B4.4 Fourier Analysis HT22

Lecture 15: Fourier series for tempered distributions

1. Definition of Fourier series and examples
2. Characterisation of Fourier coefficients in two cases

3. Plancherel’s theorem for Fourier series

The material corresponds to pp. 53-57 in the lecture notes and should be
covered in Week 8.
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Recap from lecture 14 and a definition

If ue P'(R) is 27 periodic, then it is tempered and

0=> 2mcdy in ' (R) (1)
keZ
with )
—ik(- X
ck:g<u,\lle k()>7 wzpixv X:p*l(—1727r+1]'

By the Fourier inversion formula in .#/(R) we then get

u=>_ e in S(R). (2)
kEZ
Definition The series (2) is called the Fourier series for u and the

numbers ¢, are called the Fourier coefficients for u.
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Convergence of Fourier series for a tempered distribution

In what sense does the Fourier series (2) converge?
Definition Let v € /(R) and v € .#/(R). Then we write

v = Z vk in '(R)

keZ
provided
k=m
Z vk — v in ' (R) as I, m — oo.
k=—1

This is the same as saying that

I
Zv_k%a in ' (R) as | — oo,
k=1

ka—>b in ./'(R) as m— oo
k=0

and v=a-+ b.
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Fourier series for regular distributions

Example Assume u € L{ (R) is 27 periodic. Then for k € Z:

2rc = <u,\|!e_ik(')>:/ u(x)W(x)e ** dx

27 (j+1) '
= 2/2 u(x)W(x)e " dx

JEZ j
2w ) .
= Z / u(x + 27 )W (x 4 2m))ekx+2m) qx
jez Y0
2m .
= Z / u(x)W(x + 2mj)e " dx
jez 'O
2w ) 2w )
= / u(x)e > PW(x) dx :/ u(x)e " dx
0 0
Thus ¢, are in this case the usual Fourier coefficients that some of you

have seen in prelims.
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Characterization of Fourier coefficients in two cases

Proposition Let (c)
numbers.

(1) Then (ck), ., are the Fourier coefficients for a 27 periodic C*°
function if and only if, for each m € Ny,

«ez, De a doubly infinite sequence of complex

k™c, — 0 as |k| — oc.

In this case the Fourier series converges in the C*° sense: the series,
together with all its term-by-term differentiated series, converge uniformly.
(2) Then (Ck)keZ are the Fourier coefficients for a 27 periodic distribution
if and only if the sequence has moderate growth: there exist constants

C > 0 and M € Ny such that

M
2

o] < C(1+47)

holds for all k € Z.
The proof of (1) is left as an exercise and we proved (2) in lecture 14.
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Example Recall that we have shown that the periodisation of a test
function
P(x) = ¢(x + 2mk)
kEZ
gives rise to a linear map P: .#(R) — C5.(R), the space of 27 periodic
C® functions. By the Poisson summation formula we have

1 ik
Po(x) = 5= 3 Bk
keZ
Given a 27 periodic C*™ function f, its Fourier coefficients ¢ satisfy
k™c, — 0 as |k| — oo for any m € Ng. The function

P(x) = Z i (pe * L(k—2e kr26)) (X)

keZ

is therefore for & € (0, &) a Schwartz test function, so by the Fourier
inversion formula its inverse Fourier transform is also a Schwatz test
function, say ¢. It follows that P¢(x) = f(x), so that the map P is onto.
Exercise What is the kernel of P: .(R) — C5(R)?

Lecture 15 (B4.4) HT22 6/11



Plancherel’'s theorem for Fourier series

Theorem If u: R — C is a 27 periodic L2 (R) function with Fourier
coefficients ¢, then

U—che in L2(0,27]
kez
and
— x)‘ dx—Z‘ck‘ (3)
kez
The identity (3) is called Parseval’s identity and can also be expressed as

lull3 = 2||(ci)kezllZ,.

Conversely, if (Cx), ., € {2(Z), then

u= Z Cre'™

keZ

kEZ

with convergence in L?(0, 27] (and v is a 27 periodic L2 _(R) function with
Fourier coefficients C).
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Plancherel’s theorem for Fourier series—proof

Proof. Assume first that u is a 27 periodic C* function. Then we have in
particular that its Fourier series converges uniformly:

u(x) = Z cke®™  holds uniformly in x € R.
keZ

In particular it therefore also converges in L2(0,2x] and

27 5 27 ) i
/ lu(x)|"dx = / Z cre®crei dx
0 0

k,IEZ

27
~ Y aa [
0

k,IEZ

= 27TZ‘Ck‘2.

kEZ
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Plancherel’s theorem for Fourier series—proof

Next, we consider the general case where u: R — C is 27 periodic and
L2 .(R). Put u; = p; * u, where (pt) t~0 Is the standard mollifier on R.
Then u; is a 27 periodic C* function and

2w
/ |u—ue[Pdx — 0 as £ \,0.
0
Now for each t > 0 the Fourier series of u; converges uniformly, say
u(x) = Z ck(t)e™ uniformly in x € R.
keZ

It is not difficult to see that cx(t) — ¢ as t N\ 0 for each k € Z.
We clearly also have for s, t > 0 that us — u; is a 27 periodic C* function
with Fourier coefficients c(s) — ck(t) and according to what we just

proved,
/‘ —ut‘ X—ZTFZ‘C;( — ck(t )}2

keZ
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Plancherel’s theorem for Fourier series—proof

Because (u¢),.  is Cauchy in L?(0,27] as t \, 0, also (c(t)),,, is
Cauchy in ¢5(Z) as t N\, 0. But the latter is complete by the Riesz-Fischer

theorem so for some (ak),_, € f2(Z) we have

H(Ck(t)) — (ak)sz — 0 as t 0.

It follows that ¢, = ax for all kK € Z, hence that (ck) € (5(Z) and that

keZ

27 27
/ ‘u|2dx = Iim/ ‘ut‘zdx
0 t™NO0 Jo
‘2

— l.\n}) o é;ck(t)

= 27rZ‘ck}2.

keZ
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Plancherel’s theorem for Fourier series—proof

Finally in order to see that we also have convergence in L%(0, 27] we
consider for m, n € N:

2m k=n 2 o k=n
/ u(x) — Z crel®™| dx = / lu(x)[?dx — 27 Z {ck‘z —0
0 k=—m 0 k=—m

as m, n — oo. This concludes the proof in one direction.

Concersely suppose (Ck)kGZ € (5(Z), that is, Cx € C and

Zkez}ck‘z < oo. Define

u(x) = Z Ce™™.

keZ

Clearly the sequence (Ck)kez is in particular of moderate growth, so by an
earlier result u € ./(R) is a 27 periodic distribution with Fourier
coefficients Ci. By the previous part of the proof it follows that the
convergence is in L?(0, 27] and so that u € L? (R). O
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