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Abstract

Making precise approximations to solve equations is what distinguishes applied mathemati-
cians from pure mathematicians, physicists and engineers. There are two methods for obtaining
precise approximations: numerical methods and analytical (asymptotic) methods. These are
not in competition but complement each other. Perturbation methods work when some param-
eter is large or small, whereas numerical methods work best when all parameters are order one.
Agreement between the two methods is reassuring when doing research, however, perturbation
methods often give more physical insight. Finding perturbation approximations is more of an

art than a science; it is difficult to give rules, only guidelines, and so experience is valuable!

The author of these notes is Jon Chapman, with minor modifications by Mason Porter, Philip
Maini, Jim Oliver, Eamonn Gaffney and Ruth Baker. Please email comments and corrections
to the course lecturer. All material in these notes may be freely used for the purpose of teaching
and study by University of Oxford faculty and students. Other uses require the permission of

the authors.

These notes are supplementary to the lectures and should be viewed as being a part of the
reading list. These notes are not meant to replace the lectures. Some of the material in these
notes will be covered in a complementary way in lectures and in the problem sheet questions;

some of the material covered in lectures is not covered in these notes and vice versa.

Ruth Baker, MT 2023.
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Chapter 1

Algebraic equations

Suppose that we want to solve
2 +ex—1=0, (1.1)

for x, where € is a small parameter. The exact solutions are

2

€ €
=——+44/1+— 1.2
T=—3 + (1.2)
which we can expand using the binomial theorem to give
aofeCo
2 8 128
PR L
2 8 128

These expansions converge if |e| < 2.

More important is that the truncated expansions give a good approximation to the roots

when € is small. For example, when € = 0.1 we have

zr ~ 1.0 1 term
0.95 2 terms
0.95125 3 terms (1.4)
0.951249 4 terms

exact = 0.95124922...

Here, we first found the exact solution, then approximated. Usually we need to make the

approximation first, and then solve.
1.1 Iterative method

First, rearrange Equation (1.1) so that it can form the basis of an iterative process:
xr=+V1-—ex. (1.5)

Now, if we have an approximation to the positive root, x,, say, a better approximation is given
by
Tnt1 = V1 — €. (1.6)
3



Perturbation Methods 4

We need a starting point for the iteration. A sensible choice is the solution when € = 0. In this

case, xg = 1.

After one iteration (on the positive root) we have
T = 1—e (1.7)

If we expand x; as a binomial series we find

pr=1-c-S S 4o (1.8)

We see that this is correct up to €, but the €? terms and higher are wrong. Hence going forward

we only need keep the first two terms

m:1—%+~- (1.9)

Using Equation (1.9) in the next iteration we have

vy = 1—6(1—2), (1.10)
which can be expanded to give

€ € € e\2 €3 €\3
:1—70—7>——(L~)—u—0—7) . 1.11
2 2" 72/ 7% 3) "\ T2) " (1.11)

e € &

e e 1.12
2 + 8 * 16 + ( )

Now the €2 term is right, but the € term is still wrong. At each iteration more terms are correct,
but more and more work is required! In addition, note that we can only check that a term is

correct (without the exact solution) by proceeding to one more iteration and seeing if it changes.

Note. The usual procedure to find the iterative equation is to place the dominant term of the
equation on the x,; side (i.e., the side that will give the new value), so that it can be calculated
as a function of the terms on the z;, side (i.e., the previously obtained value). As we will see

later, the identity of the dominant term can be adjusted by scaling.
1.2 Expansion method

Here we set € = 0 and find the unperturbed roots = £1 as in the iterative method. We then

pose an expansion about one of these roots of the form
z=14exy + a9+ S5+ . (1.13)
We substitute this expansion into Equation (1.1) to give
(1+eri+Exy+ x5+ )2 +e(l4ex) + x4+ Sz +---) —1=0. (1.14)
Expanding the first term we can write
14 2z1€e + (22 + 220)€ 4+ (22120 + 223)3 + - + e+ 2a) + Ex9 4+ —1=0. (1.15)
Now we equate coefficients of powers of e.

O): 1-1=0. (1.16)
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This level is automatically satisfied because we started the expansion with the correct value
x =1 at e = 0. At higher orders we have
1

O): 22y+1=0 = 1y =3 (1.17)

1
O : 2i42m+11=0 =— a9= 3’ (1.18)
O(@®): 2wz +2r3+20=0 = 13=0. (1.19)

The expansion method is much easier than the iterative method when working to higher orders.

However, it is necessary to assume the form of the expansion (in powers of ¢).
1.3 Singular perturbations

Consider now the problem

ex’ 4+ —-1=0. (1.20)
When € = 0 there is just one root, z = 1, but when € # 0 there are two roots. This is an example
of a singular perturbation problem, in which the limit problem (given by taking ¢ = 0) differs
in an important way from the limit ¢ — 0. The most interesting problems are often singular.

Problems which are not singular are said to be regular.

To see what is happening let us look at the exact solutions

—1++/1+4e
2e ’
and expand them for small € (where the expansions are convergent if |e| < 1/4). The expansions

T = (1.21)

of the two roots are
1—e+2e—5et+ ..
x = . (1.22)
—%—14-6—2624—5644‘"'
We see that the second root disappears to © = —oc0 as € — 0.

To capture the second root we need to start the expansion not with €® but with e~ ! i.e.,

x:%—l—xo—i—exl—i—---. (1.23)
Substituting this expansion into Equation (1.20) gives
e<%—|—xo+ex1—|—~-->2—|—(%—i—xo—kexl%----)—1:0. (1.24)
Expanding the first term we can write
%x%l + 22 1w+ e(2r_qxy + )+ + %x_l +xo+ery+---—1=0. (1.25)
Once again, we equate coefficients of powers of €.
Oe): 22,4+2.,=0 = 2_;=—1or0. (1.26)
The root x_; = 0 leads to the regular root, so we consider the singular root z_; = —1.
O®): 2z jz94+20-1=0 =— z9=—1. (1.27)
O): 2z gz +ad+r=0 = x3=1, (1.28)

which is consistent with Equation (1.22).
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1.4 Rescaling the equation

Instead of starting the expansion with €1, a very useful idea for singular problems is to rescale

the variables before making the expansion. If we introduce the rescaling

== 1.29
r==, (1.29)

into the originally singular equation we find that the equation for X,
X2+ X -e=0, (1.30)

is regular. Thus the problem of finding the correct starting point for the expansion can be
viewed as the problem of finding a suitable rescaling to regularise the singular problem. We now

consider some different approaches to finding the right scaling.
1.4.1 Systematic approach: general rescaling

First pose a general rescaling with scaling factor d(e),
x=0(e)X, (1.31)
in which X is strictly of order one as ¢ — 0. This gives
€0’X? 46X —1=0. (1.32)

Then consider the dominant balance in the equation as §(¢€) varies from very small to very large.

(i) 6(e) < 1. In this case the left-hand side is
€0’°X? 4+ 6X — 1 = small 4 small — 1, (1.33)

which cannot possibly balance the zero on the right-hand side of the equation. As § is
gradually increased the first term to break the domination of the —1 term is §.X, which

comes into play when § = 1.
(ii) 0(e) = 1. Now the left-hand side is
€0’°X? 4+ 6X —1 =small + X — 1. (1.34)

This can balance the zero on the right-hand side, and produces the regular root X = 1+

small.

(iii) 1 < d(e) < e 1. Now the term §X dominates the left-hand side since, upon dividing by d,

€02 X2+ 56X -1

1)
This can only balance the zero on the right-hand side if X = 0, but that violates the
restriction that X is strictly of order one. As § is further increased the dominance of §.X

is broken when the first term comes into play at § = ¢!,

= small + X + small. (1.35)
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(iv) 6(¢) = e~ . Now the left-hand side divided by e5? is

€0?2X%2 46X —1

— = X2 + X + small. (1.36)

This can balance the zero on the right-hand side and gives the singular root X = —1+
small. Note that the solution X = 0 is not permitted since X has to be strictly of order

one.

(v) 6(€) > e~l. Finally, if § is larger still then the left-hand side divided by €§? is dominated

by the first term
€6?X? +6X —1
€62

which cannot balance the zero on the right-hand side with X strictly of order one.

= X? + small + small, (1.37)

1.4.2 Alternative approach: pairwise comparison

An alternative method is to compare terms pairwise, which is quicker when there are a small
number of terms. To get a sensible answer from equating the left-hand side to zero we need at
least two terms to be in balance (sometimes known as a distinguished limit). The possible
combinations are the first and second terms, the first and third terms, or the second and third

terms.

(i) First and second terms in balance. To have ez? and x in balance requires x to be of size
¢!, Then these terms are both of size ¢!, and dominate the remaining term —1, which

is of size one. This leads to the singular root.

(ii) First and third terms in balance. To have ez? and —1 in balance requires x to be of size

1/2

¢1/2. Then these terms are both of size one, but the remaining term x is of size ¢/, so

that this single term dominates and there is no sensible balance.

(iii) Second and third terms in balance. To have z and —1 in balance requires = to be of size
one. Then these terms are both of size one, and dominate the remaining term which is
size €. This leads to the regular root.

1.5 Non-integral powers

Consider the quadratic equation
(1—ea?—2x+1=0. (1.38)

Setting € = 0 gives © = 1 as the double root (a sign of the danger to come). Proceeding as usual
we pose the expansion
=14 exy + oo+ . (1.39)

Substituting into Equation (1.38) gives

(1—)(1+ex+Eag+--)  —2(1+exs + Evg+--) +1=0. (1.40)
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Expanding leads to
142z + 2z + 23 + - — e — 2212 4+ - — 2 — 2m1€ — 229e* + - + 1 = 0. (1.41)
Comparing coeflicients of € gives
OE): 1-2+1=0, (1.42)
which is automatically satisfied because we started with the correct value x =1 at e = 0, and
O(e): 2x —1—2z; =0, (1.43)

which cannot be satisfied by any value of 21 (except 1 = 0o in some sense).

The cause of the difficulty is illustrated by looking at the exact solution

1
Expanding the largest root for small € gives
c=14e24et 4., (1.45)

1/2 instead of e. This is what 21 = oo is hinting at: the

1/2

We should have expanded in powers of €

scaling on x; is too small. In retrospect we could have guessed that an order €¢'/# change in =

would be required to produce an order € change in a function at its minimum.

If we instead pose the expansion
a::1+61/2x1/2+ex1—|—---, (1.46)
and substitute into Equation (1.38) we have
1/2 2 1/2
(1—¢) (l—i-e / x1/2+6x1+---> —2<1+e / .’E1/2+€.’I}1+"'> +1=0. (1.47)
Expanding gives

1+ 2331/261/2 + (221 + x%ﬂ)e + (223/2 + 23;1/2351)63/2 4.
—€— 2331/263/2 +e=2— 2x1/261/2 — 2w1€ — 2:E3/2€3/2 +---+1=0. (1.48)

Comparing coeflicients of € we find that
O(e") : 1-2+1=0, (1.49)

is automatically satisfied, as usual, and
O(e'/?) 221y — 2315 = 0, (1.50)

is satisfied for all values of z;/,. Note that it is slightly disturbing that x5 is not determined

but at least the expansion is consistent so far. Continuing gives
O(e) : 2r1 + 2]y — 1 — 221 =0, (1.51)
so that zy/, = £1 and x; is not determined at this level.
0(63/2) : 22375 + 221 /971 — 2119 — 2135 = 0, (1.52)

so that 1 = 1 for both roots x5, while x5/, is not determined.
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1.6 Finding the right expansion sequence

How would we determine the expansion sequence if we did not have the exact solution to compare

with? First pose a general expansion

r =1+, di(e) < 1, (1.53)
and substitute into Equation (1.38) so that
(1—€)(14021)> —2(1+6x1)+1=0. (1.54)
Expanding gives
1420121 + 0222 — € — 2e6121 — Orex? —2 — 201w +1 = 0. (1.55)
Simplifying leaves
61x? — € — 2eb1x1 — 0%ex? = 0. (1.56)

Now we play the dominant balance game again. Since €§; < e the leading terms are 6722 and e.

Thus to get a sensible balance we need 61 = ¢1/2. 'With this value for §; we equate coefficients
of € to give

i -1=0 =— a3 ==1 (1.57)

To proceed to higher order we play the game again. Choosing x1 = 1 for example, we now have

r=1+ 61/2 + doxo, 52(6) < 61/2. (1.58)

Substituting into Equation (1.38) gives
(1—e) (1 ey 52952)2 _9 (1 ey 52332) +1=0. (1.59)
Expanding we have
1+2Y2 pet 20919 + 261/2621:2 + 5§$§ —e—2e32 2
—2ebyx9 — 2628919 — €6323 — 2 — 2612 — 26920 +1 =0, (1.60)
and then simplifying leaves
26" /265z0 + 6203 — 26%/% — € — 2edowy — 26326929 — €d373 = 0. (1.61)
Since 6y < €/2 the dominant term involving &5 is 2¢1/28525. This must balance with —2¢3/2,

giving do = € and zo = 1.
1.7 The iterative method

This is often very useful in cases where the expansion sequence is not known. Writing the
original quadratic as
(z — 1) = ex?, (1.62)
we are led to the iterative process
Tpi1 =1+ 2, (1.63)
Starting with g = 1 the positive root gives
xy =142 (1.64)

and
o =1+ +e (1.65)
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1.7.1 Logarithms

Consider the transcendental equation
xe ¥ =e. (1.66)

One root is near x = 0 and is easy to approximate. The other gets large as ¢ — 0 and is more
difficult to find. Since the expansion sequence is not obvious we use the iterative procedure.
Now, when z = log(1/e) we have ze™* = elog(l/e) > e. When = = 2log(1/e), this gives

re~® = 2¢e?log(1/€) < €. Over this range the term z is slowly varying while e~ is rapidly
varying. This suggests rewriting Equation (1.66) as
. €
= — 1.67
=t (167
giving the iterative scheme
Tny1 = log(1/€) + log xp,. (1.68)

We have seen that the root lies roughly around = = log(1/¢), so we start the iteration from
xo = log(1/e). Then we have
x1 = log(1/e) + loglog(1/e), (1.69)

and

g = log(1/€) + log(log(1/€) + loglog(1/¢))

= log(1/€) + loglog(1/e) + log (1 + W)

2
:log(l/e)—i—loglog(l/e)—l—loijgo(gl(/le/)e) - % (W) +e (1.70)
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Iterating again

2
x3 = log(1/e) + log <log(1/e) + loglog(1/e) + W - % (W) )
B loglog(1/e) loglog(1/e) 1 (loglog(1/e))?
= 10g(1/0)-+oglog1 -+ (1+ S )+ TR - SR )
B loglog(1/e) loglog(1l/e) 1 (loglog(1/e€))?
= togt) + stoe(9) + (2 + G - i)
_ 1 (loglog(1/e) loglog(1l/e) 2 1 (loglog(1/e) 3
> (st et ) 5 Chstirg +0)
= log(1/€) + loglog(1/e) + lolgoz)(gl(/le/)e)
~}(loglog(1/0)? + loglog(1/e) __}(oglog(1/e))" - J(loglog(1/0)* + -
(log(1/€))? (log(1/€))? '

_l’_

(1.71)

This is a difficult sequence to guess! The appearance of loge, and especially of loglog(1/¢),
means that very small values of € are needed for the asymptotic expansion to be a good approx-

imation. Normally we hope that it is sufficient to take ¢ = 0.5, or at worst ¢ = 0.1. However

even when € = 107, loglog(1/¢) is only three.



Chapter 2

Asymptotic approximations

This chapter provides a series of definitions that are useful for describing the properties of

asymptotic approximations.
2.1 Convergence

A series > 7 fn(2) is said to converge at a fixed value of z if given an arbitrary e > 0 it is

possible to find a number Ny(z, €) such that

N
Z fa(2)| <e forall M, N > Njp. (2.1)
n=M

A series ) 7 fn(2) is said to converge to a function f(z) at a fixed value of z if given an

arbitrary € > 0 it is possible to find a number Ny(z, €) such that

N
an(z) — f(2)| <e forall N> Ny. (2.2)
n=0

Thus a series converges if its terms decay sufficiently rapidly as n — oo.

The property of convergence is less useful in practice that we are often led to believe. Consider

erf(z) = \j% /OZ e dt. (2.3)

is analytic in the entire complex plane it can be expanded in a Taylor series

X 42\n
yo o (2.4)

n=0

. _ 42
Since et

which converges with an infinite radius of convergence (i.e. it converges for all ¢). This allows us
to integrate term by term to get a series for erf(z) which also converges with an infinite radius

of convergence:

w|®,
N

2 5 2’7 29 le
S (S A - ) 2.5
NG (Z "0 12 216 1320 ) (2:5)

12
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Taking eight terms in the series gives an accuracy of 107> up to z = 1. As z increases pro-
gressively more terms are needed to maintain this accuracy, e.g. 16 terms at z = 2, 31 terms
at z = 3, and 75 terms at z = 5. As well as requiring lots of terms, the intermediate terms
get very large when z is large (there is lots of cancellation from positive and negative terms).
Thus round-off errors come into play. A computer with a round-off error of 10=7 can give an
answer accurate to only about 10™* at z = 3 because the largest term is about 214. At z = 5
the largest term is 6.6 x 108, so that round-off error swamps the answer, and the computer gets

it completely wrong.

The problem is that the truncated sums are very different from the converged limit—the

approximation does not get better with each successive term (until we include a lot of terms).

An alternative approximation to erf(z) can be constructed by writing

2 [®
erf(z) =1— ﬁL e " dt, (2.6)

and integrating by parts to give

00 o0 o —t2 —22 oo ,—t?
/ e dt :/ € at=° —/ . (2.7)
- - 2t 2z . 2t
Continuing integrating by parts gives
2
e ? 1 1.3 1.3.5
fz)=1—-—F%(1—-=— — e 2.8
erf(2) 2T < 2.2 " (222)2 (222)3 + ) (28)

This series diverges for all z: it has radius of convergence zero. However, the truncated series
is very useful. At z = 2.5 three terms give an accuracy of 107°. At z = 3 only two terms are
necessary. The series has the important property that the leading term is almost correct, and
the addition of each successive term gets us a bit closer to the answer, i.e. each of the corrections

is of decreasing size (until they finally start to diverge). The series is an asymptotic series.
2.2 Asymptoticness

A sequence { fr,(€) }nen, is said to be asymptotic if for all n > 1

fn(€)
Jn-1(€)

—0 as € — 0. (2.9)

A series Y 7 ) fn(€) is said to be an asymptotic approximation to (or asymptotic expansion
of) a function f(e) as e — 0 if for all N >0

Fle) = 30y fule)
In(e)

i.e. the remainder is smaller than the last term included once € is sufficiently small. We write

—0 as € — 0, (2.10)

[~ Z fn(€) as € — 0. (2.11)
n=0

Usually we don’t worry about getting the whole series, just the first few terms.
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Often the f,(€) are powers of € multiplied by a coefficient, i.e.
o0
fr> ane®, (2.12)
n=0

which is called an asymptotic power series. Sometimes though, as we have already seen,
fractional powers or logs may appear.
2.3 Order notation

We write f = O(g) as € — 0 to mean that there exist constants K > 0 and ¢y > 0 such that

|f| < Klg| for all € < €. (2.13)

We write f = o(g) as € — 0 to mean

i%O as € — 0. (2.14)

9

Then f,(€) is an asymptotic sequence if f, = o(f,—1), and f ~ ZZO:O S if
N
f— an =o(fy) forall N >0. (2.15)
n=0

Examples
e sinz = O(x) as ¢ — 0.
e sinz = 0O(1) as z — 0.

e sinz = O(1) as x — 0.

logz = O(z) as x — oo.
e logx =o(x) as z — oo.

e logz =o(x™°%) as  — 0, for any § > 0.

2.4 Uniqueness and manipulation of asymptotic series

If a function posesses an asymptotic approximation in terms of an asymptotic sequence, then that

approximation is unique for that particular sequence. Given the existence of an approximation

[~ Z anén(€)7 (216)
n=0
in terms of a given sequence {0,(€) tnen,, the coefficients can be evaluated inductively from
i T = X andn(©)
ap = 1% 50 (c) . (2.17)

'Note: when dealing with simple powers we often take the order to be largest /smallest such power that works.
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Note that the uniqueness is for a given sequence. A single function may have many asymp-

totic approximations, each in terms of a different sequence. For example

3 9 5
tan(e)we—l—%—kl—;—l—--- (2.18)
1 3
~sine+ o (sin €)® + g(sine)5 SEEEE (2.19)

~ € cosh (\/26) + 23—710 (ecosh (\/36)) +--- (2.20)

Note also that the uniqueness is for a given function: two functions may share the same
asymptotic approximation, because they differ by a quantity smaller than the last term included.

For example,

)
exp(e) ~ 6—' as € — 0, (2.21)
o
[e.e] En
exp(e) + exp(—1/€%) ~ Z o] ase— 0f, (2.22)
n=0

where € — 07 means as € tends to zero through positive values. Two functions sharing the same
asymptotic power series, as above, can only differ by a quantity which is not analytic, because

two analytic functions with the same power series are identical.

Asymptotic approximations can be naively added, subtracted, multiplied or divided, result-
ing in the correct asymptotic expression for the sum, difference, product or quotient, perhaps

based on an enlarged asymptotic sequence.

One asymptotic series can be substituted into another, although care is needed with expo-
nentials. For example, if
f(z) =€, z(e) = e, (2.23)

then

4
f(z(e)) = el H9?  eme %2 <1 +e2+ % + - ) . (2.24)

However, if only the leading term in z is used we get the wrong answer, exp(—e~2), in error by a
factor of 2. To avoid this error the exponents need to be calculated to O(1), not just to leading

order. Remember that cos and sin are exponentials as far as this is concerned.

Asymptotic expansions can be integrated term by term with respect to € resulting in the
correct asymptotic expansion of the integral. However, in general they may not be differentiated
with safety. The trouble comes with terms like € cos(1/€) which has a derivative O(1/¢) rather
than the expected O(1). Such terms move higher up the expansion when integrated (safe), but
lower down it when differentiated (unsafe). Thus when differentiating there is always the worry

that neglected higher-order terms suddenly become important.
2.5 Numerical use of divergent series

Usually the first few terms in a series are enough to get the desired accuracy. However, if

a more accurate representation is needed more terms can be taken. Clearly, if the series is
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divergent, as they often are, it makes no sense to keep including extra terms when they stop
decreasing in magnitude and start to diverge. Truncating at the smallest term is known as

optimal truncation.
2.6 Parametric expansions

So far we have been considering functions of a single variable as that variable tends to zero. Such
problems often occur in ordinary and (especially) partial differential equations when considering

far field behaviour, for example, and there they are known as coordinate expansions.

More common is for the solution of an equation to depend on more than one variable, f(z;e€),
say. Often we have a differential equation in the independent variable & which contains a small
parameter €, hence the name parametric expansion. For functions of two variables the obvious
generalisation is to allow the coefficients of the asymptotic expansion to be functions of the

second variable:

f(z;€) ~ Z an(z)on(e) ase— 0. (2.25)
n=0



Chapter 3

Asymptotic approximation of

integrals

In this chapter we will explore a range of different approaches to approximate integrals, paying

attention to their validity and accuracy.
3.1 Integration by parts

We have already seen the use of integration by parts to obtain an asymptotic approximation of

the error function. Here we show some more examples.
3.1.1 Example 1: Derivation of an asymptotic power series

If f(e) is differentiable near € = 0 then the local behaviour of f(e) near ¢ = 0 may be studied

using integration by parts. We write

10 =50+ [ @) (3.1)
Integrating by parts once gives
10 = 10+ [w = @] + [ (=) @) da (32)
Repeating N — 1 times gives
N
€nf(n)(0) 1 ‘ N £(N+1)
fle) = nz:;) —— N'/o (e—a)Vf (z)dz. (3.3)
If the remainder term exists for all N and sufficiently small € > 0 then
X en £(n)
fe) ~ Z efn'(O) as € — 0. (3.4)
n=0

If the series converges then it is just the Taylor expansion of f(€) about € = 0.

3.1.2 Example 2

I(z) = / Tt (3.5)
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As z — oo,
1 [>1d 4
I(x)=—= ——(e7V)dt
@=-3/ FHE™
et]T 3 /°° Ly,
=|-—=| —-- —e
4¢3 oA t4
4
e " 3 [ "
= —0 — - —e * dt. 3.6
43 4 /m #° (36)
The first term is the leading-order asymptotic approximation because
1 _u 1 © _a 1
—e tdt < — et dt = —1I(z) < I(z) as r — 00. (3.7)
z U = J, T

Further integration by parts gives more terms in the asymptotic series.

3.1.3 Example 3

I(z) = /O 120ty (3.8)

Here we need to be more careful because the naive approach

12, -4]* 1 [ 2
I(z) = {—t_ / e_t} - / t3/2¢ 7t dt, (3.9)
0 2Jp
gives 0o — 0o. Instead we express I(z) as the difference between two integrals
o0 oo
I(z) = / t712e7tdt — / t=12e7tat. (3.10)
0 T

The first integral is finite, independent of x; it has the value I'(1/2) = /7. The second may be

integrated by parts successfully, because the contribution from the endpoint vanishes.

/ t—l/Qe—tdt:\/EJr/ t_l/zi(e_t)dt

0 dt

e—x

=T — -+ +3/2¢7t 4t 3.11
-+ 2/96 ¢ (3.11)

General rule: Integration by parts will not work if the contribution from one of the limits of
integration is much larger than the size of the integral. Here I(x) is finite for all > 0, but at

the endpoint ¢ = 0 the integrand has a singularity, which gets worse on differentiating.

3.1.4 Failure of integration by parts

I(z) = /OOO e " dt. (3.12)

If we try integration by parts we find

e’} e’} 1 —zt? 0 © 1
e [T () (o) df:[egt] - mEeta 6w
0 0 x —a 0 4T
0

The final integral does not exist, a sure sign that integration by parts has failed. In fact, I(x) has

the exact value /7/(2y/x). Integration by parts could never pick up this fractional power, and
is doomed to failure. Integration by parts will also not work when the dominant contribution to
the integral comes from an interior point rather than an end point. While integration by parts
is simple to use and gives an explicit error term that can often be rigorously bounded, it is of

limited applicability and inflexible.
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3.2 Laplace’s method

Laplace’s method is a general technique for obtaining the behaviour as x — 400 of integrals of

the form )
I(z) = / F(t)e™®® dt, (3.14)
where f(t) and ¢(t) are real continuous functions.

3.2.1 Example

Find the asymptotic behaviour of

10 et
I(x):/o ik (3.15)

As x — oo the largest contribution to the integral comes from near ¢ = 0 because this is
where —t is biggest. For values of t away from zero the integrand is exponentially small. So
split the range of integration:

€ e—at 10 e—xt
I(x) = dt—l—/ —dt, 3.16
(z) /0 (1+1) e (1419 ( )
where 17! < ¢ < 1. The second integral is O(e~“*) which is exponentially small by comparison
to the first, so we can neglect it. In the first integral ¢ is small so we can Taylor expand 1/(1+t).
The best way to be systematic is to change variable xt = s, giving
1 xTe 6—5
I(x) ~— ——ds. 3.17
(z) x /0 (1+s/x) (3.17)

Since xe is the largest value of s and, obviously, ex < x we Taylor expand 1/(1 + s/x) to give

1 TEe L e (—S)n o0 1 TE I
I(x) ~ 1’/0 e Z 7(18 = Z o /0 (—s)"e *ds, (3.18)
n=0 n=0

since the expansion is uniform on 0 < s < ex.

Finally, we can now replace the upper limit xe by infinity in each sum, introducing only
exponentially small errors again because integration by parts shows that

/00 s"e *ds = O((xe)"e™ ). (3.19)

€

Hence
o0

- 1 o n_—s (_1)nn|
I(ﬂf) ~ Z W . (*S) e °ds = Z W as r — Q. (320)
n=0

n=0
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3.3 Watson’s lemma

The method of the example can be justified using Watson’s lemma, which applies to integrals

of the form )
I(x) = / f(t)e tdt, b>0. (3.21)
0

Suppose f(t) is continuous on the interval 0 <t < b and has the asymptotic series expansion
[o.¢]
F&) ~ ) ant? ast— 0+, (3.22)
n=0

where @ > —1 and 8 > 0 so that the integral converges at ¢ = 0. If b = oo it is also necessary

that f(t) < e as t — +oo for some positive constant ¢ so that the integral converges at t = co.

Watson’s lemma states that

oo

anl'(a+ fn +1)
I(x) ~ Z php as & — +00. (3.23)

n=0

The derivation of Watson’s Lemma is basically by the same method as in the example if the
asymptotic series for f is uniformly convergent in a neighbourhood of the origin (as is often the
case in practice). If this is not the case (as it is in general), then it is no longer possible to
interchange the order of integration and summation: we work instead with a finite number of
terms in the asymptotic expansion of f by writing, for each positive integer N,
N—1
F) =t ant™ + O(t"N) ast — 04 . (3.24)

n=0
The result is then readily derived by showing that, for each positive integer N,
N-1

anT'(a+ pn+1) 1
I(z) = Z ot Bnil +0 CaTANTT as T — 400. (3.25)

n=0

3.4 Asymptotic expansion of general Laplace integrals
Consider the integral
b
I(z) = / F(t)e™®® at. (3.26)

We have seen that the dominant contribution to the integral will come from the place where
@(t) is largest.
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There are three cases to consider:

1. the maximum is at ¢t = a;
2. the maximum is at ¢ = b;

3. the maximum is at some ¢t = ¢, with a < ¢ < b.
In each case the argument is as follows:

1. the dominant contribution to the integral comes from the near the maximum of ¢. We can
reduce the range of integration to this local contribution introducing only exponentially

small errors;
2. near this point we can expand ¢ and f in Taylor series;

3. after rescaling the integration variable, we can replace the integration limits by oo intro-

ducing only exponentially small errors.

3.4.1 Case 1: maximum at t = a

First we can split the integral into a local and nonlocal part:
a+e b
I(z) = / F()e*® dt + / f(t)e™®® d, (3.27)
a a+e

where 27! « € < 7'/ (we will see where these restrictions come from soon). The second
integral is exponentially small compared to the first, since it is O(e*?(%+9)) and ¢(a + €) ~
#(a) + €¢'(a). Thus the second integral is O(e**®(®)) times the first (which we will see is

O(e*®(@)). This is why we need ze > 1; remember that ¢/(a) < 0 since ¢ is maximum at t = a.

In the first integral we can expand ¢(t) and f(t) as asymptoptic series about ¢t = a:
o(t) ~ ¢(a) + (t —a)d'(a) +---,  f(t)~ fla)+(t—a)f'(a)+---. (3.28)
Then

ate _a2
1)~ [ (@) = s @)+ e <m [qs(a) (- a)d(a) + LY

2

¢"(a) + - D dt.

(3.29)

Now we rescale the integration variable to remove the x from the exponential, i.e. we set
z(t —a) = s. Then

eTo(a)

X

I(z) ~

/OK (F@+ 27 (@) + ) exp <s¢’(a) + ;iqﬁ”(a) . ) ds. (3.30)

Note that ¢'(a) < 0, since ¢ is maximum at a. Now we can expand exp(s?¢”(a)/2x + ---) as

T — 00 as 9
S

1+—¢" 3.31

+5-¢"(a) + (331)

This is fine providing (z€)?/z < 1 i.e., € < /2. This is where the other restriction on € comes
from. Keeping only the leading-order term we have

zp(a) pxe ,
I(z) ~ 1O / ¢39'() g, (3.32)
0

X
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Now we can replace the upper limit by infinity, introducing only exponentially small errors:

z¢p(a) poo , zp(a)
H@mei¢ﬁ &W@mzﬂglz. (3.33)

3.4.2 Case 2: maximum at t =b>

A similar argument shows that

0
I(z) ~ %. (3.34)

3.4.3 Case 3: maximum at t = c where a < c < b

First we can split the integral into a local and nonlocal part:

c—e cte b
I(z) = / F()e™® dt + / Fe*Odt+ [ ft)e*®de, (3.35)
a c—€ cte
where in this case we will see that we need 1/z'/? < € < 1/z'/3 (we will see where these
restrictions come from shortly). The first and last integrals are exponentially small compared to
the second, since they are O(e*?(¢t9)). In this case ¢(c + €) ~ ¢(c) + €2¢"(c)/2 because ¢ has a

maximum at the interior point ¢t = ¢ so ¢/(¢) = 0. This is why we need ze? > 1 i.e., 2712 < e.

In the second integral we can expand ¢(t) and f(t) as asymptotic series about t = ¢:

(t — C)2 /1 (t — C)3 " /
ot) ~dle) + 5= () + 0" (c) -, f)~ fle)+(t=e)f(c)+---. (3.36)
Then
c+e —_c 2 —c 3
1)~ [+ = ar@ e (o o0 + P00 + LT+ Yar

3.37
Now we rescale the integration variable to remove the x from the exponential, i.e. V\(Je set):
VvV (t — ¢) = s (note the different scaling of the contributing region). Then
eP(c) Ve $3
T VE s T 6va
Note that ¢”(c) < 0, since ¢ has a maximum at ¢t = ¢. Now we can expand exp (s3¢"(c) /6/z + - - -)

as r — o0 as

e (10 + 270+ Yo (580 + Sod@ 4o ) s (239)

3

1 P
vz

This is fine providing (x1/26)3/x1/2 < 1, i.e. e < V3. This is where the other restriction on

") 4 (3.39)

e comes from. Keeping only the leading-order term we have
f(c)ero© Ve
\/E —/ze

Now we can replace the upper and lower limits by +oco, introducing only exponentially small

I(x) ~ 579" (92 g, (3.40)

eIrors:

f(c)ez(b(C) > es2¢"(c)/2 ds = \ 27Tf(0)€x¢(c) )

I(zx) ~ ——
SR N =

(3.41)
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3.5 Method of stationary phase

The method of stationary phase is used for problems in which the exponent ¢ is not real but

purely imaginary, say ¢(t) = it)(t), where 1 (t) is real.
b
I(z) = / F(t)e™?® e, (3.42)

3.5.1 Riemann-Lebesgue Lemma

If f; |f(t)|dt < oo and ¥(t) is continuously differentiable for a < ¢ < b and not constant on any

subinterval in a <t < b, then
b .
/ FH)e**®dt -0  as z — oo. (3.43)

The Riemann-Lebesgue Lemma is useful when using integration by parts.

Example

1 eisct
I = dt. 3.44
@ = (3.4

Integrating by parts gives
ie'®

I(z) = — —l—i—i/lemdt (3.45)
2z x wf, (1402 ’

The last integral is lower order by the Riemann-Lebesgue lemma.

Why is the Riemann-Lebesgue lemma true? Locally near any point ¢t = tp, we have 9(t) ~
W(to) + (t — to)Y'(tg) + - - and the period of oscillation is 27/(z¢(tp)). As z — oo this is
very small, f(¢) is almost constant, and the contribution from the “up” and “down” parts of
the oscillation almost cancel out'. However, this is not true if ¥/(¢y) = 0. In this case the

integrand oscillates much more slowly near ¢y, so that there is less cancellation. Here is a plot
of Re(elOOixQ):

"You can find a rigorous proof of the Riemann-Lebesgue lemma in analysis books.
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Suppose ¢'(c) = 0 with a < ¢ < b and ¢/(t) being nonzero for a <t < cand ¢ <t <b. As

for Laplace’s method, we split the range of integration

c—e ) cte ) b )
(z) = / F(t)e¥® at + / FeOde+ [ F)e™®dt, (3.46)
a c—e cte

where € < 1. The first and third integrals are lower order. To show this we use integration by

_ | f@® izip(t) o L e 4 f(t)
= |:i:cz/ﬂ(t) Pl ) - /a elrvit a o dt. (3.47)

Providing the last integral exists it is lower order by the Riemann-Lebesgue lemma. The

(i) olisk)

providing ¢ (c) # 0. For the second integral we expand ¢ and f as an asymptotic series about

parts

~—

first intergal is

t=c

. / (t*C)z " (tfc)3 "
@)~ fl+ = f(e) - D) ~ple) + 57 (c) + =¥ (c) +--- . (3.49)
Then
ct+e . c+e
/_ ()0 d ~ /_ (F(O)+ (t— )f(c) +---) x
—c 2 —c 3
exp (z:p [@/}(0) - <t2)w”(c) + (tG)w”’(c) + - D dt. (3.50)

As for Laplace’s method, we change the integration variable so that the oscillation is on an
order one scale by setting z/2(t — ¢) = s to give

1/2,

[T e oan S8 (10 + e+ ) x

52 83
exp <z’2¢"(0) + i6x1/2 " (e) + - - ) ds. (3.51)

Now we can expand exp (is3¢”’(c)/6x1/2 +---) as

1+ 26331/2 " (e)+ -, (3.52)
so long as € < 2~ 1/3. The leading order term is
zmb(c) /2 y
/ F)e™® dt ~ % / V92 g5, (3.53)
—xl/2¢

Now we replace the limits of integration by +oo, which introduces error terms of order 1/(xe)

(check by integration by parts). Hence

cte ] iz (c) o o
/ F)emi gp o LT (C)‘i / (/245 + O <1>
c—e /2 —00 €re

\/ﬂf( ) iz c)eim’/4 1
a0 (z)

(3.54)

xre
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where (contour integration reveals that) the factor e*/4 is used if 1/ (¢) > 0 and e~*"/* is used
if 9" (¢) < 0. Thus we need =2 > (ex)!, i.e. € > 2~1/2, as in Laplace’s method. The error

is the same order as the neglected first and third integrals. So finally

B \/ﬂf(c)emw(c) eiiw/4 O 1
- x1/2]w”(c)]1/2 + )

I(z) (3.55)

Te
as £ — oo with 27V2 < e < 271/3,

Important notes

e The error terms are only algebraically small, not exponentially small as in Laplace’s
method.

e Higher-order corrections are very hard to get since they may come from the whole range of
integration. This is in contrast to Laplace’s method where the full asymptotic expansion

depends only on the local region because the errors are exponentially small.

3.6 Method of steepest descents

Laplace’s method and the method of stationary phase are really just special cases of the general

method of steepest descents, which is for integrals of the form

I(z) = /C F#)eme0 ar, (3.56)

where f(t) and ¢(t) are complex, and C' is some contour in the complex t-plane.

We might expect, based on Laplace’s method, that the important contribution to the integral
as © — 400 comes from the place where Re(¢) is maximum, at ¢y say, and that the integral is
basically of size

2
_A(Zsll(to) ?

where ’ is the derivative along the path of integration. However, this estimate is way too large.

f(t)emetto) (3.57)

The reason is that it ignores the rapid oscillation due to the imaginary part of ¢, which causes
cancellation exactly as in the method of stationary phase. We can see that the estimate above
is wrong by deforming the contour a bit, which does not change the value of the integral, but

which can change the maximum value of Re(¢).

Now, since ¢(t) = wu(§,n) + iw(&,n) is an analytic function of ¢ = £ + in, we have the
Cauchy-Riemann equations

Ug = Uy, Uy = —Ug. (3.58)

Hence VZu = Uge + Upy; = 0. This means that u cannot have any maxima or minima in the
(&,m)-plane, only saddle points (since a maximum or minimum would require ueguy,, > 0). Thus
the landscape of u has hills (v > 0) and valleys (u < 0) at infinity, with saddle points which are
the passes from one valley into another. By the Cauchy-Riemann equations the saddle points
are where d¢/dt = 0. If our contour is infinite it must tend to infinity in a valley (see e.g.
the surface plot of u(¢,n) = n? — €2 for ¢(t) = —t?). By deforming the contour we can keep

reducing the maximum value of u, until the contour goes through the saddle point which is the
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lowest that u gets (see e.g. the contour plot of v in which solid lines are for positive values of u,
dotted lines are for negative values of u, and the dashed lines show C' being deformed through
the saddle point).
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But why do we know that this is the right value? Suppose we can deform the contour C' into
one in which v is constant. Then there is no oscillation in the integrand, and the Laplace-type
argument will work. Now if v is constant on the path, then Vv = (v¢,v,) is perpendicular to
the path. By the Cauchy-Riemann equations this means that Vu = (ug,u,,) is parallel to the

path, so that the path follows the steepest directions on the surface of u.

There is only one path on which v is constant which goes to a valley at +co and this is the
path through the saddle. A little thought shows that this has to be the case. Since u is first
increasing as we come up from one valley and then decreasing as we go off to another valley,
we must go through a point where du/ds = 0, where s is distance along the path. Since v is
constant, so that dv/ds = 0 everywhere on the path, we must go through a saddle point at
which both du/ds = 0 and dv/ds = 0.

Hence the method of steepest descents is as follows:

1. deform the contour to be the steepest descent contour through the relevant saddle point(s);
2. evaluate the local contribution from the saddle point exactly as in Laplace’s method;

3. evaluate the local contribution from the end point(s) exactly as in Laplace’s method.

Remember that when deforming the contour we must include the contribution from any poles

that we cross.

Of course, we could have chosen a path on which u = Re(¢) was constant and applied the
method of stationary phase. However, we have seen that Laplace’s method is far superior in
that it can generate all the terms in the asymptotic series: the neglected “tails” of the integral
are exponentially small. In fact, the best way to generate higher order terms in a stationary

phase integral is to deform to the steepest descent contour.
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3.6.1 Example: steepest descents on the gamma function

Consider as x — oo the gamma function, I'(z), which may be defined by

1 1 .
— = t—rdt 3.59
T(z)  2rmi / - ’ (3.59)
where C’ is a contour which starts at t = —oo — ia (a > 0), encircles the branch cut that lies

along the negative real axis, and then ends up at t = —oco + b (b > 0).

9 N\
)

This is a moveable saddle problem. Writing e't~® = e!~Int and differentiating the whole
exponent with respect to ¢t shows that there is a saddle point at ¢ = x. Thus we begin by

changing the moveable saddle to a fixed saddle by the change of variable ¢t = zs to give

1 1 L
_ z(s—log s) ds = —— md)(s)d 3.60
I‘(x) Srigt 1 /Ce S DY /;'6 S, ( )

where ¢ = s —log s and C'is the rescaled contour (which we could take to be the same as C’ by

the deformation theorem). The saddle point(s) are now at ¢'(s) =0, i.e. s = 1.

We deform to the steepest descent contour Im(s) = arg(s) (] arg(s)| < m) through the saddle,
as illustrated in the above figure. Having deformed to the steepest descent contour the procedure
is exactly that for Laplace’s method. The integral is split into a local contribution from near
the saddle and the rest, which is exponentially smaller. For the local contribution ¢ is expanded
in a Taylor series about the saddle point s = 1 giving

(s—1)?2 (s—1)°

Ps) v 1t o e (3.61)
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so that

r(lsc) - zmjz—l /eXp (x(s y e 3 Lo > s 50

At this stage the integral is from —e to € along the steepest descent contour from the saddle

s = 1. We then rescale the integration variable so that the quadratic term in the exponent is
O(1) by setting \/z (s — 1) = u, giving

1 e’ u? ud
- Xp +...)d .
| (x) 2mx® 1\53 /e ( 2 3\fw > s (3 63)

1/2

where the integral is from —xz'/2¢ to /%€ along the steepest descent contour. We now expand
e~ W /3t keeping only the first term and replace the integration limits by +oo along the

steepest descent contour (introducing only exponentially small errors), giving

1 e’ 2
I(z) 2mizv—1/2 / e du. (3:64)

Now the steepest descent contour is locally parallel to the imaginary axis near to the saddle point

s =1, so we set u = iv. A comparison with the figure above tells us which way to integrate, in

this case from v = —o0 to v = co. Thus,
1 e’ —v2/2 e’
~ dy= —— 3.65
[(x) 2maz—1/2 /_OO ° Y V2mze—1/2’ (3.65)
1.e.
[(z) ~ V2rz" 2™ as 2 — 0. (3.66)
3.6.2 Example: steepest descents on the Airy function
Positive argument
Consider as £ — oo the Airy function
1 . ;
Ai(z) = o— / !t /3+at) qp. (3.67)
m ’

where C is a contour that starts at infinity with 27/3 < arg(t) < 7 and ends at infinity with
0 < arg(t) < m/3. Note that the integrand decays at infinity where Re(it?) < 0, i.e. in the
sectors defined by 0 < arg(t) < 7/3, 27/3 < arg(t) < m and 47/3 < arg(t) < 57/3.

This is a moveable saddle problem. Differentiating the whole exponent shows that the saddle

points are at t = +iz!/2. Thus we rescale t = z1/2z to give
1/2 1/2
Ai(x) = 3:// e /342) 4y = a:// e ?0(2) 4 (3.68)
2 C 2 C ’

where ¢(z) = i(23/3 + 2) and C is the rescaled contour, which we could take to be the same as
C' by the deformation theorem and must start in the sector V; and end in the sector V5 shown
in Figure 3.1(a).

The saddle points are the points where ¢'(z) = 0, i.e. z = £i. We deform the contour C to the
steepest descent contour from V5 to Vi, which goes through the saddle point z = ¢ but not the

saddle point z = —i.
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(a) (b)

Figure 3.1: Steepest descent curves for (a) x — oo and (b) x — —oo. Note that the shading
shows the sectors which are valleys at infinity and is not supposed to be a contour plot of
the magnitude of the integrand, but just an aid to determine the steepest descent (rather than

ascent) contour.

Having deformed to the steepest descent contour the procedure is exactly that for Laplace’s
method. The integral is split into a local contribution from near the saddle and the rest, which
is exponentially smaller. For the local contribution ¢ is expanded in a Taylor series about the
saddle point z =1 as
+e (3.69)

so that

1/2,—223/2/3 .
Ai(z) ~ % / e @i gy (3.70)

At this stage the integral is from —e to € along the steepest descent contour from the saddle
z = i. Now we change variable by setting 2%/4(z — i) = u to give

) 672:p3/2/3 e

3/4

where the integral is from —z%/%¢ to 2%/%¢ along the steepest descent contour. We now replace

these limits by +oo along the steepest descent contour (introducing only exponentially small
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errors). Keeping only the leading order term we therefore have

' e—2m3/2/3 2

where the integral goes to infinity along the steepest descent contour. The steepest descent
contour is given by —u? real and negative, i.e. u real. A comparison with Figure 3.1(a) tells us

which way to integrate, in this case from —oo to co. Thus

‘ e—22%/2/3  roo 2 e—22%/2/3

Negative argument

Consider as © — oo the Airy function

1 (o
Ai(—x) = o / /e“t&/Ht) dt, (3.74)
with C” as before. As before, we rescale t = 21/22 to give
1/2 1/2
Ai(—x) = 1‘// e 3= q, = 3:// e”?¢(2) 4z (3.75)
2 C 2 C ’

where C' is as before, but now ¢(z) = i(23/3 — 2). The saddle points are the points where
¢'(z) =0, i.e. z =+1. The steepest descent contour through z = 1 goes from V3 to V;. The
steepest descent contour through z = —1 goes from V3 to V3 (see Figure 3.1(b)). Thus we must
deform the contour C' to go from V5 to V3 through the saddle at z = —1, and then from V3 to
V1 through the saddle at z = 1. Thus in this case both saddles will contribute to the integral.

Near z = 1 we expand ¢ as a Taylor series

9
b(z) ~ =5 il =17+, (3.76)
to give
1/2,—2ix3/2/3 .
G e% /e’$3/2(z_1)2+”'dz. (3.77)
We change variable by setting 2%/4(z — 1) = u to give
—i2x3/2 /3
e ,L‘u2

As usual we now replace the integration limits by oo along the steepest descent contour. The

steepest descent contour is given by iu? real and negative, i.e. u = €™/*s with s real. A
comparison with Figure 3.1(b) tells us which way to integrate, in this case from s = —oo to

s = +00. Thus the contribution from z =1 is

eim/4e—2ix3/2/3 /oo 2 e — eim/4e—2iz3/2/3 (3.79)
2myl/4 oo ¢ o= 2/mal/4 '
Near z = —1 we expand ¢ as a Taylor series
2. 9
d(z)~ = —i(z+1)"+--- (3.80)

3
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to give

1/2 2ix3/2/3 )
a2t /3 6277 / /eim3/2<z+1>2+"'dz. (3.81)

We change variable by setting 2%/4(z + 1) = u to give

e2ia3/2 /3 -
i, / e du. (3.82)
T

As usual we now replace the integration limits by oo along the steepest descent contour. The

3im/4

steepest descent contour is given by —iu? real and negative, i.e. u = e s with s real. A

comparison with Figure 3.1(b) tells us which way to integrate, in this case from s = oo to

s = —oo. Thus the contribution from z = —1 is
3im/4 ,2ix3/2 /3 p—o0 —im /4 ,2ix3/% /3
S — / T — (3.83)
2mzl/4 2/ x1/4
Adding together the two contributions we find
in /4 ,—2ix3/2/3 —im/4 2312 /3 1 9.,:3/2
Ai(—z)~ € 4o ° = cos [ -2, (3.84)
2y/m /4 2y/mxl/4 Vral/4 4 3

3.7 Splitting the range of integration

We have seen in the previous examples how to split the range of integration into a local part,
in which some functions may be approximated by Taylor series, and a global part, which in the
previous cases was lower order. In general we may follow such a procedure, splitting the range

of integration and using different approximations in each range.

3.7.1 Example 1

1 1
/0 g (3.85)

On the one hand we would like to expand the integrand for small e:

1 1 €
(z+ 6)1/2 21/2  943/2

T (3.86)

However, such an expansion is only sensible if ¢ < . Thus there are two regions to consider,
z = 0(1) and = = O(e):

e if 2 = O(e) the integrand is O(¢~/2) and contribution to the integral is therefore O(e'/?);

e if x = O(1) the integrand is O(1) and contribution to the integral is therefore O(1).

Thus we expect the global contribution to dominate.

We split the range of integration from 0 to § and from J to 1, where € < § < 1. We write

1 1 L | 1 1
———dz = —d ———d=x. 3.87
/0 (z+e€)l/? v /0 (z+¢€)l/? x+/5 (z + €)1/2 v (3:87)
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In the first integral we rescale z = eu to give

1 1 §fe  (1/2 1 1
o oapdr= | —spd ——— da. 3.88
/0 (z+ €)1/2 ! /0 (u+1)1/2 u—i—/{s (z + €)1/ r (3.88)

Now we are safe to use Taylor series for the second integrand. The first integral is

d/e 61/2
/0 mdu = —261/2 + 2(6 + 6)1/2. (389)

The second is
1 dx 1 L € q
s (z+e)l/2 5 \xl/2 2432 * ’
~2—251/2+e—61%+-~. (3.90)

Hence

1 dz 1/2 1/2 1/2 €
/o(:c+e)1/2N2€/ +2(e+6)/% + 2 — 26"/ te— st

N_261/2_|_251/2_|_516?4_...2_251/24_6_#4_...
~2—2e2 e (3.91)

remembering that e < §. Notice that the final answer is independent of ¢ as it should be. We

can check that our answer is right by comparing with the exact solution

2((1+6)1/2—€1/2> ~2-22 pey (3.92)

3.7.2 Example 2

w/4 1

There are two regions, # = O(1) and 6 = O(e):

e if 0 = O(e) the integrand is O(e~2) and contribution to the integral is therefore O(e~1);

e if # = O(1) the integrand is O(1) and contribution to the integral is therefore O(1).

Thus we expect the local contribution to dominate.

As before we split the range of integration at §, with € < § < 1:

I ' L dé " 1 do 3.94
=/ —— _do+ e .
/0 €2 +sin? 0 /5 €2 + sin? 6 (3.94)

In the first integral we rescale § = eu to give

[ g [T g 3.95
g + . .
/0 €2 + sin?(eu) " /5 €2 4 sin? 0 (3.95)
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Now in the first integral eu < § < 1 so we are safe to Taylor expand sin?(eu), giving

d/e € d/e €
/ du~ | du
o €24 sin?(eu) 0 € +eu—etut/3+---

5/e 1 eut d
”A <¢+wf%u+wv+”>“
= }tarf1 <5> + O(e)

€

:1_1+...+0(6)_ (3.96)

In the second integral we can expand the integrand in powers of € to give

/4 1 y /4 1 2 w
/5 €2 +sin’ 6 N/5 (sinQG_sin‘LH—i_.“)

= —1+ cot(8) + O(€?)

1
N—1+5+'--. (3.97)
Hence
T

2¢



Chapter 4

Matched asymptotic expansions

4.1 Singular perturbations

If a differential equation D,y = 0 has a small parameter € in it', it is natural to aim to use
the solution of the limiting case Dyy = 0 (corresponding to ¢ = 0) as an approximation for
the solution of D,y = 0. However, if ¢ multiplies the highest derivative of y, say dky/ dz*, a
difficulty arises. The original D.y = 0 is a k-th order equation with k£ boundary conditions.
However, Dgy = 0 only has order < k — 1, so it cannot satisfy all of the boundary conditions
(in general). This is called a singular perturbation problem: the operator D, is a singular

perturbation of Dy.
4.1.1 Linear example

Consider
ey +y +y=0, (4.1)

y(0) =a, y(1) =01, (4.2)
where a and b are prescribed real constants. When € = 0, we have
Y +y=0, (4.3)
y(0) =a, y(1)=b. (4.4)
The solution is y = Ae™® which cannot satisfy both boundary conditions in general.
4.1.2 Interpretation and procedure

If y is the solution to D.y = 0 then one possible behaviour in such cases is that:

e over most of the range ed*y /da* is small, and y approximately obeys Doy = 0;

e in certain regions, often near the ends of the range, ed*y /dz* is not small, and y adjusts

itself to the boundary conditions (i.e. d*y/daz* is large in some places).

In fluid dynamics these regions are known as boundary layers, in solid mechanics they are known

as edge layers, in electrodynamics they are known as skin layers, etc.

ID. is the differential operator associated with this differential equation.

34
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A procedure for determining the solution of a singular perturbation problem with boundary

layers is:

1/2

1. determine the scaling of the boundary layers (e.g. z oc € or /< or ...);

1/2

2. rescale the independent variable in the boundary layer (e.g. x = &€ or ze'/* or ...);

3. find the asymptotic expansions of the solutions in the boundary layers and outside the

boundary layers (the “inner” and “outer” solutions);
4. fix the arbitrary constants in these solutions by:

(a) ensuring the inner solutions obey the boundary conditions;

(b) “matching” — making the inner and outer solutions join up properly in the transition

region between them.

This is the method of matched asymptotic expansions. You will see something similar later

when you examine turning points that arise in the WKB method.
4.1.3 The linear example again

We will illustrate the procedure with our linear example. Note that this problem can be solved
exactly. We will work as if we don’t have any a priori knowledge about the solution i.e. as
though there may be boundary layers at either end, even though the boundary layer is actually
only at x = 0.

Scaling

Near z = 0 we let x;, = x/e®, where L indicates the left-hand end and x, is the local variable

for inspecting the boundary layer on the left. Then we write y(z) = yr(x1) so that

dy _dyrdzp _ _odyr

-d _ ZIb — 4.
dx dz; dz ¢ dxr’ (4.5)
d?y 20 4%yL
— 2 4.6
dz? ¢ dl‘QL ’ (4.6)
so that 2 1
1—-2a 4 YL —a9YL
=0. 4.
dx% + € 42y +yr =0 (4.7)

Now in the boundary layer d?yy, /dz? is significant. We must increase o until this term balances

the largest of the others in the equation. Hence we want
1 — 2a = min(—a, 0) = a=1. (4.8)

So the boundary layer is of width e. Note that if we choose 1 —2a =0, i.e. @ = 1/2, to balance
the first and third terms, then the second term is 0(6*1/ 2) which is bigger than the other two.
The boundary layer at the right is also of width e.

So now we develop our asymptotic expansion as follows:
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1. away from the ends of the interval (“the middle”) we expand y as
y(@) = ym(x) ~ yao(®) + eynra (@) + -+ (4.9)
2. near the left-hand end we rescale x by a factor of € so we have z, = /e and we expand
y(r) = yr(zr) ~ yro(zr) + eyri(zr) +- -+ (4.10)

3. near the right-hand end we rescale  — 1 by a factor of € so we have zgp = (x — 1)/e <0

and we expand

y(z) = yr(TR) ~ Yro(TR) + €yr1(TR) + - - - . (4.11)
Solution on the left

The equation in the inner variable reads

d?yr,  dyr
— =0. 4.12
dx% + dxy, ey =0 ( )

Inserting the expansion and equating coefficients of powers of € gives

d2 d
0(1) : YLo YLo _

0, 4.13
dx% dxp, ( )
d?yr1  dyra

Ol(e + + =0, 4.14
O (4.14)
etc. Hence
yro = Aro + Broe "*. (4.15)
To satisty y(0) = a we have Ao+ Bro = a.
Solution in the middle
The equation in the outer variable reads
d? d
€ dgg” + % +yn = 0. (4.16)

Inserting the expansion and equating coefficients of powers of € gives

d

O(1) : AU p— (4.17)
dx
d®yao . dyan
: = 4.1
O(e) w2 T ap Ty =0 (4.18)
etc. Hence
ynmo = Appoe” ", (4.19)

Solution on the right
The equation in the inner variable reads

d*yr | dyr
- =0. 4.20
a2, " dog TR (4.20)
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Inserting the expansion and equating coefficients of powers of € gives

d?*yro  dyro
o(1) : Qro _ 421
m: g, (421
42 d
O(e) IR CYRL L =0, (4.22)

dx%% dzgr

etc. Hence
yro = Aro + Broe *E. (4.23)

To satisfy y(1) = b we have Arg + Bro = b.

Matching

So far we have five arbitrary constants and two equations. The other three equations can be
obtained by matching. The idea is that there is an “overlap” region where both expansions

should hold and therefore be equal.
yr(zr) ~ ym(z) as x — 0 and zf, = z/e — 0. (4.24)

One way is to introduce an “intermediate” scaling & = x/€®, 0 < o < 1. Then with € — 0 with
& fixed we have z = €% — 0 and xj, = €* 1'% — oco. Often it is easiest to choose some fixed a,
say o = 1/2.
In this case, matching at the left-hand end we have
yr = Ao + Broe " ¥ 4 0(e),
= Ao + O(e), (4.25)

while

yuv = Anoe™ < + O(e)
= Apno — €*Apo + -+ -+ O(e). (4.26)

For these to be the same as ¢ — 0 we need
Arg = Ao (4.27)

Thus the y values have to match: the outer limit of the inner problem needs to match with the

inner limit of the outer problem.

To match at the right-hand end we use the intermediate variable & = (z — 1)/e* < 0 giving
yr = Ao + Broe " % + O(e), (4.28)
while

yar = Anoe” T+ 0(e)
= Apoe ! — €“FAp0e -+ O(e). (4.29)

Clearly to match we cannot have exponential growth in Equation (4.28), and so

Bpro =0, Apg = AMoefl. (430)
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Again the y values must match. Hence the five equations are

Aro+ Bro = a, (4.31)
ARro+ Bro = b, (4.32)
Aro = Awmo, (4.33)
Bpro =0, (4.34)
Apo = Aproe ™, (4.35)
so that

Ajp=eb, Brg=a—eb, Apg=¢eb, Ago=0b, Bpry=0, (4.36)

and the solution in the three regions is given by
yro = eb+ (a — eb)e™ L, (4.37)
ymo = ebe””, (4.38)
Yro = . (4.39)

Note that there is no rapid variation in y in the right-hand boundary layer — we do not really

need it!
Composite expansion

To plot the solution for the linear example we want a uniformly valid expansion. One way to
construct a uniformly valid approximation is to add together the solution in the inner and outer
regions, and then subtract the solution in the “overlap” region which has been counted twice.
Write the inner solution in terms of outer variables and the outer in terms of inner variables and

expand

yro = eb + (a — eb)e ™/ = eb + O(e), (4.40)
ymo = ebe” L = eb + O(e). (4.41)

The common term which has been counted twice is eb. Hence the composite expansion is

y~eb+ (a—eb)e ™ +ebe™ ™ —eb
= (a — eb)e /¢ 4 ebe™7. (4.42)

The error is O(e) over the whole range of z.
Higher-order terms

At order € in each region

yr1 = —ebxp + (a —eb)xpe " + Apy + Bpie L, (4.43)
YM1 = —ebxe ™™ + Appe” 7, (4.44)
yr1 = —brg + Ag1 + Brie *E. (4.45)

The boundary conditions are

A1+ B =0, Ap1 + Bgr1 = 0. (4.46)
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Matching

We follow the same procedure. At the left-hand end we write inner and outer expansions in

terms of Z:

14

yr = eb+ (a —eb)e " ¥
+e (—ebea’lfc + (a— eb)eo‘*lie*a_li + A+ BLle’Ea_lij e+ O0(é?)
= eb— ebe®d + Apre + O(e?), (4.47)
while

yn = ebe T 4 e <—ebea§ce_5% + AMle_e%> + 0(62)

2aj;2
=eb— e“Teb + eb+ -
— ebe® 13+ ebe®* i 4 Ay — A€ T8 4+ O(€2). (4.48)
Matching we find that
Ap1 = Ay (4.49)

Note that some terms jump order: —e“Zeb comes from the inner expansion of the first-outer
term, but from the outer expansion of the second-inner term. Note that in order for the neglected

terms €2¢ to be smaller than the last retained term e we need o > 1/2.

At the right-hand end using the intermediate variable & we find
yr=0b+ ¢ (—beafla? + Apy + Bme*ea_lj) + 0(62),
= b— be®F + eApy + €Brie™" T 4+ O(?), (4.50)
while

yn = ebe T e (—eb(1 + €“F)e T + Appem ) + O(eF)

201.%2
=b—€"Tb+ 5 bt —ble+eME) (1 — ¥4 ---)
+eApe (1 —€¥F4---) + O(e?). (4.51)
Matching gives
Br1 =0, AMle_l —b=Ap. (4.52)

Hence we now have the five equations for five unknowns,

Ap1+ Br1 =0, (4.53)
Ar1+ Bm =0, (4.54)
A = A, (4.55)

Bri =0, (4.56)
Aye ™t —b = Apy, (4.57)

with solution

ARl = 0, BRl = 0, AMl = be, ALl = be, BLl = —be. (458)
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This gives
yr1 = —ebxp + (a — eb)xre L + eb — ebe” "L, (4.59)
yp1 = —ebre 4 ebe™ ", (4.60)
YR = —bzg. (4.61)

Composite expansion
The composite is the yy, + yyr— overlap. We write yr, in terms of the outer variable:
_ —z/e £ T _z/e —z/e
yr = eb+ (a —eb)e +e(—eb=+ (a —eb)—e + eb — ebe + -
€ €

= eb — ebx + eeb + O(e?); (4.62)
and yps in terms of the inner variables:

yyp = ebe” L 4 € (—ebexLe_ExL + ebe_“L) + e

= eb — ebexy, + eeb + O(€?). (4.63)
The common value in the overlap region is
eb — ebexy, + eeb = eb — ebx + eeb. (4.64)

Hence the composite expansion is

y=eb+ (a—eb)e ™/t (—ebg + (a — eb)ge_”"/6 +eb— ebe_””/5>
€ €

+ebe " + € (—ebve ™ +ebe ) — (eb — ebx + eeb) + O(€?)
= (a — eb)e /¢ + (a — eb)ze ™/ — cebe "/*
+ ebe " — eebre™" + eebe” " + O(€?). (4.65)

4.1.4 Van Dyke’s matching rule

Using the intermediate variable Z is tiresome. Van Dyke’s matching ‘rule’ usually works and is
much more convenient. However, at the end of the day it’s a matter of keeping track of the size

of each term, as you’ll see in this discussion. Van Dyke’s rule is
(m term inner)(n term outer) = (n term outer)(m term inner), (4.66)

i.e. in the outer variables expand to n terms, then switch to inner variables and re-expand to
m terms. The result is the same as first expanding in the inner to m terms, then switching to

outer variables and re-expanding to n terms.
Example revisited
(1t0> = Apoe ~. (4.67)

In inner variables this is
Apoe” L. (4.68)
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Expanded this is

e2x?
Ano — Apoexr, + Appo 5 Loy (4.69)
Hence
(1ti)(1to) = Apjo, (4.70)
(2ti)<1t0) = Ao — Apoexy, (471)
etc. Similarly
(1ti) = Ao + Broe . (4.72)
In outer variables this is
Ao+ Broe /e, (4.73)
Expanded this is
Ao+ E.S.T., (4.74)

where E.S.T. means “exponentially small terms”. Hence

(1to)(1ti) = Aro, 4.75
(2to)(1ti) = Afo, (4.76)

etc. So
(1to)(1ti) = (1ti)(1to) = Apro = Az (4.77)

Warning: When using this matching rule you must treat log as O(1) because of the size of

logarithmic terms.
Choice of scaling revisited

Near z = 0 we let 1, = z/e%, and y(x) = yr(z1) so that

a2 d
(20 YL 4 —alUL L, =0, (4.78)

dx% te dxg,

Now as we gradually increase o we find

61_2“% + - + yr =0
a=0 L. balance ......... the outer
O<ax<xl1 dominant the overlap (4.79)
a=1 ... balance  ......... the inner
1 < a dominant the sub-inner

The inner and outer regions can be matched because they share a common term, which is

dominant in the overlap region.

The potentially interesting scalings in an equation are those which balance two or more

terms. Such scalings are sometimes called distinguished limits.
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4.2 Where is the boundary layer?

To have the possibility of a non-trivial boundary layer we need some solution in the inner region
which decays as we move towards the outer. In the problem we considered, the non-constant
solution in the right-hand “boundary layer” grew exponentially as we moved to the outer, so

there could never be a boundary layer at x = 1.

Note that boundary layers do not have to be at boundaries! There can be thin regions of

high gradients in the interior of the domain (they are then sometimes called interior layers).

Example 1
d?y dy .
€2 —i—p(:v)@ +q(z)y=0 for0<z<l1, withy(0)=A4, y(1)=B5B, (4.80)

where A, B are prescribed constants. If p(xz) > 0 for all z € [0, 1], then we expect to find a
boundary layer at = = 0. If p(z) < 0 for all z € [0,1], then we expect to find a boundary layer

at = 1. If p(x) = 0 for some x = zy, then there may be an interior layer at x = .

Example 2
d?y

€2ﬁ +2y(1—9*) =0 for —1<xz<1, withy(-1)=-1, y(1)=1. (4.81)
x

The outer solution y = 1 is OK near x = 1, while the outer solution y = —1 is OK near x = —1.

Somewhere there must be a transition between these two states. Rescale near x = z( by setting

x = x0+ €X to give

d2

T)(%+2y(1_y2):0 for —oo < X < o0, (4.82)
with

y——lasX — —oc0, y—1as X — +oo. (4.83)

This transition layer has solution

y = tanh(X), (4.84)
for any xg. In this case the exact solution is
y ~ tanh(z/e), (4.85)

and the transition layer is near x = 0. This could be argued by symmetry. However, the position
of the transition layer is exponentially sensitive to the boundary data. Finding it for other data

is nontrivial. Not all transition layer problems are so hard.
4.3 Boundary layers in PDEs

By way of example, consider the heat transfer from a cylinder in potential flow with small

diffusion (high Peclet number). We have to solve

u-VT =eV2T  forr > 1, (4.86)

where

u = Vo, o= (r + 1> cosf, (4.87)

r
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with boundary conditions

T=1lonr=1, T —0asr— oo. (4.88)

Outer solution

We expand
T~Ty+€el1+--- ase—0, (4.89)

and substitute into Equation (4.86) to give
O u-VI=0. (4.90)

Hence Tp is constant on streamlines. Since all (almost all: not the cylinder itself or the wake)
streamlines start at *+ = —oo, where Ty = 0, this means that Ty = 0. Proceeding with the
expansion gives T;, = 0 for all n. This means that there is a thermal boundary layer near the

cylinder.
Inner solution

In cylindrical coordinates Equation (4.86) is

1 oT 1\ sin@ 0T O*T 10T 10T
(1—72> COSHE— <1+72> 7”896<8T2+T87’+T2892> (491)

We need to scale r close to one so that diffusion becomes important. Set » =1+ dp to give

(1_ 1 >00398T_<1+ 1 ) sin 6 87T_
(1+dp)2) 6 0Op (1+3p)2) (1+0p) 00

1 82T+ 1 8T+ 1 9T (4.92)
el = —_—t - .
52 0p2  5(1+6p)dp  (1+68p)206% )"
i.e.
cos 0T or 16°T 1 or o*T
260+ - - - 24 )sinf=— =e|[ ="+ Z(14+--)—4+(14+---)—1. (4.
(26p-+-+) oG (24 )sinb 6<526p2+5<+ )G, 1+ )802> (4.93)
Hence we require § = ¢'/2. Expanding by letting
T ~ To(p,0) + ¢/*T1(p,0) + - -+, (4.94)
as € — 0 gives, at leading order, the boundary layer equation
2pcos 0%7[;0 — 2sin 9%1;) = %1;), (4.95)

with fo =1onp=0and fg — 0 as p = oo. Lie group analysis shows that the solution is of

similarity form
psin@

To=f(n), n= W- (4.96)
This gives
2pcosfsinf ) pcosf psin? 6 ) , sin? 0 "
(1 —|—c089)1/2f s <(1+cos€)1/2 2(1 + cos 9)3/2 / (1+cos€)f (4.97)
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which simplifies to
" +nf =o0. (4.98)
Hence

f=A / e % /2du + B, (4.99)
n

with f — 0 as n — oo giving B =0, and f =1 on n = 0 giving A = /2/7. Hence the boundary

layer solution is
<3 2 > —u2/2
To =1/ — e du. (4.100)
™ Jn

As p — oo this decays exponentially; the solution in the outer region is exponentially small.

Note that the boundary layer solution works providing 6 is not close to 0 or w. There is
another inner region near each stagnation point. There is also a boundary layer in the wake,
where § = 0 and r > 1. The streamline from here comes from the cylinder, not from infinity.
Note that the heat loss 9T /dr is O(1/€'/2). This is the reason for the wind chill factor.

2 2

0.

-0.

Figure 4.1: (a) Streamlines. (b) Isotherms.
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4.4 Nonlinear oscillators

Once again, we proceed by way of example, considering the Van del Pol oscillator
P4+ pE®-Di+r=0  pu>1 (4.101)

We shall show that the oscillation consists of long slow regions separated by rapid transitions.

i =t /
29 e M

n(3—log2)

Such a solution is known as a “relaxation oscillation”. We could proceed directly with finding
matched asymptotic expansions on the second order equation, but to get a better understanding
of what is going on we write Equation (4.101) as a system of two first order equations of the
form

3
:'U:z—u<3—:n):z—,uF(x), (4.102)
Z=—x. (4.103)

An equation written in this way is said to be in Liénard form.

z = uF(z)

N

N

Arrows indicate the general form of the motion for all u. However, if > 1 then |Z| > |Z|

except near the curve z = pF'(z). This indicates that z will be of size u, so that it is sensible to
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rescale z with p by setting z = py, giving

.Z'3
iﬁzu(y—3+w> = ply - F(z)), (4.104)

Wy = —x. (4.105)

We see now that there are two timescales:  evolves on the fast timescale t = O(u~!) (unless
y ~ F(z)), while y evolves on the slow timescale ¢t = O(p).
Let us first consider the fast timescale by setting ¢ = 7/u. The equations become
3

xT:y—%—l—x:y—F(:ﬂ), (4.106)

We expand x and y in inverse powers of u, writing

T~ xo+ e (4.108)
y~yot iy (4.109)

as i — oo. Inserting these expansions into the fast timescale equations and equating coefficients

of powers of  we find at leading order

3

x
Tor = Yo = 3’ + 0 = yo — F(wo), (4.110)
yor = 0. (4.111)

Hence g is constant on the fast timescale. Now, for a given initial 4y, o tends to a root of
yo = F(xp):

2
o if yo > 3’ the unique root between A and +oo;
. 2 .
o if yg < —3 the unique root between C' and —oo;

2 2
o if —3 <yo < 30 70 — point on AB if it starts to the right of BD;

2 2
o if -3 <o < 3 xg — point on CD if it starts to the left of BD.
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Having reached the curve yg = F(z() the solution comes to rest on the fast timescale, and thus

begins to evolve on the slow timescale instead.

Let us scale onto the slow timescale by setting t = pT', giving

I3
— (y - +m> = 12y — F(x)), (4.112)

yr = —x. (4.113)

Again we expand x and y in inverse powers of u as
T~ xo+ e (4.114)
y~yo+u e (4.115)

as u — oo. Inserting these expansions into the slow timescale equations and equating coefficients

of powers of u we find at leading order

3
Ozyo—%ﬂ:o = yo — F(20), (4.116)
Yor = —Zo- (4.117)

Hence the solution on the slow timescale stays on the curve yg = F(xo) but moves along it

according to yor = —xg.

Thus we have the following picture. A trajectory starting, say, from (0,1) quickly moves
across to the branch Aoco. Then it remains close to the curve y = F and, since y = —x < 0,
it moves slowly down the curve. When it reaches B, if cannot keep going down and stays on
the curve y = F(x), so on the fast timescale (x,y) flies across horizontally to near C. Then
y = —x > 0 so (z,y) climbs slowly up on the curve y = F(z) to D. Finally, (z,y) flies across

horizontally to near A again and the motion becomes periodic.

T/
L/

During this oscillation, most of the time is spent traversing AB and C'D. The time taken to

go from A to B is

B B 2 2 (.2 2 2
1 1 dy d -1
TAB:/ dy:—/ —dy = ya::/(a:)dx: z——log:c = §—log2 .
A YT A 1 dz 2 1 x 2 1 2
(4.118)
Therefore period of oscillation is approximately u(3 — 2log2).
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4.4.1 Solution by matched asymptotics
We start from x =2 at t = 0.
Slow phase

The slow timescale is t = p1' giving

1 d%x 9 dx
—— -1)— =0. 4.119
This suggests an expansion
r~Xo+p 2 X+ (4.120)
Substituting the expansion into the slow timescale equation and equating coefficients of powers
of u gives
dX
o) : (X3 - DdTO +Xo=0 with Xo=2atT =0, (4.121)
with implicit solution
X2
T = log X, —70—10g2—|—2. (4.122)

This solution breaks down when Xy — 1 because

dXo

ke —Xo/(X3 —1) — oo. (4.123)
The nature of the blow up is
3
Tw—log2+§—(X0—1)2 as Xo — 1, (4.124)
i.e. \ 1/2 5
Xo~1+ (2—log2—T> asT—>§—log2. (4.125)

Proceeding to determine the next term in the expansion we find

de; dzg i

d2X,
O2): (X2—1)"L 4oxox; =0 4 x; = -0

o o o with Xi=0atT=0.  (4.126)

We could solve for X1, but the most important thing is to determine the behaviour of X; as
T — 3/2—1og2, Xo — 1, which illustrates the breakdown of the asymptotic series and indicates
how to rescale in the transition region. With Xo ~ 1+ (3/2 —log2 — T)"/* we find

dey /3 1/2 5 ~1/2 1 /3 ~3/2
o2 log2-T) —(2-10g2-T) Xi4+Xi~-(2-log2-T 412
dt <2 o8 ) 9~ 8 thAi~glgTios  (4127)

giving

1/3 ! 3
XlNl 5—10g2—T aST—>§—log2. (4.128)

We see that X; blows up as T — 3/2 — log 2, so that ,LL_2X1 ceases to be smaller than Xy and
the expansion ceases to be asymptotic. If we set T = 3/2 —log 2+ ds then Xy ~ 1+'/2(—s)'/2,
p2Xy ~ 071 (=s)"1/4u? as § — 0. This means that X; becomes as large as Xo — 1 when
6= =45
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Transition phase

We rescale using T' = 3/2 — log2 + p~*3s and z = 1 + u~2/3z (corresponding to t = u(3/2 —
log2) + p~'/35), giving
d?z dz

1 9dz
d$2+22d8+1+,u2/3<z ds—|—Z>:0. (4.129)

Notice that each of the three terms in the original equation contributes to the leading order bal-
ance; this is characteristic of transition regions. The rescaled equation suggests the asymptotic
expansion

s+ B 4 (4.130)

Matching with the slow phase we see that we need

1
2~ (—8)2 4 1(—s)—1 as s — —0o. (4.131)
Then d d
0y. 920 dz0 o 4 _
OW): - +20 1 +1=0. (4.132)

We can integrate once immediately to give

dZO
- T 2 +s=a. (4.133)
As s — —o0,
1
20~ (—8)/2 + g(—s)*/? + 1) (4.134)

Hence matching gives a = 0.

The Ricatti equation, Equation (4.133), for 2y can be linearised by setting 2o = (’/(, giving
the Airy equation

¢"+s( =0, (4.135)
so that
¢ = aAi(—s) + Bi(—s). (4.136)
As s — —o0,
. 1 2 ; . 1 2
Ai(—s) ~ Wexp (—3(—5)3/2> ,  Bi(—s) ~ Wexp <3(—3)3/2> , (4.137)
and
d%Ai(—s) ~ (—5)2Ai(-s), %Bi(—s) ~ —(—s)/?Bi(-s). (4.138)

Hence 8 = 0 and
dsAi(=s) _ Ai'(=s)
Ai(—s)  Ai(—s)’

But Ai(—s) — 0, zp — —o00, as s — s ~ 2.33811. From the equation for zp, if 29| — oo at a

(4.139)

zZ0 =

finite value of s then

dZo
=+ 22~ 0, (4.140)

so that
1

s9— 5§

20~ — (4.141)
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Including the correction term s gives

1 —
2~ — Loolso=s) (4.142)
S0 — S 3

Hence, rewriting this expression in terms of x and ¢, as the breakdown is approached we have

—2/3 | _ 1 30(30 - M1/3t>

4.143
so — pl/3t 3 ( )

z~14p

The expansion ceases to be asymptotic when N2/3($0 — ul/?’t) is order one, i.e. t = u_1/3so +
O(u").

Fast phase

The transition region suggests the scalings ¢ = u_l/ 350+ p~ 17 for the fast phase. The governing

equation becomes
d2x 9 dx 9
— —1)— “xr=0. 4.144

Matching backwards into the transition region gives

1 TS0
xwl—i—;—?)MT/g as T — —00. (4.145)

This matching condition suggests an expansion of the form

z~xg+p P+ (4.146)
In this case we have )
_ d i) dxo
ow?. == 2_1)—==0. 4.147
(lu’ ) dT2 + (xo ) dT ( )

Integrating once and choosing the constant of integration by matching gives

dxg x% 2
e 4.148
ar 3 T3 (4.148)

Integrating again and matching backwards gives

1 24+ xo 1
21 =1 4.149
30g<1—$0)+1—$0 T ( )

—37—1

The fast phase ends when 7 — oo and zg ~ —2 + 3e . This is minus where we started, and

the process repeats.



Chapter 5
Multiple scales

Of all asymptotic techniques, this is the one which is the most like a “black art”. Problems
that require a multiple scales approach are characterised by having two processes, each with
their own scales, acting simultaneously. An example is one where there is a rapidly varying
phase, and a slowly varying amplitude, which gives rise to modulated waves. Such a scenario is
in contrast with the problems we tackled with matched asymptotic expansions, where the two

processes with different scales are acting in different regions.
5.1 Back to the van der Pol oscillator
i+ ei(x? —1) +x=0. (5.1)
Last time we looked at relaxation oscillations for large e (called p then). Here we will study
with small € > 0 the initial value problem with initial conditions
x=1 =0 att=0. (5.2)
Treating the problem as a regular perturbation expansion in € gives

1
x(t,€) ~ cost + € %(tcost—sint) - 3—2(s1n3t— 3sint) | +---. (5.3)

This expansion is valid for fixed ¢ as ¢ — 0, but breaks down when ¢ > O(e™!), because of
the resonant terms. When the second term in an expansion becomes as big as the first it is an

indication that the expansion is breaking down.

The problem is that the damping term only changes the amplitude by an order one amount
over a timescale of order e !, by a slow accumulation of small effects. Thus the two processes

on the two time scales are fast oscillation and slow damping.

We try to capture the behaviour on both these timescales by introducing two time variables:

7 =1t — the fast time of the oscillation; (5.4)
T = et — the slow time of the amplitude drift. (5.5)

We look for a solution of the form x(t;e) = x(7,T;€) treating the variables 7 and T as inde-

pendent. We have
at _ dtor " AtaT _ ar o1 '

51



Perturbation Methods 52

so that
&= Xrr + 2ex,7 + T (5.7)
Then we expand
x(r,T;€) ~ xo(1,T) + ex1(1,T)+--- ase— 0. (5.8)
At O(e°) we find
Torr +290=0 int>0, (5.9)
with
ro=1, x20-r=0 att=0. (5.10)
Hence
zo = R(T) cos(t + 6(T)). (5.11)

Thus the amplitude and phase are constant as far as the fast timescale 7 is concerned, but vary

over the slow timescale T. Applying the initial conditions we require
R(0) =1, 6(0) = 0. (5.12)
Apart from these conditions R and 6 are arbitrary at present.
Proceeding to order O(e!) gives
T1rr + 21 = —Tor (2§ — 1) — 220,17,
R3 R3
= 2RO cos(T + 0) + <2RT + Vi R> sin(tT + 0) + e sin3(7 +6), (5.13)
in ¢ > 0. The initial conditions are
x1 =0, T, = —xor = —Rp att=0. (5.14)

Now, the sin 3(7 4 ) term is OK, but the sin(7 + 6) and cos(7 + ) terms are resonant, and will
give a response of the form ¢sin(7 + #) and tcos(tT + ). Thus the expansion will cease to be
asymptotic again when ¢t = O(e~!). To keep the expansion asymptotic, we use the freedom we
have in R and 6 to eliminate these resonant terms (the so-called secularity or integrability or

solvability condition of Poincaré), giving

R(4 — R?
Using the initial conditions we therefore have
2
6 =0, R=—— (5.16)

(1+3e-T)1/2
Thus the amplitude of the oscillator drifts towards the value R = 2, which we found was a limit

cycle. Thus, in particular, we have shown that the limit cycle is stable.
If we are interested in the correction z; we can now calculate it as
= —3712}23 sin 37 + S(T) sin(r + ¢(T)), (5.17)
with new amplitude and phase functions S and ¢. These will be determined by a secularity
condition on xo, etc.

At higher orders we would find that a resonant forcing is impossible to avoid. In fact this
is the case here in solving for x1: we cannot avoid resonance in xo. This can be avoided by

introducing an additional slow timescale Th = €*t.



Perturbation Methods 53

5.1.1 Damped linear oscillator

A simple example which illustrates the need for such a super slow time scale is the damped
linear oscillator
T+ 2ex+z =0, (5.18)

with solution
r=e “cos ( 1-— e2t) . (5.19)

The amplitude drifts on the timescale e~!, while the phase drifts on the timescale 2.

In
general, if we want the solution correct to O(e*) for times of O(¢*~™) then we need a hierarchy

of n slow timescales.
5.1.2 The van der Pol oscillator again
i+ei(z?—1)+z=0. (5.20)

In practice we often work directly with the variable ¢ to save introducing the variable 7 and
make use of the complex representation of trigonometric functions to simplify the algebra. Thus,

in seeking a multiple scales solution we begin by substituting

d 0 0
== 4 e 21
& o ar (5.21)
to obtain
zy + 2exyr + Expr + ed(x? — 1) + 2 = 0. (5.22)
Expanding
x~xo(t,T)+ex1(t,T)+--- ase—0, (5.23)
we obtain at leading order
Zott +xo = 0. (5.24)

The general solution of this PDE has the complex representation

20 = % (AT)e™ + A(T)e ), (5.25)

where A is an arbitrary complex function of 7', A is the complex conjugate of A and the pre-factor
of 1/2 has been introduced so that |A(T)| is the slowly-varying amplitude and arg(A(T")) is the
slowly-varying phase, e.g. if A(T) = R(T)e*®™), where R(T) > 0, then 29 = R(t) cos(it+O(T)).

At O(e'), we obtain
T + 21 = —$0t(1’8 —1) = 2zor
1 N4 S
=3 (iAe" —iAe ™) (4(146” 4+ Ae™ )% — 1) — (iAre" — iApe™™)

. (dA A4 (AP

=—i r g ) e + complex conjugate term + non-secular terms.

(5.26)

Secular terms proportional to e*™ are suppressed only if A(T) satisfies the ODE
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Substituting A(T) = R(T)e’®™) | where R(T) > 0, we recover the ODEs
R(4 — R?
Or=0, Rr= ¥ (5.28)

8



Chapter 6

The WKB method

One example of a singular perturbation problem that does not have boundary layers is
ey’ +y=0. (6.1)

It has oscillatory solutions and is typical of many problems arising from wave propagation,
with € = wavelength/size of region. So, for high-frequency propagation, € is small and we need a
way to deal asymptotically with such problems. The WKB method is such a method for linear

wave propagation problems, and is illustrated by the equation
ey +q(x)y =0, (6.2)
with ¢(z) # 0 in the region of interest.
Let us first see what happens if we try to solve the problem by multiple scales. Let eX =z

to give
d?y

Thus we have an oscillator with a slowly varying frequency. We might be tempted to write

y =y(z, X), giving
&y Py | 50%
2 — =0. 6.4
ax2 T X oax T gz T (6.4)
Expanding in the form y ~ yo + ey; + - - - gives, at leading order,

82y0

Hence
yo = A(x) cos(g(x) '’ X + 6(x)), (6.6)
where A(z) and 0(z) are arbitrary functions of z, to be determined by secularity conditions at

next order. Equating coefficients of e! in Equation (6.4) gives

O’y 49 %yo

which can be written as

(92y1 _ 9 1/2 . 1/2
s + @ = 2 (A@)a(@)sinfq(@) 12X + 6(2)))
_,d 1/2\ win( 4172 _ 1/2 dg'/? do 1/2
—de (Aq )sm(q X +0)—2Aq X P +dx cos(¢/“X +0). (6.8)

95
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The secularity condition says that there can be no multiple of cos(¢'/2X + 8) or sin(q'/%2X + )
on the right-hand side. Hence

d dg'/?  de
— (A4¢'?) = X — =
dz ( 9 ) 0, dx + dz

Here we see a problem though. The second secularity condition contains the fast scale X, and

0. (6.9)

so cannot be satisfied since 6 is a function of the slow scale x only. This will happen whenever

the frequency of the fast oscillation depends on the slow scale.

Let us now return to Equation (6.2). Instead of using multiple scales, we assume a WKB

asymptotic expansion for y of the form

Y= eid’(m)/eA(x, €), (6.10)

with -
Az, ) ~ ) An(a)e™. (6.11)

This gives o
'~ e <_ (¢’€)22A N Qi(ﬁe’A’ N iﬁf’;’A N AH) , (6.12)

so that substituting the expansions into the equation gives, at leading order (O(e?)),
¢ (2)* = qo(x). (6.13)

Hence
¢ = £V qo(z). (6.14)

At O(e!) we find

2¢' Ay + ¢ Ag = 0, (6.15)
while at O(e"*!) for n > 1 we find
AV + 20 Al +i¢" Ay, = 0. (6.16)
These are successive first-order linear equations for the A,,. The first is
24, ¢
— =0 6.17
x4, T =0 (6.17)
which we can integrate to
2log Ag + log ¢’ = constant, (6.18)
i.€.
oo
Ag= ——F, 6.19
0 % (35)1/4 ( )

for some constant . In a wave propagation problem this Ay(z) gives the amplitude, and this

equation corresponds to energy conservation.

The equation for general A, can be solved using an integrating factor giving

2i() /2 ((¢/)V24,) = — AL, (6.20)
1.e. ‘ A”
_ 4 n—1
A, = CONE / e dz, (6.21)

where the right-hand side is known.
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6.1 Example 1 — the Legendre polynomial P, (x)
If we let y(0) = VsinfP,(cosf) for 0 < § < 7 then the equation satisfied by y is
y' + n2+n+1+; y=0. (6.22)
4 4sin%0
Let e =1/(n+1/2). Then
2
2.1 €
1+ ——]y=0. 6.23
<y +< +4sin29>y ( )
Using the WKB ansatz y = Ae'®/¢ gives, at leading order (O(e?)),
(¢)2=1, ¢ ==%1, ¢==6. (6.24)
At O(e!) we have
2¢' Ay + ¢ Ag = 0, (6.25)
i.€.
A6 = 0, Ao = Q. (626)
At O(e?) we have
1
4sin” 0
1.€.
2%A) = F—0 6.28
T T i (6.28)
so that . ‘0
A, = plaoct? ;0 (6.29)
Thus
VEn 0P, (cos8) ~ g (1= —220 Y gitnrr/2o 4 g (14 L0 ) it
" 8(n+1/2) 8(n+1/2) ’
(6.30)
as n — 0o.
6.2 Example 2 — Airy’s equation
Consider Airy’s equation
Y —zy =0, x < 0. (6.31)
For large x we rescale by writing z = e 2/3Z to give (on dropping the bars)
2y’ —ay =0, x < 0. (6.32)
Using the WKB ansatz y = Ae'®/¢ gives, at leading order (O(e?)),
(¢)? = —x, (6.33)
so that 5
o =(-2)'% p=£1(-a)"” (6.34)
At first order (O(e!)) we have
2¢' Ay + ¢ Ag = 0, (6.35)
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which gives

__ @ _ X
Ao = ()2~ (—z)l/& (6.36)
Thus
@0 2i 3/2 Bo 2 32
~N — — (— _are f ' '
Yy (Ca)i/ exp <36( ) > + (o) exp 36( x) orz <0 (6.37)

One can also undertake this exercise in & > 0, by either changing the ansatz to Ae? or just

allowing ¢ to be complex, to find

)\0 2 3/2 Mo 2 3/2
Yy~ x1/4 exp <3€$ / ) + mexp —ix / for x > 0. (638)

One can obtain “connection formulas” relating the coefficients ag and [y to A9 and pg by

matching the solutions at x = 0 (as with the matched asymptotics in boundary layer theory).
6.3 Example 3 — an eigenvalue problem
Find the large eigenvalues A > 1 of the Sturm-Liouville problem

y'+ Ap(z)y =0 for0<x <1, withy(0)=0, y(1)=0, (6.39)

where p(z) > 0 for 0 <z < 1. Let A = ¢ 2 where, for A > 1 we require 0 < € < 1, so that

&y +plx)y=0 for0<z <1, withy(0)=0, y(1)=0. (6.40)

Then with the WKB approximation y ~ Ae'?/€ as e — 0T, we have

1
/I 1/2
¢ ==+p/°,  Agx 7@5/)1/2. (6.41)
If we fix .
m@=+Ap@W@ and  Ag(z) = p(z)~ V4, (6.42)
then the two independent solutions are given by
Yy~ Age'®c, y_ ~ Age /e (6.43)

Hence, at leading order the general solution may be written in the form

M@wa%@k%(%ﬁ)+@%@ﬂm<%ﬁ>, (6.44)

as € — 07, where a and 3 are arbitrary real constants. The boundary condition y(0) = 0

requires a = 0, so that the boundary condition y(1) = 0 is satisfied at leading order only if

€

BAo(1) sin <¢(1)> =o(1) ase—0T. (6.45)

Since Ap(1) > 0 and 8 # 0 for a nontrivial solution, we require

sin <¢(1>) =o0(1) ase— 0", (6.46)

€
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i.€. @

~nm ase— 07, n— oo with n € N. (6.47)
€

The eigenvalues are therefore given approximately by

o) _ Jy Vr@de

~ 6.48
n o ( )
or
2
nm
o () , (6.49)
fo Vp(z)dx
as n — oo with n € N.
6.4 Example 4 — turning points
Find the large eigenvalues A > 1 of the harmonic oscillator
—y'+ 2%y =Xy for —oo <z <oo, withy— 0as]|z]— oco. (6.50)
For A > 1 again let e = 1/\ and rescale using 2 = e '/2Z to give (dropping the bars)
€Y'+ (1 -2y =0 for —oo <z <oco, withy— 0as]|z|— oco. (6.51)

Using the WKB ansatz we find

¢ =+V1— a2, Ap x _ (6.52)

(1 _ $2)1 /4"
Hence, the general solution has the expansion

Qo ip(z) /e Bo —igp(x) /e +
mee()/‘i‘me ()/ ase—>0, (653)

where o and [y are arbitrary complex constants and we have fixed ¢(x) = fo‘r(l — s2)1/2ds.

However, this approximation is only good for |z| < 1. When z is close to +1, (1 — 2?) is
small, and the WKB approximation breaks down. At these places ¢ = 0 (so they are known as
turning points), and hence Ay = oo (which indicates the breakdown). We must use a different
expansion in the vicinity of each turning point (an “inner expansion”) and match it with this

“outer expansion”.

Before we carry out the inner expansion, let us continue with the outer expansion for |z| > 1.
Then we can still use WKB, and we find that, in > 1 say

Y~ S — exp <—1 /x(s2 - 1)1/2ds) + A exp (1 /I(x2 - 1)1/2d8> , (6.54)
@D\, (- 1A “P\e ),
where ay and (7 are arbitrary real constants. Now we can apply the boundary condition at
x = 400 to give f1 = 0. The inner region near x = 1 will allow us to connect the coefficients
ap and By to o and B1. This will give us one condition on «ag and Fy. The inner region near
x = —1 will give us another.

2/3 4

Locally near = = 1 we rescale © = 14 €2/33, y = e 1/6§(%) to give at leading order

d?y
dz?

— 239 =0. (6.55)
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This is just the Airy equation. We want a solution which matches with Equation (6.54) as

Z — o0o. This solution is
§ = CAi (21/333) ,

where Ai is the Airy function. It can be shown that, as £ — oo,

C 53/2
—1/6472\ _ —1/6 < (91/35) —21/283/2 /3
e Pg(z) = e POAI <2 a:) 213/12ﬁ(62/3§:)1/4e '

while the inner limit of Equation (6.54) is

(65} _2@@3/2/3
(262/357)1/4 :

Hence, matching the two expansions gives'

213/12 /oy
C - T
Now as & — —o0, it can be shown that
—im/4 1 N ;
~1/650a\ _ ~1/6 1A (_ 1/3A) o~ Ce —2/2i@3/2/3 ¢
€ Py(a) = TCAI (-2 213712 /7 \ (2/33)1/4°¢ (2/33)1/4
while the inner limit of Equation (6.53) is
Qo —Lp(1) ,—2v/2ia/2/3 Bo 1g(1) 2v/2ia/2 /3
(2e2/3)1/4¢ € + eBg)Ac ° :

Matching the two expansions requires

021/4671'#/4
213/12 /r

Ci21/467i7r/4

—ig(l)/e , _ Ze s
age” PIe 2 fx

Boei /e

as € — 07. For nontrivial solution (i.e. C' # 0), we therefore require

ape= /e o jgoeit/e,

as € — 0. Similarly, through a local analysis at z = —1 we find

ape=D/E o jgoeit(=1)/e

)
ase— 0T,
Hence, for a nonzero solution «g, 5y to exist we need

e—id(1)/e ieid(1)/e
e—ip(-Djc  _jeid(—Dje’

giving
e~ 2i(e(N)—g(=1))/etim 1,

(6.56)

(6.57)

(6.58)

(6.59)

24/2i33/2 /3>
€ b

(6.60)

(6.61)

(6.62)

(6.63)

(6.64)

(6.65)

(6.66)

'Such matching at turning points works just as it does with the usual boundary layer/matched asymptotics

calculations. To practice this, try a WKB problem that has turning points and see how things go. The Airy

equation is the basic structure you expect when matching with the simplest type of turning points.



Perturbation Methods 61
so that o((1 )
(6(1) = 6(=1)) ~@2n+1)1 ase— 0", n— oo with n € N. (6.67)
€
Hence, the eigenvalues are given approximately by
o) —¢(-1) _[LVI—aPde 1
€n ~ = = , (6.68)
(n+1/2)7 (n+1/2)7 2n+1
or .
Ap = — ~2n+1, (6.69)
€n
as n — oo with n € N. In fact these are exact in this case. The exact solutions are
__—x%/2 —
Yn =€ H,(z), An =2n+ 1. (6.70)
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