 3jf exists classically.

Proof. Let us start with the last statement. Fix £ € R", h € R\ {0} and consider the following
difference quotient:

~

F(&+ hej) — F(€)

By, fley/m = TEEG
= | f(@)Dpe,e () /hda
Rn
bet fi:cjf(x)e_imf dz
h—0 Rn

= :E—)E(_ixjf(x))a



so the partial derivative 0; f exists classically at €. By the Riemann-Lebesgue lemma, Fooe(—iz; f(x))
is continuous as the Fourier transform of an L! function, so d; f is continuous. This is also the
distributional partial derivative since, as we have seen in B4.3, Ape, f/h — 0;f in Z'(R") as
h — 0. Recall that this amounts to

<Ah€jf? 90> }:6 <6jfa SO>

o~ ~

for every ¢ € Z(R"). It is not difficult to see that Ape; f(€)/h — 0;f(§) as h — 0 locally
uniformly in £ € R" so the classical and distributional partial derivatives therefore coincide. [

We generalize the differentiation rules on L' to include linear partial differential operators as
follows. Recall that these are conveniently written in terms of multi-index notation as discussed
in B4.3: for a multi-index a = (a1,...,0p) € Nj and z = (z1,...,2,) € R?, 0 = (01,...,0n),
we wrote

«

=zt . xgn

n

and

o
o 0

= aser aon-
0z ... 0xn"

When p(z) is a polynomial of degree at most &k in n indeterminates, then

p(x) = Z Cax®,

la|<k

where ¢, € C and we sum over all multi-indices o € Njj of length || < k. Corresponding to
the polynomial p(x) there is a linear partial differential operator defined by replacing x by 0
throughout:

p(0) == Z ca0”.

lal<k

If ¢o # 0 for some o € Nij with || = k, then we say p(9) has order k (so the order of p(0) is
simply the degree of p(x)). Sometimes we also write p(i0) or p(—id), the notation being self
explanatory:

p(0) = Y cali0)* = Y caillo”,

o<k lor|<k

and so on.

Corollary 1.16. [Generalized Differentiation Rules] Let p(x) € C[x] be a polynomial in
n variables.

(G1) If f € LY(R™) and p(d)f € LY(R™), then



(G2) If f € LY(R™) and p(—ix) f(z) € LY(R"), then

Faose(p(—=iz) () = (p(0) ) (6).
The expressions p(0)f and p((?)f are understood distributionally.

Sketch of proof. (G1): We can apply the differentiation rule in a straight forward manner to
prove this provided we know that 9°f € LY(R") for all multi-indices @ € Nj that appear in
p(0). However, knowing that f, p(9)f € L'(R") does not necessarily mean that the individual
partial derivatives 0%f that make up p(d)f are in L*(R"). The way around this problem is
to mollify f: put f. := pe x f for € > 0, where (p5)€>0 is the standard mollifier on R". Now
fe € C>°(R"™) and for any multi-index o € Nj we have

9 f. = (9%p.) * f € LAR™)

as the convolution of two L*(R") functions. (Note that the L! norms might not stay bounded
when € \, 0, but that is not important because we shall apply the differentiation rules to f. for
each fixed € > 0.) The identity in (G1) therefore holds with f. in place of f and we conclude by
taking € \, 0, using p(9) f- = pe * (p(0)f) — p(d)f in L'(R") and that the Fourier transform
F: LYR"™) — L*®°(R") is continuous. The details are left as an exercise.

(G2): We can apply the reverse differentiation rule in a straight forward manner to prove this
provided we know that z%f € L!(R") for all multi-indices o that appear in p(z). We only
know that f, p(—iz)f(x) € L}(R") and this will not be enough to guarantee that. In this case
we localize f by multiplying it with the indicator function of the open ball centered at 0 and
radius j € N:

fi = I1B;(0)-

Clearly z°f;(z) € LY(R") for all multi-indices a € N? and so, by linearity and the reverse
differentiation rule,

Fuse(p(=i2) fi(2)) = p(9) f5(6) (1)

holds for all j € N. Now p(—iz) fj(z) — p(—iz) f(z) pointwise a.e. as j — oo and |p(—iz) f;(z)| <
’p(—ix)f(m)| a.e., so by Lebesgue’s dominated convergence theorem we infer that p(—iz) f;(z) —
p(—iz) f(z) in LY(R™) as j — oo. Clearly also f; — f in L1(R"™) as j — o0, so fj — f uniformly
and hence in particular in the sense of distributions on R"™. By 2’ continuity of differentiation,
the right-hand side of (1) converges in 2'(R™) to p(d)f(€). It is not difficult to conclude from
here and we leave the details as an exercise. O

We shall give a more general version of the differentiation rules once we have developed the
theory a bit further. The proof will then also be much more streamlined!



1.2 The Schwartz space

We are now ready to address the domain issue in the adjoint identity for the Fourier transform,
the product rule (see Proposition 1.7), and line up with some definitions and results to this
effect.

Definition 1.17. A function f: R™ — C is said to be rapidly decreasing if for every m € N
there exist r,,, ¢, > 0 such that
[f(@)] < emlz|™™

holds for all |z| > 7.

Remark 1.18. Tt is not difficult to see that a continuous function f is rapidly decreasing if and
only if for any polynomial p(xz) € C[z] the function = — p(z)f(z) is bounded on R™:

sup [p(x) f(z)| < oo.
TER?

In fact, it suffices to take any monomial x® here for the sufficiency. We emphasize that a rapidly
decreasing function f: R — R need not be decreasing in the usual sense: rapidly decreasing
means that 2™ f(z) — 0 as |x| — oo for all m € N. This is a bit of an understatement as
a rapidly decreasing function f: R — R is decreasing if and only if f = 0 on R. The point
here is that a rapidly decreasing function need not be monotone from a certain point either,
as the rapid approach to 0 can happen in an oscillatory manner as it does for instance with
e 17l cos .

Ezample 1.19. As functions defined for z € R™ we have that W is not rapidly decreasing

for any m € N, whereas both e~1*! and e~ 17l are rapidly decreasing.

The following definition is modelled on the properties of the Fourier transform of the standard
mollifier kernel and is due to Laurent Schwartz (1940s):

Definition 1.20. [Schwartz test functions and the Schwartz Space]

A function ¢: R™ — C is a Schwartz test function on R™ if
(i) ¢ € C>*(R"), and
(ii) 0% is rapidly decreasing for all multi-indices v € N.

The set of all Schwartz test functions on R™ is denoted by .(R™) and called the Schwartz
space.

Ezxample 1.21. As functions defined for x € R™ we have

o ol € Z(R")\ 2(R™),

o e 17l ¢ Z(R™) because it is not differentiable at zero,

10



o p(&) € S(R")\ Z(R"), where p is the standard mollifier kernel on R". Strictly speaking
we have actually not really proved this yet, but the proof will follow soon.

The next result collects elementary properties of the class of Schwartz test functions.

Proposition 1.22.

(i) .Z(R"™) is a vector space and a commutative ring without unit (with the usual definitions
of operations).

(i7) If p(x) € Clz] and ¢ € L (R"), then pp € L (R™).

(111) If p(x) € Clz] and ¢ € L (R"), then p(0)p € L (R™).
Proof. (i): Tt is clear that .#(R™) is a vector subspace of C*°(R"™). In order to check that it is
a subring of C*°(R™) it suffices to show that ¢i) € .(R"™) whenever ¢, ¢ € .#(R"). First we

note that the product of two rapidly decreasing functions is rapidly decreasing and that linear
combinations of rapidly decreasing functions are rapidly decreasing. Then we use the Leibniz

rule to write for o € N{:
PACHEDY <;‘) 8832y

BLa

Since derivatives of Schwartz test functions are rapidly decreasing we see that 0 (¢¢) is rapidly
decreasing, and hence, since a was arbitrary, that ¢y € .7 (R").

ii): Clearl pPp € C%(R"™). Foreach 1 < 7 <n and B € N we have
( ) Yy p¥ J 0
o° (xjap) = @85 'Bﬂ'ejgo + a:jaﬁgo. (2)

The derivative 67 (xjgo) is therefore rapidly decreasing and since this is true for all 8 we have
shown that ;0 € #(R™). But then we get by iteration of this that 2%y € .#(R") for all
a € Ny, and so by the vector space property, that pp € .7 (R").

(iii): This is clear. O

For calculations with Schwartz test functions the following class of norms is very useful. Besides
this they are used to define the notion of convergence in .(R™) below.

Definition 1.23. Let ¢ € C*°(R"). Then we define for multi-indices «, 5 € N,
Sa,8(p) = sup |[z*0%p(x)|
reR™

and for nonnegative integers k, I € Ny we put

S = S .
k1 () o X ,8(¢)

11



Remark 1.24. The quantities S, 5(p) and Si(¢) are well-defined as extended real numbers
when ¢ € C*°(R™) and are finite when ¢ € .(R"). In fact, their finiteness characterize the
Schwartz space:

S (R") = {(p € C¥(R"™): Sap(p) < oo forall a, f € Ng},
and likewise
S (R") = {90 € C®(R") : Ski(p) < oo forall k, 1€ NO}.

It is easy to check that S, 3 and S are all norms on . (R™).

We record the following bounds that can be viewed as quantitative forms of (ii) and (iii) from
Proposition 1.22.

Proposition 1.25. Let p(z) € C[z] be a polynomial of degree at most d:

x) = Z ey’

lv|<d
Then for all ¢ € ./ (R™) and all k, | € Ny we have
Suoe) < 1+ 1" ( X Jerl)esarte) )
lyI<d
and
S10)) < (X ler])Susate) @)
Iv|<d

Proof. In view of (2) we have for each 1 < j < n and multi-indices |a| < k, |3] < [ that
Sa,ﬂ(l'j@) <Bjsa,ﬁ—ﬁjej (‘:0) + Soc-l—Gjﬂ(@)
<(Bj +1)S|a)+1,18/ ()
<UBl+1)S|aj41,18/(#),

hence Sk (zjp) < (I +1)Skt14(p). For v € N§ with |y| < d we get (provided v; > 1 in the
first line)

Ski(z7p) 1)Spi14(x7 )

1) Spegn, 1 (271 )
L4+ D)PS 1 (9)

1+ 1) Shran(p).

The bound (3) follows easily from this. Finally the bound (4) follows easily from
Sa,8(07¢) = Sa.p1~(#)-

+ +

INCININ N

12



Definition 1.26. [Convergence in the sense of Schwartz test functions| Let ¢;, ¢ €
Z(R™). Then we say ¢; converges to ¢ in the sense of Schwartz test functions, and write
v = ¢ in L(R"), if

Sap(p =) — 0
as j — oo for all o, B € Nij. This can also be stated in terms of gk,l-

Remark 1.27. [A metric on . (R")] Define for ¢,y € .7 (R")

kot Skl =)
d(p,0) = Y 27kt Zk .
(%) k%O 1+ Skl — )

Then d is a metric on .(R"), and we have ¢; — ¢ in (R") if and only if d(¢;, p) — 0. Note
that d is translation invariant, meaning that,

d(e+n,¢+n) = d(e, )
holds for all ¢, 1, n € Z(R™). It can furthermore be shown that (./(R"), d) is complete and
that the vector space operations are continuous (such a space is called a Fréchet space).

Remark 1.28. As in the case of compactly supported test functions the notion of convergence
in .(R") is severe: it requires a lot for a sequence to converge in the sense of Schwartz test
functions. However, since clearly Z2(R"™) C ./(R") and the inclusion is strict it is not difficult
to see that if ¢;, ¢ € Z(R") and p; — ¢ in Z(R"), then ¢;,¢ € Z(R") and ¢; = ¢ in
< (R™). The converse is clearly false.

It is not difficult to show that Z(R") is an .¥ dense subspace of .(R"): for each ¢ € .(R")
we can find ¢; € Z(R") so ¢; = ¢ in /(R™). We leave the details of this as an exercise (see
Problem Sheet 2).

Ezample 1.29. Let ¢ € .(R") and 1 < j < n. Then

Ahe]'(p
h
Indeed using the fundamental theorem of calculus twice we find for o, 8 € Njj that

Ahe-(P Ci—
Sa,ﬁ ( hj - j@) < 2% 1<Sa,,3+26j ((P) + ‘h‘SO,ﬁJrer (90)> |h’

and the assertion follows.
Ezample 1.30. Let (p5)6>0 be the standard mollifier on R™. Then for each ¢ € .(R™) we have

pexp = in L (R") as € \(0.

— 0 in S (R™) as h — 0.

Using the fundamental theorem of calculus we find for o, 8 € Nj that

Sap(pe* 0 —p) <29 (Sa,mej () +!*Sp g (90))8
j=1

and the assertion follows. (Note also that S, s (p‘E * go) < oo follows by use of the triangle
inequality.)

13



Corollary 1.31. Let p(z) € Clx] be a polynomial in n indeterminates. Then the maps ¢ — pp
and ¢ — p(0)p are . continuous linear maps of .7 (R™) into #(R™).

This is immediate from Proposition 1.25.

Proposition 1.32. For all p € [1,00] we have #(R™) C LP(R"™) and the inclusion map is
continuous. More precisely, for each p € [1,00) there exists a constant ¢ = c¢(n,p) such that
for all ¢ € S (R™) we have

el < ¢(n, p)Snt1,0(p)-
For p = 0o we have simply ||¢|loc = So,0(p)-

n+1

Proof. The point here is that the function x — (1+ || ) is integrable over R™: integrating
in polar coordinates over R™ we find

/ ( _|_|x| / /63r(0) 1+’$|) &

=Wp— 1/ 7n+ldr<oo
0 (1—}—7“2) 2

Next, writing for p < oo

n+1 n+1

p@)P = (11 ]a?) "% ((1 Fla?) |so<x>rp)

we find

1 1
9 7Q§l P 9 E%l »\ P
lollp < Rn(l + [z]?) dz | sup [ (1+[2[%) 2 Je(@)P ) .

r€eR”™

Elementary estimations show that we can take

</n(1+$| N daz);,

but the exact value of the constant is not important here. O

3 =

c(n,p) = 25 (1+ nnTH)

Ezample 1.33. Recall that we defined the Sobolev space W*?(R™) for all k € N and p € [1, o0]
to be all LP functions whose distributional derivatives up to and including the order k are also
L? functions. Now since 0%p € . (R") for all o € Njj when ¢ € .(R") it follows from Lemma
1.32 that also .#(R") € W*?(R"), and combining with Lemma 1.25 we see that the inclusion
map is continuous (in fact we could write down bounds for the inclusion map).

Theorem 1.34. The Fourier transform F: ./ (R") — Z(R") is a linear and . continuous
map. The latter means that if ¢; — ¢ in S(R™), then also p; — ¢ in S (R"). The ./

14



continuily is expressed more precisely through the Fourier bounds on . (R™): for k, | € Ny
there exists a constant ¢ = c(n, k,l) so

Ski(?) < eSipnrik(p) (5)
for all p € . (R™).

Proof. Let ¢ € . (R™). Then we have in particular that z;¢, 0;¢ € .(R™) and since . (R") C
L(R™) the differentiation rules give

0;0(€) = Fumse (—izjo(x)) and &3(€) = —id;p(€).

It follows from the Riemann-Lebesgue lemma that 0;p, £;¢ € Co(R™). By induction on the
length of multi-indices we find for «, 8 € Njj that

03(€) = Foose((—i2)°p(x)) and £23(¢) = (=) 107p(€).
both belong to Co(R™), and hence that

€ PB(E) = (—1)* Fose (W((—im)%(@)) € Co(R™). (6)

Thus S, 3(P) < oo and since in particular § was arbitrary also @ € C*°(R"™). But then
¢ € L(R™). That the Fourier transform is . continuous follows of course if we can establish
the Fourier bounds (5). First we recall that

19lloe < 11 < eSt1,0(4)

for all ¢ € .Z7(R"), where ¢ = ¢(n, 1) is the constant from Proposition 1.32. Combining this
bound with (6) we arrive at

sup |§aa%| < eSnt10 (30‘((7133)590)).
£eRm

The last term can be estimated by use of Proposition 1.25 whereby we find

sup [€20°3| < c(|o| + 1)"3|§n+1+|5|,|a\(<ﬁ)-

£eR
Consequently we have shown that (5) holds with the constant ¢ = c¢(n, k,1) = c(n, 1) (k + 1)l,
where ¢(n, 1) is the constant from Proposition 1.32. O

Remark 1.35. We record the following principle that is implicit in the above proof.

(a) Let m € Ng. If f € W™(R"?) (with the convention Wo?(R"™) := LP(R")), then

sup (1+ €2) 2 |F(©)] < el fllwma

£eR™

where ¢ = ¢(n,m) is a constant. In fact, the Riemann-Lebesgue lemma tells us that the

function & — (1 + |§|2)%f(§) belongs to Co(R™).
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(b) Let m € N, m > n+ 1. If (1+ [z?)2 f(z) € L®(R"), then f € C™ " }(R") and
9> f(€) € Co(R™) for each multi-index a with |o| < m —n — 1.

There is clearly a gap of n+1 derivatives between (a) and (b), but in the proof of Theorem 1.34
it did not matter because the definition of a Schwartz function involves C*° smoothness and
rapid decrease. The gap of n + 1 derivatives between (a) and (b) is incurred when we go from
L> to L! using the bound from Proposition 1.32. Indeed, if instead of Erllle L°° assumption in
(b) we use an L! assumption as in (a) the result improves: If (1 + |z[?) 2 f(z) € L*(R™), then
f e C™(R") and 9°f € Cy(R™) for each multi-index o with || < m.

1.3 The Fourier inversion formula in .¥(R") and in L'(R")
Theorem 1.36. [Fourier Inversion Formula in . (R")]
The Fourier transform F: & (R™) — Z(R™) is bijective with inverse given by

(F)(@) = (2m)™" | w(€)ee de.

Rn

In symbols we have F~1 = (2r) " F, where we recall that the reflection in the origin @(x) =
o(—x) commutes with the Fourier transform.

Remark 1.37. So the Fourier transform F: .7 (R") — (R") is an . continuous linear bi-
jective map with an . continuous and linear inverse. We also record that F2p = (27)"@ so
F* = (27)?"1 on .7 (R").

The key to the proof of the inversion formula is the product rule: for all ¢, v € L'(R") we
have

ovdr = | ¢ibda.
R™ Rn

The strategy is to make a good choice of ¥ that will allow us to relate gg and ¢. We start with
the good choice:

Lemma 1.38. IfG(z) =e 2 , z € R", then G = (27?)%6’.

_l=?

Proof. We reduce to the one-dimensional case by writing



Hence the conclusion follows if we can prove it for n = 1. In the remainder of this proof we
2
x

therefore assume that G(z) = e~ 2, z € R. Note that G(0) = 1 and G'(x) = —zG(z), so
G'(xz) + 2G(x) = 0, that is, G is a solution to the initial value problem

"+2y=0, z€R
{y y )

y(0) = 1.

Now by Fourier transforming the ODE and using the differentiation rules we find 0 = i§ G+iG’ ,
or G'4+ &G =0 for £ € R. Also G(0) = [G(x)dz = /27 since

m%Jr:):%

G(0)? :/RG(xl)dxl /RG(xg)dxg :/Rz)e— 2 d(z1,2)

o0 ,,,2
= / / e 2 dS,dr
0 JOB.(0)
o0 T2
= / e 2 2xrdr
0

=27.

Consequently also G /V/2m satisfies (7), so by the uniqueness result for such solutions we con-
clude. (How do you reduce the needed uniqueness result to the constancy theorem via Leibniz’

rule?) O

The next result we need is an approximation result. We formulate it in a slightly more general
form than is needed for present purposes.

Lemma 1.39. Let K € LY(R") with Jgn K dz = 1. Denoting by K, the L' dilation of K by
t > 0 we have for ¢ € S (R")

Kix¢— ¢ in LYR") and uniformly on R™ as t \, 0.

For f € LY(R™) we have
Kixf— f in LYR™) as t \,0.

Remark 1.40. The family (Kt) +~0 18 called an approximate unit since the lemma in particular
says that K; — dp in 2'(R™) as t \, 0.

Proof. [The proof is not examinable.] Fix ¢ € .(R™) and let € > 0. For t > 0 and = € R" we estimate
| Kt * () — d(2)| < /Ran(y)\W(% —ty) — ¢(z)|dy.

The integral is split into two parts corresponding to |y| < m and |y| > m, respectively, where m > 0 is chosen so

1>
[K(y)ldy < —————.
/m>m 2(1 4+ 2[|¢lloc)

17



Hereby

|Kt * $(2) — 6()| < (A +A - >|K<ym¢<z — ty) — (z)| dy
ylsm

y|>m
<L2[¢lleo \K(y)lder/ IK(y)ll¢(z — ty) — ¢(z)| dy
ly|>m ly|<m

<5+ [ IKWIIsE - ) - o) dv.
lyl<m
The second integral is estimated by use of the fundamental theorem of calculus, whereby we for each z € R™, t > 0 and |y| < m have

1
6 — ty) — é(2)] < /0 |Vé(a — sty)|tmds < [Volootm,
hence
[Kixo@) = 0@ <5+ [ IKWIIVélactmady
lyl<m

<5 K1 Velleomt <

provided ¢ € (0, ) ). This establishes the uniform convergence, K¢ * ¢ — ¢ on R™ as t \, 0. To establish the convergence

- e
21K 11V 6 lloom
in L1 we proceed in a similar way, this time taking m > 0 so

€

/|y\>m'K(y)'dy S 30206l

Then we estimate, using Tonelli’s theorem to swap integration orders in the last line:

ies o=l = [ | [ K)o - ) - o) ay ae
R™ R™
<[ [ E@IloG = t) - o) dy de
R™ JR™
=[B! [ 6@ - ) - ()] deay.
R™ R™
‘We split the y-integral as in the previous part of the proof and with the above choice of m we estimate as before resulting in
Kt x ¢ —olln <5 + [IK[1IVollimt < e
ovided t € (0, ————— & —— ).
prevt © TR v alim)
Finally for f € LY(R™) we take ¢ € #(R™) so ||f — ¢|l1 < &/2. Then
1Kt = f— fll <IKe = (f =)+ 1Kt = d— ol + 16— fll1
L2f = ollL + 1Kt + & = oll1

<e+ K¢ * ¢ — ol

and the conclusion follows from the result for ¢ € & (R™). O

Proof of Theorem 1.36. First we note that since by Lemma 1.38
/ Gde = [ @026 de = 2m)26(0) = (27)"
n R”L
we can use Lemma 1.39 with K = (2r)"G. Accordingly we have for ¢ € .%(R™) that

((2%)_"@)t x ¢ | (x) = ¢(x) uniformly in z € R" as t \, 0.

18



Here we can also write the left-hand side, using the dilation, product and translation rules (in
that order):

<((2W)_”@)t * </5> () =(2m)™" (z =) (G),(y) dy
=2m) ™" | Fesy(d(z =€) G(ty) dy

=(2m)7" [ S(=y)e T Glty) dy.

By use of Lebesgue’s dominated convergence theorem we have, as t \, 0,
(2m)" [ G(=y)e VT G(ty) dy —(2m) " | S(—y)e VT dy
R™ Rn

=) [ Sy dy
concluding the proof. O

The above method is easily adapted to also give the Fourier Inversion Formula in L'. While
this result will also be a consequence of the much more general Fourier Inversion Formula that
we establish in the next section we have chosen to present it here for two reasons. First, we
shall use it to prove a convolution rule in this section. Second, and more important, it serves
as an illustration that even though the general definitions we make in the next section look
quite soft they are indeed well chosen and have interesting ramifications!

Theorem 1.41. [Fourier Inversion Formula in L'(R")]

Let f € LY(R™). Then

Ao PIEP
fl@) =lim(2m)™" [ (e 727 d¢ in  L'(R"). (8)
0 R™
Consequently, when also f € LY(R"), then
f@)=(m™ | f©)erde (9)

holds almost everywhere.

Proof. As above we have by the product, translation and dilation rules for each ¢ > 0 and all

r e R"™:
£21¢]2

(f = (@m)76) ) (@) = @)™ | f(©e™ > de.

By the Lemma 1.39 the left-hand side converges to f in L'(R") as ¢ \, 0, hence (8) holds. If
also f € LY(R"), then Lebesgue’s dominated convergence theorem allows us to conclude (9).

Note that in this case the Riemann-Lebesgue lemma tells us that the right-hand side of (9)
belongs to Co(R"™). O
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Proposition 1.42. [The convolution rule] If p, 1 € S (R™), then
(pp) = (2m) " @ .

Proof. Since @, 12 both belong to .#(R™) they are in particular integrable, and so we can use
the convolution rule we derived for L' functions. Hereby we find, using the Fourier Inversion
Formula in .# in the second step,

P =pyY
=(2m) "Gy,
and the conclusion follows by use of the Fourier Inversion Formula in L. O

Corollary 1.43. If ¢, v € L (R™), then ¢ x ¢ € L (R™) too.

Using the Fourier bounds (5) one can, for instance, show bounds of the form

Ski(@* V) < Spgnt1itnt1(0)Shint1,0(¥),
where ¢, 1 € S (R"), k, | € Ny and ¢ = ¢(n, k, 1) is a constant.

Exercise: Prove that for multi-indices «, 8 € N} and ¢, ¢ € .#(R") we have

Sa(¢ % 1) < 2%e(n, 1)S|4115(9) Sns141al0 (),
where ¢(n, 1) is the constant from Proposition 1.32. Conclude that ¢ x ¢ € .7(R™).
(Hint: Write for x, y € R™,

==yt =3 (D)

S

and deduce that

The result follows from this.)

1.4 Tempered distributions

The product rule that was established for L' functions becomes an adjoint identity for the
Fourier transform if we restrict it to Schwartz test functions. We can then consistently extend
the Fourier transform to a class of distributions:

Definition 1.44. [Tempered Distributions] A functional u: .(R") — C is a tempered
distribution if
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(i) w is linear, and

(ii) wis 7 continuous: if ¢; — ¢ in .7 (R™), then u(¢;) — u(e).
The set of all tempered distributions on R™ is denoted by ./ (R™).

Bracket notation: As for the other classes of distributions we often write (u, ¢) = u(¢).

Note that when u: .(R™) — C is a linear functional, then the . continuity (ii) will follow
provided we can prove it holds for ¢ = 0.

Remark 1.45. Because Z(R") < .7 (R™) < C>°(R™) (where we recall that <’ signifies 'proper
subspace of”) it follows that
E'(R") < S (R") < Z'(R™).

Indeed, if u € .#'(R"), then the restriction u|ggn) of course remains linear and if ¢; — 0
in Z(R™), then the convergence also holds in the .(R™) sense, whereby ((u|gmn),d;) =
(u, ¢j) — 0 proving that u|ymn) € Z'(R"). The subspace test easily gives that .#/(R") is a
subspace of 2'(R™). To see that it is a proper subspace we show that el”* € 2/(R™)\ .%/(R"):
we only need to argue that it is not a tempered distribution. Assume it were and denote it
by T. Then we would have (T, ¢) = fRnd)(a:)eMQ dz for ¢ € Z(R™). Now e~ ¢ .#(R") and
taking ¢; = e_‘x|2xj € Z(R"), where x; = p*1p,(0) (p is the standard mollifier kernel on R"),
we see that ¢; — e~ l7” in .7(R™). The specific construction also means that oj(x) el
pointwise in z € R", so using Lebesgue’s monotone convergence theorem and that 1" is .
continuous we get a contradiction, namely

(T,e Py = lim (T, ¢;) = lim [ e*’¢;(2)da

Jj—r00 j—oo Jrn
:/ 1gn(z) dz = co.

The proof that the space of compactly supported distributions forms a proper subspace of the
tempered distributions is left as an exercise.

Remark 1.46. We emphasize that a tempered distribution is uniquely determined by its values
on 2(R"), namely if u € %'(R™) and (u,¢) = 0 holds for all ¢ € Z(R™), then u = 0. This
follows because Z(R") is .7 dense in . (R"™) and u is . continuous.

Ezample 1.47. [LP functions as tempered distributions] We have L?(R") < ./(R") for
all p € [1,00], where the tempered distribution corresponding to f € LP(R™) will be denoted
by Ty and given by the rule

(T, o) = /Rnfcpdx, p € L (R").

We must show that it is well-defined, linear and . continuous. Fix ¢ € .#(R"). Clearly
x — f(z)p(x) is measurable. If ¢ is the Holder conjugate exponent to p, so }D + é =1, then
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Holder’s inequality yields

L 1£61d < Ufl el < ctn 1S ofe) < o.

The bound is slightly better when ¢ = oo, see Proposition 1.32. In any case, T is well-defined
on .’ (R™), and is then clearly also linear there. Furthermore, the above bound implies that

(T}, )| < cSnt1,0(¢)

holds for all ¢ € .7(R™), where c is a constant. Consequently T is .’ continuous and therefore
a tempered distribution (indeed, if ¢; — 0 in .(R"™), then the above bound gives (T, ¢;) — 0).

Because the tempered distribution 7' is uniquely determined by its values on Z(R") it follows
from the fundamental lemma of the calculus of variations (see B4.3) that Ty uniquely deter-
mines f as an L” function. We therefore also in the case of tempered distributions identify T
directly with f, and write T = f.

Ezample 1.48. [Finite Borel measures as tempered distributions] If i is a finite Borel
measure on R", then we define

T = |l peS@®).

It is easy to see that T}, is well-defined and linear on .(R™), and since also ‘(TM,@‘ <
1(R™)So,0(¢) holds for all ¢ € .7(R") it is also . continuous, hence is a tempered distribution.
As in the Z’'(R") context the distribution 7}, uniquely determines the measure y, so in the
sequel we identify T}, with p and write simply T}, = p.

In particular we record that the Diract measures §, concentrated at points a € R™ are tempered
distributions.

As we have seen that the function f = ell® ¢ L (R™) does not correspond to a tempered
distribution we must conclude that in order to be a tempered distribution, a function cannot
grow too fast at infinity. This is admittedly quite vague, but it has to be and we will return
to this point later. Meanwhile we introduce the natural replacement for local LP functions in
the tempered context:

Definition 1.49. [Tempered L? functions and measures| Let p € [1,00]. Then f €

LY (R™) is a tempered LP function if there exists m € Ny so

@) oy
(1+[2[2) % '

A Borel measure p on R™ is a tempered measure if there exists m € Ng so (14 [z[?) 2 pis a

finite measure on R™: 4
/ _dule)
R (14 |2]?) 2
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Ezample 1.50. [Tempered L? functions and measures as tempered distributions]

Fix p € [1,00] and assume that f is a tempered L? function, say f(z)/(1+ |ac]2)m/2 € LP(R™).
If ¢ € #(R"™), then from

x $:7f($) 1-|—:E2% T
f(x)o(x) (1+|$’2)72n( [2%) 2 é(x)
we get by use of Holder’s inequality
f() H 2\ 5
dz < = 14+ 1-1%)2 (-
| I#@ota)ds e pE| [0

<C§m+n+l,0(¢) < 00,

where c¢ is a constant that depends on f, n, ¢ and obtained from Proposition 1.32. It follows
that

(0) = | fods. oes @)

is well-defined, linear and . continuous, hence that it is a tempered distribution on R".

Likewise if p is a tempered measure on R, then

(1, ¢) = anﬁdu, e S (R")

is well-defined, linear and . continuous, so also a tempered distribution on R"™.

As in the case of the 2’ distributions the crucial continuity property of tempered distributions
can be recast as a boundedness property.

Proposition 1.51. [The boundedness property of tempered distributions]

Let u: #(R™) — C be linear. Then u € 7' (R™) if and only if there exist constants ¢ > 0, k,
[ € Ny such that

|(u, ©)| < cSkalp) (10)
holds for all p € Z(R™).

Remark 1.52. It follows that tempered distributions have finite order: when (10) holds the
order of u is at most [.

Proof. The if part is clear. To prove the only if statement, assume u is . continuous but
that (10) fails for all c =k =1 = j € N: there exist ¢; € .(R") such that

[(u, ;)] > jS;;(;5)-
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Clearly ¢; # 0, so Sjj(¢;) > 0 and we may define

Pj n
= =" c (R").
v 3555 (#5) €7 (®)

Fix o, 8 € NB. Then for j > |af, |B] we have S, 5(1;) < 571, so Su () — 0 as j — oo.
Since «, B were arbitrary we conclude that 1; — 0 in .’(R"™) and so, by .#" continuity of u,
(u, ¥;) — 0. But this contradicts |(u, 1j)| > 1 for all j € N, O

Definition 1.53. [Convergence of Tempered Distributions]| For a sequence (u;) in
<" (R") and u € ./ (R™) we write

u; — u in . (R")
if (uj, ) — (u, @) for each fixed ¢ € /(R").

Remark 1.54. Since Z(R™) < (R™) this is stronger than convergence in 2'(R™), but as
in that case is otherwise a very weak notion of convergence. Note that if K € L!(R") and
Jgn K dzz =1, then K; — &g in &'(R™) as t \, 0. This follows from Lemma 1.39.

1.4.1 The adjoint identity scheme in the tempered context.

Using the adjoint identity scheme in .’ (R™) we may consistently extend operations on Schwartz
test functions to tempered distributions. The procedure is exactly the same as in the & context:
we have an operation on Schwartz test functions that we would like to extend to tempered
distributions. This is a linear map 7: . (R") — .(R") and we assume that there exists a
linear and . continuous map S: . (R") — . (R") so that the adjoint identity

[ r@was= [ o5()de

Rn”

holds for all ¢, ¢ € Z(R"). We may then define T: .%/(R") — .#/(R") by the rule: for
u e S (R™) put
<T(u),¢> = <u, S(gb)>, ¢ € L(R").

We note that hereby T'(u): .7 (R") — .#(R") is linear and .# continuous, so T: .7/ (R") —
<" (R™) is well-defined. It is then clearly also linear. It is .’ continuous, since the definitions
easily give that if u; — u in .#/(R™), then also T'(u;) — T'(u) in .#/(R™). The adjoint identity
guarantees consistency, meaning that 7' | #®ny = T, and as we did in the Z context we shall
usually skip the bar and simply denote the extension 7' by 7" again.

Definition 1.55. For o € Nj, p(z) € C[z], 6 € (R") and u € ./ (R") we define the tempered
distributions 0%u, pu, @ and u * 6 by the rules

(0%u, @) = (=1)"*u, 0%),
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{pu, @) = (u, pp),
(i, 90> = <u> (/3>7
(w0, ©) == (u, 0% ).

We also define composition with orthogonal maps 8,u, @, the translation 7,u, and dilations d,.u,
ur as on Z'(R™). All of the above operations are linear and continuous in the sense of ./(R™),
and, as we will see, the rules for the Fourier Transform on .(R™) also hold on ./ (R").

Remark 1.56. [Consistency with definition of F on L!'] We have consistency on the space
of Schwartz test functions by the adjoint identity scheme, but we should also check that we have
consistency with our definition of the Fourier transform on L!. To make the discussion clearer
we shall in this remark revert to the notation Ty for the tempered distribution corresponding
to the tempered LP function g. Fix f € L!'(R") and consider the corresponding tempered
distribution Ty. Now ff e ' (R™) is given by the rule (ff,@ = fRnfgg dz for ¢ € S (R").
By the product rule on L' we have for ¢ € .7 (R"):

fode= [ fodr=(T}.e).

R”l
and consequently T\f = TfA.
Theorem 1.57. [Fourier Inversion Formula on '(R™)]

The Fourier transform F: %' (R™) — '(R™) is a linear bijection with inverse F~' = (2m) " F.

Proof. We check that ((2r)""F) o F = F o ((2r)™F) = I, the identity on .#/(R"). Our
definitions allow us to deduce it from the Fourier Inversion Formula on . (R") as follows. Fix
u € ' (R™). Then for ¢ € ./ (R") we have

<(27r)7".7:"}"u, g0> :<u, (271)*"}"]3@0>

=(uwe)
:<u, (2%)7".7:]:<p>
:<(27r)_”]:.7}u, ©).

O]

Ezample 1.58. [Fourier transforms of finite Borel measures] Let p be a finite Borel
measure on R™, so that in particular p € /(R"). For ¢ € . (R") we have

(1.0 =16 = [ 66 dut®)
=[] owe = drdue).
i
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Note that

] et ¢ dedue) = 6]z
< C(na 1)M(Rn)§n+1,0(¢) <00

where ¢(n, 1) is the constant from Proposition 1.32. Hence by Fubini’s theorem we may swap
the integration orders and conclude that

i) = [ e duta), R

It is not difficult to prove that f is a uniformly continuous function on R™. In general it
will however not vanish at infinity and so not belong to Co(R™). For instance we have that
(5 = e 1%¢ and in particular that

5o =1

or more precisely it is the function 1gn. If we use the Fourier Inversion Formula in ./ (R"™) we
get 1gn = (2m)"Jp. Note that we can write the latter as

6o = (2m)™™ lim e Tl d, (11)
r—00 BT(O)

where the convergence is understood in .#/(R™). The formula (11) is the Fourier-Gel’fand
formula for Dirac’s delta-function.

Proposition 1.59. The rules stated in Propositions 1.3 (differentiation rule), 1.9 (invari-
ance under orthogonal maps), 1.11 (translation rules), 1.12 (dilation rules), 1.15 (reverse
differentiation rule) and Corollary 1.16 (generalized differentiation rules) remain true when
u e S (R™).

The proof is straight forward and left as an exercise. In particular note how the proof of
Corollary 1.16 simplifies in the present more general context!

Ezxample 1.60. We defined the principal value distribution pv(%) by

(pv(1) _3%</_5 /) dz, ¢ ¢ D(R).

It is not difficult to see that we may take ¢ € .#(R) above and that pv( ) hereby is a tempered
distribution. We can also note that log|z| is a tempered LI(R) function, hence a tempered
distribution and that its distributional derivative equals pV( ) The latter must therefore also
be a tempered distribution. Using the differentiation rules for the Fourier transform on the
identity zpv(2) = 1 that holds in .#”(R) and results from Example 1.58 we find

—_—

210y = 1p = xpv(%) = i%pv(%),
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hence

—

pv(%) = —2miH + ¢,

where H = H(&) is Heaviside’s function and ¢ € C. In order to find the constant ¢ we note
that the distribution pv(2) is odd (u is odd/even if & = —u/% = u) so

0=pv(l)+pv(i) = —27miH +c— omiH + ¢

= —27i + 2c,

o —

so ¢ = mi and pv(%) =i — 27iH, or

o —

pv(3) (&) = —imsgn(§).

Ezample 1.61. What is the Fourier transform of Heaviside’s function H? We Fourier transform
H’ = §y by use of the differentiation rule to get 1 = H’ = iff] . This is an inhomogeneous
linear equation and we see that it has pv(il) as a particular solution. The general solution
to the homogeneous equation is found by use of a result from B4.3 that says any distribution
with support in {0} must be a linear combination of dy and its derivatives. By inspection we
check it can only be ¢dy, ¢ € C, so we infer that H = —ipv(%) + cdp for some ¢ € C. Now

1=H+H so by Fourier transform we get
2w = flefI = 2c¢dy,

whereby ¢ = w. Therefore R
H = —ipv(%) + do.

1.4.2 Multiplication by moderate C>* functions

You will have noticed that we only defined the product of a tempered distribution with a
polynomial so far. The issue is of course that we cannot multiply with a general C* function
and we need to restrict to a subclass of these.

Definition 1.62. A function f: R™ — C is of polynomial growth if there exist constants ¢ > 0,
m € Ny such that

m

2

|f(@)] < (14 [zf?)
holds for all z € R".

Remark 1.63. Obviously f is of polynomial growth if and only if there exists a polynomial p
on R"™ such that |f(z)| < |p(x)]| for all z.

Ezxample 1.64. The example with u = el#l* showed us that we cannot expect to make sense of
general Lfoc(R”) functions as tempered distributions. We concluded, heuristically, that to be
a tempered distribution, a function cannot grow too fast at infinity. As remarked already, this
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is vague and it has to be. Indeed, consider the L* function u = cos(e®) on R. Clearly we may
consider u € .’/(R) and hence also its distributional derivative v’ € .’(R). Now it is easy to
see that v/ = —sin(e”)e”, where we must understand its action on ¢ € .#(R™) as an improper

integral:
S

(', ¢) = — lim sin(e®)e*¢(x) dz

s—oo [ o

since u/ ¢ L*(R). The function v is obviously not polynomially bounded.

Definition 1.65. A function a: R™ — C is said to be a moderate C* function if a € C*(R")
and all its partial derivatives 0%, o € N{j, have polynomial growth: for each multi-index
a € Nj we can find constants ¢, > 0, mq € Ny so

mg
2

|(0%a)(2)] < ca(l+]al?) (12)

holds for all x € R".

Ezample 1.66. Schwartz test functions ¢ € .#(R"™) and polynomials p(x) € Clx] are clearly
moderate C* functions, as are cos(p(z)), sin(p(z)) and so on. The function e/l is C*> but is
not moderate.

Proposition 1.67. If a, b: R™ — C are moderate C* functions and \ € C, then also a + A\b
and ab are moderate C>* functions. Furthermore, 0%a is a moderate C* function for any
multi-index o.

Sketch of proof. That a + Ab and 0%a are moderate C* functions follow from the definition
immediately. For the product, ab, one must use the generalized Leibniz rule. O

The key result for moderate C*° functions follows:

Proposition 1.68. Let a: R™ — C be a moderate C* function. Then for all k, | € Ny we
have that

Skiad) < 2'a(n+1)™ Sk, 1(9)

holds for all ¢ € #(R"), where the constants ¢, := max|,|; ¢y and my 1= max|,|g; My and c,
m~ are the constants in the bound (12) for a.

It follows in particular that ¢ — a¢ is a linear and .# continuous map from . (R™) to itself.

Proof. Fix a, f € Ny with || <k, |8] < 1. Then for ¢ € .#(R™) we compute using the Leibniz
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rule and estimating as usual:
o) = X (1) @@
<B

|07a||z*(0° 7 ¢)|

cy(n + 1)mw—1 (1 + Z ]mj\mv) }ma(85_7¢)|

J=1

)
5) e (1+]a]) ™ [a"(0°9)
)

<aln+ 17" Y (7) (514(0) + 1Shm)

<a(n +1)" 271k 1, 1(6)
<er(n +1)™2 Sy m, 1(9).
The remaining assertions all follow easily from this bound. O

In view of this proposition we may define the product of a tempered distribution u with a
moderate C* function a: if u € /(R™) and a: R” — C is a moderate C* function, then

<au, 30> = <u7 (I(p), pE y(Rn)

Clearly, au € ./(R™) and with the obvious definition of ua we clearly have ua = au. Further-
more, the map
S'(R™) 2 ur— au € ' (R")
is linear and .’ continuous. It is also easy to check that the Leibniz rule remains valid in the
present context:
dj(au) = (0ja)u + adju (1 < j < n).

1.4.3 Mollification and approximation

We defined the tempered distribution u * § = 6 % u by the adjoint identity scheme when
u e . (R") and 0 € . (R").

Proposition 1.69. [Convolution with Schwartz test function.] If v € %/ (R") and
0 € L (R"), then ux 6 is a moderate C* function and

(u*0)(z) = (u,0(z—-)), zecR"
Furthermore we have for each o € Njj that

O%(ux0) = (%) 0 = ux* (0°0). (13)
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Proof. The proof that u 8 € C®(R") , (u*6)(x) = (u,0(x — -)) and (13) is identical to the
proof given for a similar result in B4.3 and so we sklp the details here. It remains to show that
u * 0 is moderate. In view of (13) it suffices to show that it has polynomial growth. In order
to do that we invoke the boundedness property of u: according to Proposition 1.51 there exist
constants ¢ > 0, k, | € Ny so

[(u, ¢)| < cSki(0)

holds for all ¢ € .#(R™). We apply this with ¢ = (x—-), whereby ‘(u, 0(m—))‘ < eSpi(0(z—))
results for each € R". Now for multi-indices |a| < k, |8| < [ we estimate for z, y € R™:

[yal0(z — y)| =|y*(0°0)(z — y)]
=y —z+2)* (9°0)(z — )‘

<X ()l @0e -]

TS

<X (2)sat0le

YL«

Consequently we have for all z € R™,
= k
[ (u, 0z —))| < eSa(0)(1+|a])",

1
concluding the proof. (Note that (1 + |z[*)2 < 1+ [z| < V2(1 + |2 )2 holds for all z, so
1
it is not important that we stated the polynomial growth in terms of (1 + |z| )2 rather than

1+ |al.) O

We turn to the issue of approximation.

Proposition 1.70. [Mollification of tempered distributions.] Let u € ./(R") and let
(p5)5>0 be the standard mollifier on R™. Then

u*p. —u in S(R") as € \,0.
Furthermore, we can find u. € Z(R™) (note: compactly supported test functions), so

us = u in L(R™) as e \, 0.

The proof is similar to a proof in the Z setting and one should use Example 1.30. We leave
the details as an exercise.
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1.5 The Fourier transform on 1.2

1.5.1 Plancherel’s theorem

Theorem 1.71. [Plancherel’s Theorem] The Fourier transform F: L2(R") — L2(R") is
bijective, and (27)~"/2F is unitary (isometric and onto). That is, F(L?) = L2 and

1£ll2 = (2m)"/2]| |2 (14)
for f € L2(R™), and more generally
| J@g@de=(m™ | F(©)3(E) de. (15)
for f, g € L2(R™). Furthermore, the Fourier transform J? s given by
f©=lim [ flz)e " da (16)
7720 JB;(0)

with convergence in L2(R™).

The two identities (14), (15) are often called Parseval’s formulae.

Remark 1.72. It is important to realize that when f GALQ(R”), then = +— f(2)e ¢ need
not be integrable on R™ so that the Fourier transform f must be defined as for a tempered
distribution (that is by the adjoint identity scheme as in Definition 1.55). This also means
that the convergence in (16) takes place in L2(R") and we emphasize that this does not imply
convergence pointwise almost everywhere in ¢. However, by a standard consequence of L?
convergence (how?), there exists a subsequence (ji) of (j) (that will depend on f in general)
such that

~

f(¢) = lim fla)e % dz
k—o0 Bjk (0)
holds pointwise almost everywhere in £ € R™.
Proof. We start by observing that for ¢, ¥ € . (R")
[ evds=my [ giae,
R” R”

and in particular for o = ¢
|l da = (27T)"/ 2% de. (17)
Rn Rn

This follows from the product rule and the Fourier Inversion Formula on .#(R"): clearly
Y € S (R"), so F1(¢) € Z(R") and so

/nsowd:c = /ngp]-"(]:—ld,) de — /n@]:_l(%/)) de.
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Now

F@)(2) = (2m)™" anﬁ(y)em'y dy = (2m)™" Rnl/f(y)e"“”’ dy = (2m) ().

If now f € L%(R") we know that there exist f; € Z(R") C .Z(R") so ||f — fjll2 = 0. Clearly
this means in particular that f; — f in ./(R"), and thus by .#’-continuity of the Fourier
transform, f; — f in .#/(R™). By (17) we see that

m—ﬁﬁﬁzwm/ﬁﬁ—m%%
R Rn

so ( f]) is Cauchy in L2. Tt is thus convergent in L? by the Riesz—Fischer theorem (see below)
f] — g in L2(R") for some g € L?(R"). Clearly then f] — g in '(R™) too, and so g = f.
Finally we note that flp ) — f in L2(R") so the Fourier transform can be found as an L2
limit as asserted. O

Theorem 1.73. [The Riesz—Fischer theorem| Let p € [1,00]. Then LP(R™) with the norm
| - [lp is complete: if (f;) is a Cauchy sequence in LP(R™), then there exists f € LP(R") so
If = fillo = 0.

So far we have shown that F: L}(R") — Co(R") C L®(R") and F: L?(R") — L%(R") as
continuous linear maps. What happens on the other L? spaces? Note that if f € LP(R™) for
some p € (1,2), then we may write f = fi + f2, where

o iflfl =1, _J o iffff=1
ﬁ{o it |f| <1, 2 h{f if [f] <1,

and since || fill1 < [[f[lp, [[f2ll2 < || f]l it follows that F=fi+f2 € Co(R") + L%(R"). But in
fact a much more precise result holds true:

Theorem 1.74. [Hausdorff-Young] For p € (1,2) and % + % = 1 we have for f € LP(R")

that f € LI(R™) with
1Fllg < @)™ f1lp-

We will not prove the result here and merely remark that the Fourier transform on Lebesgue
spaces is onto a Lebesgue space only when p = 2. For p > 2 it can be shown that the image
F(LP(R™)) contains tempered distributions of positive orders.

1.5.2 L2 based Sobolev spaces
A benefit of distribution theory is that it allows us to find solutions to problems that have no

classical solution. But we often want our solutions to be regular distributions and preferably
as nice as possible. The theory of Sobolev spaces can often be used quite efficiently for that.
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Proposition 1.75. [An L? identity for the Laplacian]
Let u € L2(R™) and assume Au € L2(R™). Then 9;0ku € L2(R™) for all 1 < j,k < n, and

> 11050kul13 = || Aull3. (18)
jk=1

Remark 1.76. If we only assume that v € .%/(R") and Av € L2(R"), then it is an exercise to
show that for some harmonic polynomial p € C|[z] the conclusion of Proposition 1.75 applies
tou=v+p.

Proof. First we note that according to the differentiation rule Au=— €|%4 and (‘f(‘)k\u = —¢§&u
hold in .#/(R™). By Plancherel’s theorem 7, Au € L?(R"™), so

G0 = 55 (~I¢Pa) = S Au e L),

and therefore by Plancherel’s theorem again, 9;0,u € L?(R™). Next, we use Parseval’s formula:

Z 10;0kull3 =(2m) Z 190kull3

j,k=1 j,k=1
78 L() e
7,k=1
—(2m)"2 [ |Aul*de
Rn
= Aull3,
where we used that > -7 _, 532‘51% = (2?21 §J2)2 = |€]%. O
Proposition 1.77. [An interpolation inequality]
Assume u, Au € L*(R™). Then also d;u € L2(R™) for each j € {1, ..., n} and

n
D 105ull3 < gllull3 + 3l Aul3.
j=1

Proof. Let u. = p- * u, where (p5)6>0 is the standard mollifier on R™. For &/, ¢/ > 0 we put

¢ = Uy — ugr and record that ¢ € C°(R") N .'(R") and ¢, A¢ € L2(R™). The latter follows
from A¢ = (pgx pgn) * Au and properties of mollification. Then by the differentiation rule

]gb 1§J¢, and as qS € L2(R™) by Plancherel’s theorem, the distribution 8](;5 is a tempered L2
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function and we can estimate

979] = I¢1|9] < o
1+|£\2‘¢|
= 5(10] +|20))-

By Plancherel’s theorem again we infer that the n functions 0;¢ are L2, hence by Parseval’s
formula

Z“ajﬁb”z =(2m)” ZHaj¢H2

<3 (\|$H% n ;\@u%)
<216l3 + HIAsLE.

Because u, Au € L%(R") the families (u:) and (Au.) are both Cauchy in L? as € \, 0, and
the above estimate then implies that also the n families (9ju.) are Cauchy in L? as € N\ 0.
But then by the Riesz-Fischer theorem there exist n functions g; € L%(R") so Jjus — gj in
L2(R") as € \, 0. Because u: — u in L?(R") also u. — u in ./(R"), and so by .’ continuity
of differentiation, dju. — 9dju in #'(R"). It follows that g; = Oju and the interpolation
inequality is then an easy consequence of the differentiation rule and Parseval’s formula. [

Propositions 1.75 and 1.77 show that when u, Au € L?(R"), then u is a W22 Sobolev function:
0%u € L2(R") for each multi-index o € N2 with |a| < 2. The Plancherel theorem makes it
possible to define the W*2 spaces in terms of the Fourier transform:

Wh2(R) = {u e SR : (1+ ¢ )2u € L2(R")}

The norm N
lullgs = [ (1 + I€]?) 22,

is equivalent to the norm || - ||yyx.2 that we defined in B4.3 as

2

lullwre = | D 10%ull3

lo|<k

Both norms come from inner products, where we record that ||u||gx = v/(u, u)yr and

(ol = [ ATE(1+1¢P)*a

The fact that we have this equivalent definition in terms of the Fourier transform allows us to
define a scale of L2 based Sobolev spaces that includes any differentiation order s € R:
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Definition 1.78. [Sobolev spaces of real order s| Let s € R. Then
H*(R") := {u e SR : (1+[¢°)2ue LZ(R”)}

with inner product

(o = | TGTO(1+[¢P)"d
and corresponding norm ||ul|gs := /(u, w)ps.

H*(R™) is an example of a Hilbert space (that is, a normed vector space where the norm is
defined by an inner product and where the corresponding metric space is complete). The
theory of Hilbert spaces is discussed in Functional Analysis 1 € 2.

We record that HY(R") = L%(R") and that the scale is nested: when s < ¢ we have
HY(R") < H*(R™).
The regularity of distributions in H*(R™) increases with s € R in the following precise sense:

Proposition 1.79. Let u € H*(R") for some s > %. Then u € C*(R") for each k € Ny with
k<s—%, and in fact 0% € Co(R") for each multi-index with |af < s — 3.

Proof. Let a € Njj satisfy |a] < s — §. By the differentiation rule dou = (i€)“u, and since in
particular 7 € L?(R") and

€ =151 < H €% = [¢]l
j=1 =1
]

<1+

we may estimate

\f“ﬁ|<(1+|€|)7\ |
— (416D T 1+

[\e]lv

By the Cauchy—Schwarz inequality

L s
{/!5ﬂd€<H1+K) LI+ 1€2) 21l

la|=s

=[x+ 1e) ||, lullme



We check that the first factor is finite by calculating in polar coordinates:

laf—s

2\ 3 |12 = 2\ laf—s
1) 5l = ()
_ [ 21 laf—s
—/0 /8&(0)(1”) dSe dr
1

o T.nf
:wnl/ov 7(1 + r2)8—|0¢‘ d?“.
Here the exponent s — |a| > 5 so the integral is finite, proving that 9oy € L!(R™). By the

Fourier Inversion Formula in ./(R™) we have (ZW)"% = 9y and the latter belongs to Co(R™)
by virtue of the Riemann—Lebesgue lemma. But then clearly also 0“u € Cy(R"™) concluding
the proof. O

1.6 The Fourier transform and convolutions
Proposition 1.80. If u € '(R") and § € #(R"), then w0 =10 and uf = (27) "% * 6.
Proof. For ¢ € . (R™) the definitions give

(ux0,0) = {(u,0% ).

We continue by use of the Fourier Inversion Formula on .#(R"), then the convolution rule
(Proposition 1.42) and then definitions:

For the other identity we note that u € .#/(R"™), 0 < (R™) so by the above result and the
Fourier Inversion formulas:

U0 =10 = (27)>"u0
= (2m)*"uf
= (27)"ud,
and the result follows from the Fourier Inversion formula in .7 (R™). O

Before the general convolution rule we record the following result.
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Proposition 1.81. Let u € &'(R™). Then u is a moderate C* function and
() = (u,e70), £ eR™

Proof. Take 6 € 2(R™) so § = 1 near supp(u). Then fu = u and by Proposition 1.80 we get

o~

U =0u=(2r)"0*0.

It follows from Proposition 1.69 that u is a moderate C*> function. We conclude the proof
using the rules for the Fourier transform as follows:

() = (2m) (@ * 0)(€) = (2m)""(@, 0(E — )

— (2m)~"(@, 8- - ©))
(2m) =2 (@, F20(- — €))
(2m) 2" (@, e F26(-))
(
= (
= (u,

27 2”(u e 10) 5.7-"49>
u, e 10)4h)
e~ 1) £>

O]

Theorem 1.82. [The general convolution rule] Let u € ./'(R") and v € &' (R™). Then
uxv e S (R™) and

U * vV = uv.

Proof. We recall from B4.3 that for ¢ € Z(R") we defined (u *v,¢) = (u,v * ¢) and that it
was shown that v x ¢ € Z(R"). Let (¢;) be a sequence in Z(R") so ¢; — 0 in Z(R"™). We
must show that v * ¢; — 0 in /(R"). Fix multi-indices o, 8 € Nj.

Let K be a compact neighbourhood of supp(v). Then we can find constants ¢ > 0, m € Ny so

(v, )] <e > sup |07

lylsm
for all ¢ € C*°(R™). With 1 = 9°¢;(- — x) we get:

107 (0% 6;) (2)] =|(v, 075 (- — 2))]
<c Z sup |07+5¢ (y — )|

fr1<m Y<K
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Consequently we have for all z € R”,

|20 (0% @) ()] <c ) sup [27(97F¢y)(y — )|
K

ly|<m Y

¥ supz() )7 (@6, (y — )|l
|~/|gmy€KJ<a

<Y z( ) (6 sup ),
lyl<m o<

and thus S, g(v* ¢;) — 0. But then uxv is . continuous on Z(R") and since the latter is .7
dense in . (R"™) it follows that u x v € /(R™). Finally we compute its Fourier transform by
use of the previously established rules: for ¢ € . (R"),

(@0, 8) = (uxv, ) =

O]

Remark 1.83. [An extension of the convolution product using Fourier transform)]

Inspired by the last result and its proof we record the following: if u, v € #/(R") and ¥ is a
moderate C*° function, then we define the convolution u * v by

uxv:= (2m) "uv

It is clear that hereby uxv € .#/(R™) and by the generalized convolution rule it is an extension
of the case when v € &'(R"™). Furthermore, with the obvious definition of v * u we clearly
have u * v = v x u, and using the rules for the Fourier transform we also see that 0%(u x v) =
(0%u) * v = u * (0%v) holds for all a € Nj.

Even if this notion of convolution looks general it can still be generalized, but we shall refrain
from doing that here.

1.7 The Paley-Wiener theorem

When u € &' (R™) we have seen that u is a moderate C* function and that
(&) = (u, e 1),

Here we will show that u admits an extension to C™ as a holomorphic function in the variables
&1, ..., & . This extension is often called the Fourier—Laplace transform of u. As a preparation
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for this, and in fact much more, we start with the case when u is a compactly supported test
function. The result in this case is also of independent interest.
Theorem 1.84. [Paley—Wiener for test functions.]

(1) If ¢ € 2(R™) and supp(p) C Br(0), then

50 = [ plaje i da

is defined for all ¢ € C™ and is an entire function (in each of the variables (i, ..., ¢, € C
separately) with the property that for each m € N there exists a constant ¢y, > 0 so
|B(O)] < em (L [¢]) e (19)

holds for all ¢ € C"™. Here the imaginary part of ¢, Im((), is understood componentwise when
n > 1.

(2) Conversely, if ®: C™ — C is an entire function with the boundedness property (19), then
there exists p € 2(R™) with support in Br(0) so ® = @.

Proof of (1). [The proof is only examinable in the case n = 1.] It is clear that $(¢)
is well-defined for all ( € C™, and by a standard use of Lebesgue’s dominated convergence
theorem it follows that this extension is C! and that it satisfies the Cauchy-Riemann equations
in each of the variables (; € C. Therefore ¢ is entire (in each variable (; separately). If we
write ¢ = £ + in, then

|@(<)‘ </BR(O)|30(90)|6$"7 dz

<Jolle™

holds. For a multi-index o € Njj we have clearly 0%p € Z(R"™) with support in Br(0) so the
above bound holds with 9%y in place of ¢ too. Now integration by parts gives

(0°9)(O) = (10)°3(¢)
for all ¢ € C™, so
C*8(0)] < 6% ]|

holds. We combine this inequality with the elementary inequalities
1N <@ +IGl+ - +16)" <+ )™M A+ G + - +6l™)
that hold for ¢ € C". Hereby

(14 1C)™@(0)] <(n + 1>m—1<1 s |<j|m) ()
j=1

<(n+ 1) <||s0H1 'y !!8§”¢II1>GR'”-

J=1
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We conclude that (19) holds with

e = (n+ 1)m1<||90\|1 0y Ha;”sonl).

J=1

Proof of (2).[The proof is only examinable in the case n = 1.] We start by recalling
that when f: C — C is entire, then we get from Cauchy’s integral formula and the estimation
lemma the Cauchy inequalities for the derivatives: |f*)(2)| < k! max|,,_|—1 | f(w)| forall z € C
and k € Ng. Put ¢ = ®|gn. Then ¢ € C>*°(R") and for a multi-index S € Nj we have

18]
(%) () = 8845’(5)

for £ € R™ (note that on the left-hand side the differentiation is with respect to the {-variables
whereas it is with respect to the (-variables on the right-hand side). The right-hand side can
be estimated using the Cauchy inequalities:

9Bl p

Tcﬁ(@ < B! max |®(¢)|.

I¢—¢l=1

Let a € Nij be a multi-index and put m = |a|. Then according to the boundedness property
of & we can find a constant ¢,, > 0 so (19) holds for all { € C". Since £ € R we have for
¢ € C" with |[¢ — ¢] =1 that [Im(¢)| < 1 and [¢] = ||¢] — 1], so we get

£ (@9)©)] < enlerl (14 1)
R _ & "
< Ble ey, <(1+‘|5|1D>
< Blefe,y,

hence S, g(¢) < oo. It follows that ¢ € .(R™), and that we therefore by virtue of the Fourier
Inversion formula in . (R™) can find ¢ € .7(R") with @ = ¢:

pl@) =(m)™" | G(O)e d

=(2m)™ / (£ de.
Since the function ¢ +— ®(¢)e!*¢ is entire we can use the Cauchy theorem to deform the
integration contour, and because of the boundedness property (19) we can change it from R"”

to R™ + in with any n € R™. In particular, corresponding to m = n + 1 we find a constant
cnt1 = 050

(€ + )| < cnpr (14 1€ +in]) "R < ey (14 1¢]) T B,

40



Hereby we estimate

()| = \(2@—" [ o+ ag

n

<(zm [ Jae+in] dee

n d¢ o
< Cn+1(27r) /Rn(l_HgDn'i'le n+R|n|

= Ce—ﬂmﬁ‘RW’
defining the constant C' in the last line. If we take n = tx for a t > 0 we get
()| < Ce—tll(z|=R)

Hence for |x| > R taking t — oo shows that ¢(x) = 0, so that necessarily ¢ is supported in
Br(0) as asserted. O

Ezample 1.85. Let u € &'(R™) with supp(u) € {0}. Then a result from B4.3 states that
u € span{f)aéo ta € Ng}, so that u can be expressed as

U= Z €a 0%,

la|<d

where ¢, € C and d € Ny. Assuming that ¢, # 0 for some a with |a| = d the distribution u
has order d. Now since dg = 1 we get by use of the differentiation rule:

with
p(&) = i%ea e Clg.

|al<d
Clearly we may extend p(&) to C™ simply by replacing £ € R™ by ¢ € C": u(¢) = p(¢) is an
entire function. If we take c := max|, g |cal, then we also have the bound
Py d
[a(Q)] < e(1+1¢l) (20)

for all ¢ € C". Note that any entire function on C" satisfying the bound (20) must be a
polynomial of degree at most d by virtue of the Liouville theorem.

Theorem 1.86. [The Paley—Wiener theorem]

(1) If uw is a distribution of order m with support in Br(0), then the Fourier—Laplace transform
u is an entire function satisfying for some constant ¢ > 0,

|A(¢)| < (1 + [¢[) e Mm@ (21)
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for all ( € C™.

(2) Conversely, if ®: C* — C is an entire function satisfying (21) for some m € Ny and
constant ¢ > 0, then there exists u € &'(R™) supported in Br(0) with Fourier—Laplace transform
u=>a.

Remark 1.87. While the results stated in Theorems 1.84 and 1.86 here are attributed to Paley
and Wiener, which is customary, they are actually in the present form due to Laurent Schwartz.
Paley and Wiener considered L? functions on R that vanish for negative reals and proved that

their Fourier transforms extend to the upper half-plane as holomorphic functions satisfying a
certain bound (constituting the analytic Hardy space H?).

Proof of (1). [The proof is only examinable in the case n = 1.] We know from the
previous section that @ is a moderate C* function and (€) = (u,e ')€) for £ € R”. The
right-hand side is clearly well-defined also for complex arguments and we can define

a(C) = <u’ e_i(')'c>’ C c (Cn,
where we emphasize that u acts on the function
R™ 5 1 s o i#¢ — e_i($1€1+~--+$n(jn).

We refer to u: C" — C as the Fourier—Laplace transform of u. If we write ¢ = £ + in with the
understanding that &, n € R™, then we can think of @ as a function of ({,7) € R"™ x R and we
assert that it is C! and that its partial derivatives may be calculated by differentiation behind
the distribution sign. Indeed, fix a direction 1 < k < n and let (ej)?zl be the standard basis
for R™. Then for any multi-index o € Nij we have that

efi:):-((+iekh) _ eficp-g )
¢4 a+e —iz-¢
o, " — O <e r >

locally uniformly in z € R™ as h — 0. Using the boundedness property of the compactly
supported distribution v we conclude that u is differentiable with respect to 7, with 9,, u(¢) =
(u, Oy, 7)), The argument for the other variables is identical and it is not difficult to see
that the partial derivatives are continuous, so that the function % as asserted is C' on R™ x R".
We may now check the Cauchy—Riemann equation by differentiation behind the distribution

sign:
0 . a0
ICy, Gy,
Consequently the function i — u(¢) is holomorphic, so that w is entire as a function in each of
the variables (3, ..., (, separately. It is customary to refer to such functions simply as entire

functions on C". In order to prove the bound (21) we invoke the boundedness property that
follows from knowing that u is supported in Br(0) and has order at most m. Indeed Br1(0)
is a compact neighbourhood of Br(0) so we may find a constant ¢ > 0 such that

[(w,@)] <c > sup [(0%¢)(y)]

|<R+1

jof<m 19
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holds for all ¢ € C*°(R"™). For € € (0,1] to be specified below we put 0 := p. x 1p,_ (o), where
pe is the standard mollifier on R™. Then 6 = 1 on BR( ), 0 =0 off Bri2:(0) and

0] = | 0%0), * Loy < ¥ [ ol
for each a € Njj. Using u = 6u we calculate

a(¢)] = [(uw, e )| = |(u,0e7 1))

< ¢ Z sup ‘GQ(H(y)e_iy'C)‘

laj<m ly|<R+1

¢y, suw Z< > 107 pllle ¥ (=i¢) ]

laj<m ly|<R+2¢ N<a

>3 Z( ) 7 ple 2o,

laf<m 7<a

N

N

Put ¢y = max|q|<pm [[0%p[l1 and note that [¢*77] < (1 + |¢D)el=h1 for multi-indices satisfying
v < «, hence we have

Q) < com 3 Z( ) ~hl(1 4 [¢]) o220
la|<m <o

and choosing € = 1/(1 + |¢|) we find

)| <cem Y Z( > +[¢)) e Rimt+2

laf<m ysor
C(14[¢[) e,
where C := cc,,2™e? > laj<m 1- O
Proof of (2). [The proof is only examinable in the case n = 1.] It follows in particular
from (21) with ¢ = ¢ € R” that ¢ = ®|g» is a tempered L™ function, so defining u := F~1¢

we have u € ./(R"). Put u. = pe * u, where (p5)6>0 is the standard mollifier on R™. Then u,
is a moderate C* function and, by the convolution rule,

Uz = ud:p = ¢d:p.

The last function can, by Theorem 1.84 and our hypothesis, be extended to C" as a holomorphic
function ¢ — ®(¢)p(eC). For a given N € N we can according to (19) find a constant ¢,,+n = 0
SO

Q)| <eman (14 e¢]) ™ Neltme

<Cm+N€_m_N(1 + |<|)*m*Neg|Im(C)|
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for all ¢ € C™ provided ¢ € (0,1). In combination with (21) we find that
|B(OP(EC)| < cemane ™ N (14 [¢]) N eFrm©)

for all ¢ € C". Consequently, for each fixed ¢ € (0,1), the Paley-Wiener theorem for test
functions yields ¢ € Z(R") supported in Bry.(0) so its Fourier-Laplace transform ¢ = ®d.p.
In particular, its Fourier transform must equal @, so that by the Fourier Inversion formula we

have ¢ = u.. Now since u, — u in .#/(R™) as € \ 0 the conclusion follows easily. O

Corollary 1.88. Let u, v € &'(R"™) and assume that uxv =0. Then u =0 orv =0.

The proof follows by Fourier-Laplace transforming u+v = 0 and then using the identity theorem
for holomorphic functions. It is not difficult to see that the result fails if one of the distributions
is not of compact support.

Ezample 1.89. Recall that a distribution £ € 2'(R") is called a fundamental solution to
the differential operator p(9) provided p(9)E = &y, where p(z) € Clx] is a polynomial in n
variables. Assume the polynomial p(z) has nonzero degree. Could there exist a compactly
supported fundamental solution to p(9)? Assume E € &'(R"™) and that p(9)E = dp. Since
&'(R™) < .#'(R™) we can then Fourier transform to get by the differentiation rule:

pE)E(E) = 1.

By the Paley-Wiener theorem E has an entire extension to C" and clearly so does any poly-
nomial, so we must have the above identity for all £ = ¢ € C". But when the polynomial
p(i¢) has nonzero degree it has complex roots and then E cannot be entire. The contradiction
shows that a partial differential operator with constant coefficients and of order at least one
can never have a compactly supported fundamental solution.

Not examinable:

Theorem 1.90. Let p(x) € Clz] be a polynomial of degree d € N. If f € &' (R™), then the PDE
p(O)u = f

admits a solution uw € &' (R™) if and only if ¢ — f(C)/p(iC) can be extended to an entire function on C™. The solution is then unique.

Proof. The only if direction is easy: when u € &' (R™) is a solution, then we get by Fourier transform of the PDE that p(i&)a = f Since
both 4, f admit entire extensions we can also extend the Fourier transformed PDE to all of C™:

p(iO)a(¢) = F(¢)

holds for all ¢ € C™. Tt follows that ¢ — f(¢)/p(i¢) admits an entire extension.

The uniqueness part is also easy as it follows from the identity theorem for holomorphic functions and the Fourier Inversion formula. We
turn to the if direction where we assume that g: C"™ — C is the entire extension of f({)/p(i¢). The proof relies on the following

Auxiliary Lemma: Let h: C — C be entire and p(z) € C[z] a polynomial of degree m € N with leading coefficient a € C\ {0}. Then

[ah(0)] < ‘rzrllg\p(Z)h(Z)l-

Proof of Auziliary Lemma. Let p(z) denote the polynomial obtained from p(z) by conjugating its coefficients. Put g(z) = zmﬁ(%) so that
q(z) is a polynomial of degree m with ¢(0) = a. Now applying the maximum modulus principle to the holomorphic function z — g(z)h(z)
we get

[ah(®)] = [a(@A(O)] < max |a(:)h(2)] = max |p(:)h(2)],

which is the assertion. O
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We assume that the coefficient a of (f in p(i¢) is not zero, where we recall that d was the overall degree of p(¢). (That this can be achieved
by a linear change of variables will not be discussed here.) The point of this assumption is that then the coefficient a must be a constant

and independent of the remaining variables in {. If we apply the Auxiliary Lemma with h(z) := g({; + 2,{2, ... , (n) and the polynomial
z+— p(i(¢1 + 2),iC2, ..., i(y) of degree d and with leading coefficient a # 0, then we get
lallg(O)] < Sup Ip(i(¢1 + 2),iC2, -, 1Gn)g(C1 + 2, G2, oo s Cn)]
z|=1
= o |F 1+ 2620 s G-
z|=1

Because fAsatisﬁes an estimate of form (21) also g will satisfy such an estimate. But then the Paley-Wiener theorem yields u € &' (R™)
whose Fourier-Laplace transform @ = g. Clearly u is the sought solution.

Another application of the Paley—Wiener theorem is to the proof of

Theorem 1.91. [The Ehrenpreis—Malgrange theorem] Let p(x) € Clz]| be a polynomial
of n wvariables that is not identically 0. Then the corresponding partial differential operator
p(9) admits a fundamental solution E € 2'(R™): p(0)E = dp.

We omit the proof here.

Ezample 1.92. Let p(z) € C[z] be a polynomial of n variables that is not identically 0 and

assume () is a bounded open subset of R™. If f € C*°(R"), then we assert that the PDE
p(Qu=f in Q,

admits a solution u € C*(R"™). Indeed, by virtue of the Ehrenpreis-Malgrange theorem we
can find £ € 2'(R") so p(0)E = do. Put x := p* 1p) so that x € Z(R") satisfies
x = 1 on Q (here p is the standard mollifier kernel on R™). Note xf € Z(R") so that
u:= Ex (xf) € C*(R") satisfies the PDE:

p(@)u= (p(O)E) * (xf) = do * (xf) = x/
and since xf = f on () the assertion follows.
Theorem 1.93. [Qualitative version of the uncertainty principle]

If ue &(R") and u € &'(R™), then u=0.

Proof. The Fourier-Laplace transform u is an entire function by the Paley-Wiener theorem.
Since the support of the Fourier transform u is compact too we can find r > 0 so u(§) = 0 for
all £ € R™ with max{|&], ..., |&]} = r. Write ¢ = ((,¢') € Cx C"! and fix & € R* L.
Now the function ¢; — u(¢1, &) is entire and

(—o0, —r]U[r,00) C {Cl € C: u(¢, &) = 0},

so by the identity theorem we must have (¢1,&) = 0 for all ¢; € C. Since & € R"! was
arbitrary we have shown that & = 0 on R", and so, by the Fourier inversion formula on .,
u = 0 as asserted. O
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1.8 The Heisenberg uncertainty principle

There are many manifestations of the uncertainty principle that all express that it is impossible
for both u and @ to be concentrated on small sets. The most famous quantitative uncertainty
principle is due to Heisenberg, who formulated it in the context of quantum mechanics. In our
context, it says, heuristically speaking, that if a function is concentrated on a ball of radius
r, then its Fourier transform cannot be concentrated on a scale much smaller than 1/r. More
precisely:

Theorem 1.94. [Heisenberg’s inequality] If f € Z(R") and xo € R", {§, € R™, then
(2m) 5 BI1£ 115 < [l = 0) fll211(€ = &) Fla-
The equality holds if and only if f is a modulated Gaussian:
flz) = Ceifo-xefs(a:fxo)a
where ¢ € C and € > 0 are arbitrary.

Proof. By virtue of the translation rules we can also assume that xo = £y = 0 (apply the basic
case of the inequality to the function e_l(')fOTxO f to obtain the inequality in the general case).

By the differentiation rule we have iff(ﬁ) = 6\]"(5 ) so using first Parseval’s identity, then the
Cauchy-Schwarz inequality, then the bound |a + ib| > |a| and then integration by parts we get

lzfll21Fll2 = llzfll2 V Fll2 = (2m) 5 (|2 f[l2 V £]2

> (2m)3 /n:nf(x)-Vf(m)dx
> (2m)2 /a: ‘Re(f(2)Vf(z)) dz
= et | [ o VIR o

= (2m)2 5 £113.

From the known cases of equality in the Cauchy-Schwarz inequality we deduce that equality
holds for f if and only if x f(x) and V f(z) are proportional and (using that |a +1b| = |a| holds
iff b=10)

/nx Im(f(z)Vf(z))dz =0.

<o
It is not difficult to see that the former implies that f(x) = ce2 I for constants ¢, cg € C.
Since f € . (R") we infer that, provided ¢ # 0 that we henceforth assume, Re(cp) < 0. Next

we calculate - 2
flx)z - V(x) = |c|*eo|x|2eRelc)lzl
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hence from
OZ/ z - Im(f(2)Vf(x)) dz = ~Tm(co)|el* / [ Peftecolel dg
n R'n

we get Im(c¢p) = 0. Conversely, it is clear that equality holds in Heisenberg’s inequality for this
type of functions. O

The Heisenberg inequality is closely related to a Sobolev type inequality, meaning loosely
speaking an integral inequality that bounds a function in terms of its derivatives. Indeed
using the differentiation rules and Plancherel’s theorem we see that Heisenberg’s inequality for
xg = &y = 0 is equivalent to R

2m)2 5(I£113 < IV Fll2V £ll2 (22)

for all f € (R™). For comparison we state:

Theorem 1.95. [A basic Sobolev inequality] Assume n > 3. Then
Sull fll 2o < V£l

holds for all f € .7(R™), where

2
n(n—2 "
Sy 1= n(n-2) 1 )wg_l

and we recall that w,—1 is the area of the unit sphere B1(0) in R™. The constant Sy, is sharp.

We omit the proof and merely remark that the exponent in the basic Sobolev inequality must
be 2n/(n — 2). Indeed this follows if we assume that ||V f|l2 > ¢||f||, holds for some constant
c for all f € #(R"™) and then apply the inequality to the dilated functions d, f and consider
what happens when r > 0 is large and when it is small.

Remark 1.96. Heisenberg’s inequality holds for all f € L?(R") if we define ||(x — z0) f|]2 = oo
when (z — z0)f ¢ L?(R™) and ||(¢ — fo)ﬂ|2 = oo when (§ — §O)f¢ L2(R™). In order to prove
this we first note that the inequality is trivial when its right-hand side is co. We may therefore
assume, in addition to f € L%(R"), that (z — x¢)f, (£ — fo)f € L2(R"). The reduction to
the case zg = & = 0 is then the same as before. By the differentiation rules and Plancherel’s
theorem we infer that f, ]? € HY(R™). For the standard mollifier (p5)€>0 on R” we define
fe = pe * f. Then the results on mollification from B4.3 yield that f. € C*°(R™) and

[fellz < [[fllz and [|V fell2 < [[Vf]l2-
Observe that the proof of Theorem 1.94 still applies to such f., whereby

(2m) 2 B 13 < llzfell2llEfe 2

We want to conclude by passing ¢ \, 0. Clearly this gives the wanted limit on the left-hand
side. On the right-hand side we employ the differentiation rules and rewrite

5]?5 = —ig\fE and xf., = iVﬁ.
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By Plancherel’s theorem we see that ?fs — 6}’ in L2(R") as ¢ \, 0, and so by the differen-
tiation rule again, [[{f:[l2 — [|§f]l2 as € >\ 0. Finally, by the convolution and dilation rules
fe =depf, hence V f. = V(dsﬁ) f+d-pV f. It follows from the triangle inequality that

IVf = V|2 <elld-(VP) Fll2
+[1(1 = d-p) Vflla = 0

as € \( 0. The conclusion follows from this.

2 Applications of the Fourier transform

2.1 Periodic distributions and Fourier series

Definition 2.1. Let u € 2'(R) and T' > 0. Then we say that u is periodic with period T, or
briefly T-periodic, if 7pu = u.

Ezample 2.2. Assume that u is a T-periodic distribution: 0 = (7pu — u, ¢) = (u, 7_7¢ — @)
for all ¢ € Z(R). If u is a regular distribution, then this is, by the fundamental lemma of the
calculus of variations, equivalent to u(x + 7') = u(x) for almost all z € R, so the definition
coincides with the usual definition in this case. We also note, that in the general case of a
distribution u € 2'(R) we have that u is T-periodic if and only if the dilated distribution d r u
is 2m-periodic since .
Tgﬂdlu—dlu:dl(TTu—u).
27 21 21

Intuitively, a T-periodic distribution is determined by its behaviour on (0,7] or any interval
of length T'. In the following we shall confine attention to 2w-periodic distributions.

Ezample 2.3. Let
u= Z e,

JET
We claim that this is a 2m-periodic distribution. In fact, we will show that it is a tempered
distribution and that

= e
Z / o(z)e® dz — (u, @) as m, n — oo

j=—m

holds for all ¢ € .(R). In order to prove this we recall the Fourier bounds. They imply in

-~

particular that we can find a constant ¢ > 0 so S20(¢) < cS22(¢) for all ¢ € .#(R). Therefore

~

1+ 52 |e(=0)| 15

=
|

\K:/.
Il
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for all j € Z, and so the series ) j€Z<eij“", ¢) is absolutely convergent and we can estimate

[(u,0)| < 26522(6) Y 1

JEZ.

o0
=2 (142) = | S22(9).
7j=1

Consequently, u € ./(R) has order at most 2 and it is clear that T u = u.

It was no coincidence that the 27-periodic distribution from the last example was tempered:

Lemma 2.4. If u € 2'(R) is 2w-periodic, then u € '(R).

Proof. Put x = p * 1(_y 2541], Where p is the standard mollifier kernel on R. We now define
the periodisation of x to be the function

Px(x) := Zx(x +27k), x€R.
keZ

Clearly the series is a finite sum as it for each x € R consists of at most 3 non-zero terms,
hence Px € C*°(R). By the definition we have Px(x 4 27) = Px/(x) for all  and since x =1
on [0, 27] we also have Px(xz) > 1 for all z. Now define ¥ := x/Px. Then ¥ € Z(R) and its
periodisation is
PU(z) = U(x+2rk) =1
keZ

for all z € R. Now if ¢ € Z(R), then we get (using that the sum is finite and that w is
periodic):

<u7 ¢> = <u7 Z 7—27rk\Ij¢> = Z<u> (TZWk\P)¢>

keZ keZ

= Z<T—27rku7 \IJT—ZWkd)>

kEZ

= (4, UT_or0)

kEZ

- <u vy T_Qﬂk¢>

keZ
= (u, VPg). (23)

Put K :=[—2, 27 + 2] and use the boundedness property of u to find constants corresponding
to K,c=cxg >0, m=mg € Ny so

|(u, )| <> sup ||
=0
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holds for all ¢ € Z(K). Since VP¢p € Z(K) for all ¢ € Z(R) we may take ¢ = WP¢ and get
using Leibniz’ rule

[(u, )| = |(u, UP)| <chup|<\IfP¢><”!

7=0
m .
e D (j) sup| WU (Pg)©)|
7=0 s=0 5
<c2™! max maX‘\I/(S)} max maX‘(qu)(S)‘

0<ss<im K o<ssim K

<e2™ 80 1 (¥) max max’(Pgb)(s)(:U)‘.

0<ssm |z|<4m
Here we estimate the last factor as follows:

max ‘(Pqﬁ)(s) ()| < max ’gb(s) (z + 27k)|

|z| <4 ez |z|<4m

< Z max (%’gf)(s) (x + 277]4:)‘)
keZ

|| <4

. _
S 2 WX TGy 20 2.5(9)
kez "'

1 1 Q
< Z oz T 1T Z =i | 252.5(0)
hez_ keN

=2 (1 + 2 Z H47|'21(lc—2)2> §2,s(¢)7
keN

and consequently we have shown that

|(u, §)| < CS2,n(0)

holds for all ¢ € Z(R) for some constant C. It follows that u extends by . continuity to
< (R), and so is a tempered distribution. In fact, the extension is given by the formula in
(23). O

Theorem 2.5. [The Poisson summation formula.] If p € /(R), then

Y erk) =3 (k)

kez kez
holds.

The Poisson summation formula can also be stated as

e =N "6 in S (R), (24)

k€EZ keZ
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where the two series are understood to converge in .’(R). For instance,

k=n
Z (e Mk g — Zg(Qﬂk) as m, n — 00
k=—m keZ

for each ¢ € .7 (R).

Proof. Put u =), ., 0ok It is not difficult to see that the series converges in .#’(R) and so
by Fourier transformation u =, _, e~ 2mkE  We record that 714 = 1, so 4 is 1-periodic, and

also '
(627”5 — 1)@ =0.

Because e 2™¢ — 1 £ 0 when & € R\ Z it follows that @ is supported in Z. In particular, the
restriction 1[(_y 1) has support in {0}, so by a result from B4.3 it follows that @|_; ) has the

form >, cjé(j ) for some constants m € Np and ¢; € C. We assert that in fact m = 0 so that
ul(—1,1) = codo- We see this as follows: if we have the general form of u, then we calculate for

cbe@( 1),

0= (¥ — 1)@, ¢) = Z Yej & le=o <(e2”if _ 1)¢)
i Z <S> (27i)” PU9)(0).

7j=1 s=1

Here we take ¢(z) := x—j(ps*l( ) (@), z € (=1,1), for afixed e € (0,1/2). Since ¢ € Z(—1,1)

and ¢(*)(0) = ds,j (Kronecker delta) we find ¢; = 0 for all 1 < j < m, and thus u|(_y,1) = codo
for some ¢y € C as asserted. But @ is 1-periodic, so

U=co ) . (25)

keZ
In order to find the constant ¢y we evaluate the identity (25) at 7,¢ for ¢ € . (R) and z € (0, 1]:

the left-hand side is - .
<aa Tx¢> = <ua7—x¢> = <u7elx(~)@’

and so equating with the result on the right-hand side we arrive at

> e g(2rk) = co Y p(k + x).

kEZ keZ

Note that the two series converge uniformly in = € (0, 1] and so integrating over x € (0, 1] we
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get by integration term-by-term that

/Ze%’% (27k) dx_/cong (k + z),

0 kez keZ
k+1
= COZ o(y) dy
kEZ
= Co/ oy
Thus ¢p = 1 and we are done. O

Ezample 2.6. The Poisson summation formula (24) can also be written Y, ., >k = 3~ §;.
Apply for a T' > 0 the dilation d; 7 to both sides to obtain

Ze%’ri’m =T br, (26)

keZ k€EZ

hence in particular we record this for T = 27 Zkeze =27 ZkeZ dork- Many other iden-
tities can be derived by such simple manipulations, for instance we can differentiate in the
distributional sense to obtain Y, ike*® = 273", 6, and so on.

Note that the distribution on the left-hand side of the identity (26) is continuous with respect
to the norm Ss o (by virture of the Fourier bounds) and that the distribution on the right-hand
side is continuous with respect to the norm S5 and so in particular with respect to Sa 2 too.
It therefore follows that we can evaluate (26) on any function f: R — C of class C? satisfying
S22(f) < oo, that is, for any such f we have

STH(ZER) =T J(kT).
kEZ keZ

In fact, it is not difficult to check that the identity holds for all continuous functions f: R — C
for which Sa0(f) + S2,0(f) < 00, a condition that does not explicitly involve derivatives of f.

Ezample 2.7. Let u € 2'(R) be 2m-periodic. Then u € .¥/(R) and (u, ) := (u, WP¢) for
¢ € .Z(R) by Lemma 2.4 and (23). Let us calculate its Fourier transform:

(@, ¢) = (u,d) = (u, UPP) = <u\IIZ¢ +27rk)>

kEZ

translation rule = <u, v Z Fosonk (¢(m)e_ix('))>

keZ

Poisson summation = <u, 0 Z ¢(/~c)e_ik(')>

kEZ

—Zgb (u, ekl >,

keZ
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where the last equality follows by . continuity of u and . convergence of the series. Conse-
quently,

u= ZQchék with ¢, = %@, \I/e_ik(')>, (27)
keZ

where the series converges in .’/(R), meaning that

k=n
<27T Z ckék,¢> — (u,¢) as m, n — o

k=—m

for each ¢ € .(R). Using the Fourier inversion formula in .’ (R) we find

u= %ﬁ = Z cpeh® (28)

X

again with convergence of the series in ./ (R).

Let us now assume that u is a 2m-periodic regular distribution. We claim that the coefficients

¢, are the usual Fourier coefficients of the function u. In order to show this we simply calculate
for each k € Z:

) 00 ) 2m(j+1) )
2mer, = (u, \Ile_lk(')> :/ u(z)U(z)e F dx = Z/ u(2)U(2)e o da
— 00 jez 27y
2w ) )
= Z/ u(x — 2m§) W (x — 2mj)e FE=2m) 4y
jez 0
2w .
= Z/ u(z)V(z — 21j)e * da
jez 0
2w . 2m .
:/ u(z)e e Z U(x —2mj)dx = / u(z)e ke dg,
0 0

JEZ
where we used that the periodisation of ¥ converges uniformly.
Because of this it is natural to make the following

Definition 2.8. The numbers ¢, defined in (27) are called the Fourier coefficients of u and
(28) is the Fourier series expansion of u.

Proposition 2.9. Let (cx)rez be a doubly infinite sequence of complex numbers.

(1) Then (ci)kez are the Fourier coefficients for a 2mw-periodic C* function u: R — C if and
only if for all m € Ny we have

ke — 0 as k| — 0. (29)

(2) Then (ck)kez are the Fourier coefficients for a 2m-periodic distribution if and only if there

exist constants ¢ > 0 and N € Ny so || < e(1+ |k])N holds for all k € Z. In this case we say
the doubly infinite sequence has moderate growth.
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Proof of (1). If u: R — C is 2w-periodic and C*°, then we get by partial integration m times
for each k € Z \ {0}:

27 )
= (ik) _m217r/ u™ (z)e™ % da,
0

and so the fast decay (29) follows easily. Conversely, if we have the fast decay (29), then the

series .
Z (1k) " el

kEZ

is uniformly convergent in z € R by the Weierstrass M-test. But then the function

u(x) == cheik’”, z € R,
kEZ

is the 2m-periodic C* function with Fourier coeflicients cy. O

The proof of (2) is an exercise.

Example 2.10. Let v = ) ;. ¢y, where (ck)k oz Is a doubly infinite sequence of complex
numbers. It is clear that we always have u € Z{(R). However, u € ./(R) if and only if
(ck)k ez has moderate growth. In view of Proposition 2.9 this is not surprising.

Let us briefly summarize our discussion of Fourier series so far. We emphasize three points:

e When ¢ € #(R), then its periodisation Py is a 27-periodic C*° function whose Fourier
series was calculated using Poisson’s summation formula

Po(z) =) Ge™,
kEZ

Here the convergence is in the C*° sense, meaning local uniform convergence of the partial
sums y %elk‘” and all their derivatives locally uniformly in x € R as m, n — oo. In
fact, the above Fourier series for Py is equivalent to the Poisson summation formula and is

perhaps easier to remember.

e Given any 2m-periodic C* function ¢ its Fourier series converges to ¢ in the C* sense. In
view of Proposition 2.9(1) and the Fourier inversion formula in . there exists ¢ € .7 (R) so
¢ = Py. We note that Proposition 2.9(1) also gives a characterization of the Fourier coefficients
for 2m-periodic C* functions.
e A 27-periodic distribution u € Z'(R) is tempered and given for ¢ € Z(R) by (u,¢) =
(u, UP¢). We have

u= cheikx, where ¢, = %(u, \I/efik(')>7

k€EZ

and the convergence of partial sums is in ./(R). Also here Proposition 2.9(2) gives a charac-
terization of the possible Fourier coefficients.
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Theorem 2.11. [The Plancherel Theorem for Fourier series.]
Assume that u € L _(R) is 2m-periodic and has Fourier coefficients c. Then

u(z) = cheikx in L2 (0, 2m)
keZ

and )
£ [ )P e =Y el (30)
0 keZ

Conversely, if (Ck)rez € (*(Z), then the series
Z Ckeik:x
converges in L2 (O, 277) to a 2mw-periodic L12OC function with Fourier coefficients C},.

The identity (30) is often also called Parseval’s formula (as were (14) and (15)).

Proof. Assume first that u: R — C is a 27-periodic C* function. Then we have from Propo-
sition 2.9 (1) that its Fourier series converges uniformly:

u(z) = Z e uniformly in z € R.
keZ

Consequently we calculate

2m 2
/ lu(z)|? dz :/ Z crge P07 g
0 0

kl€eZ

2m
= Z ckcl/ k=0 gy
0

kIEZ

=21 ) ex/?

kEZ

as required. We next turn to the general case where u: R — C is a 2w-periodic L120c function

(or rather one of its representatives). Put u; := p; * u, where (pt) > 18 the standard mollifier
on R. Then u;: R — C is a 2w-periodic C* function and if ¢k (t) are its Fourier coefficients we
know that us(z) = ;o7 cx(t)e'* holds uniformly in = € R and that f027r]u(:c) —u(z)*dz — 0
as t \( 0. If we apply what we just proved to the difference us — u;, a 2w-periodic C*° function,

we find
2

3 [ lus(@) —w@)fdz =3 la(s) - ()

kEZ

95



Consequently, as (u;);~o is Cauchy in L? as ¢ \, 0 also ((Ck(t))kez)t>0 is Cauchy in ¢%(Z) as
t \, 0. But the latter is complete by the Riesz-Fischer theorem so for some (ay)rez € ¢*(Z)
we have Y, [cx(t) — ag|* = 0 as t \, 0. Now we have in particular that u; — u in .%”(R) as
t \ 0 so, by ./ continuity of the Fourier transform, also 4; — u in .%’(R) as t \, 0. Since

Uy = 27 Z ck(t)0r and u = 2772 cr0k,
keZ keZ
it follows that ci(t) — ¢ as t \( 0 pointwise in k € Z. Therefore ¢ = ay, for all k € Z, and so
taking ¢ \( 0 in

21
o ; ue(@)P de = |en()]?

keZ
and Parseval’s formula (30) follows. Finally we check that for m, n € N,

n
u(x) — Z cpelh®

k=—m

2

2 n
dx:i 0 ]u(m)]Qdm— Z ‘Ck‘2—>0 as m, n — oQ.

1

2
27
0

k=—m

In the opposite direction we are given (Cg)rez € (?(Z). Since then clearly sup,cz |Ck| < 0o we
may by virtue of Proposition 2.9 (2) define

U= g Cpe*®
kEZ

with convergence in .’/ (R). It follows by the previous part of the proof that the series converges
in L2(0,27) so the proof is concluded. O

Ezxample 2.12. When f: R — C is a 2w-periodic HllOC function with ¢y = % OQWf(x) dz, then

2m 2m
/ |f(x) = co dz < / |f(x) 2 dz
0 0

holds. Equality holds precisely when f = co + c_1e™% + ¢iel®.

By Plancherel’s theorem for Fourier series we have f(z) = >, cxe™ in L(0,27) and f'(z) =
> okez ikcpel” in L2(0,2). Consequently Parseval’s identity gives

2
| @ -t =2 3

keZ\{0}

2

keZ\{0}

<2m Z |ikcy |2
keZ\{0}

27
— / (@) da
0

as required. We note that equality occurs precisely when ¢ = 0 for all k € Z\ {0,+1}.
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Remark 2.13. We have briefly discussed convergence properties of Fourier series and have
emphasized that our results refer to convergence of Zzzﬁm cxe*® in various different senses
(C, L120c and .’) as m, n — oo. Classically one has however approached the question of

convergence differently and been interested in the convergence of the symmetric partial sums

n

Sp(x) == Z cpet®

k=—n

as n — oo. In this connection it is also customary to discuss summability methods, including
in particular Cesaro summability and Abel summability. The former refers to convergence of
arithmetic means of the partial sums

n—1

Z Sj(z)

=

Fy(x) :=

3=

and the latter to convergence of the Abel means

n
Ap(z,r) = Z cr*leike

k=—n
where r € (0,1).
2.2 Fundamental solutions
Theorem 2.14. Letn > 3. Then
1
Ex)=——"—"|2|*™,
(@) = =g

x € R"\ {0}, is a fundamental solution for A.

Remark 2.15. Note that E is C> away from zero, E € L] _(R™) N.%’/(R"), and that

The constant w,_1 is the surface area of S"~! in R”. One can show that w, 1 = nL"(B1(0)),
and

s
LM(B1(0) = ——

( 1( )) T (% T 1)
for all n € N. In particular, we record the values for n = 2 and 3:

wy = 2L%(B1(0)) =27,  wy = 3L3(B1(0)) = 4.

The calculation uses I'(z + 1) = 2I'(z) and I'(3) = /7. Note also that
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e in n =1 the Laplacian % has fundamental solution T,

e in n = 2 the Laplacian A = 88—;2 + g—; has fundamental solution % log \/22 + y2. This is
called the logarithmic potential;

e in n = 3 the Laplacian A = (%22 + 88—;2 + g—; has fundamental solution

1 1
AT \fa? 2 4 22

This is called the Newtonian potential.

Proof. Fourier transforming AFE = §y we get
1 =38y = AE = —|¢[2E(9).
This is not enough to deduce that E(¢) = —ﬁ, only that

E(¢) = _51|2+T

for some T' € .'(R") satisfies AT = 0. This means that —|¢[?T = 0 in .%/(R"). Hence if
v € . (R") and 0 ¢ supp ¢, then
p(£)

P(§) = e
for £ # 0 and ¥(0) = 0 belongs to .’(R"), and so

We express this by suppT = {0}, that is T has support {0}. From B4.3 we know that this
implies that T € span{d®d : a € NI}, and hence that T € span{(27)~"(iz)* : o € NI} =
C[x]. Since also AT = 0, we see that 7" must be a harmonic polynomial. Note that implicit in
this is the Liouville-type result saying that if 7' € .%”/(R™) is harmonic, then T is a polynomial.
Now we return to the quest for fundamental solutions:

E(S) = T T T(8).
1

lef?
Lemma 2.16 (Auxiliary Lemma). Let o € (—n,0) and put f(z) = |z|*. Then f € L (R")N
S (R™) and f(§) = ¢(n, )|§]"=2, where

We only need one, so consider E = The result then follows from the following.

W T (23e
C(TL, Oé) — 2a+nﬂ_§ F( 2 )

(=5)

no|Q

and —n < —n—a<0.
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Proof. We start with the observation that for z # 0

« o0 a o0 a 2
|z|“T <—§) = ]w\”‘/ t—27letdt :/ s~ 2 leslel” g,
0 0

where we made the substitution ¢ = s|z|?, and hence

1 ® 4
|z|* = / sT2 ool g,
0

Note that

1 i .
ey / sTilem P ds — Jafe
r(=%) Jo ==

in ./(R™) and Riemann sums for the integrals

1 ] —9 1 _—slz|?
—_— s 27 e ds.
=)

for j fixed converge as mesh size tends to zero in the .#/(R") sense. Consequently we get by
'-continuity and linearity of F that
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