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• start writing on a new sheet of paper,

• indicate the question number clearly at the top of each sheet of paper,

• number each page
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• on the first page, in numerical order, write the question numbers attempted,

• cross out all rough working and any working you do not want to be marked,

• and orient all scanned pages in the same way.

5. Submit all your answers to this paper as a single PDF document

If you do not attempt any questions at all on this paper, you should still submit a single page
indicating that you have opened the exam but not attempted any questions. Please make sure to
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1. (a) [6 marks] Seek solutions of the unsteady two-dimensional Navier equation (with no body
force) of the form

u(x, y, t) =

(
u(x, y, t)
v(x, y, t)

)
= aeik(x−ct)+Ky,

with positive k, c, K and constant a ∈ R2. Show that nontrivial solutions exist only if
either a ∝ (k,−iK)T or a ∝ (iK, k)T, and find the corresponding values of K, in terms
of k, c, cs and cp, where cs and cp denote the S-wave and P-wave speeds, respectively.

[The unsteady Navier equation with no body force reads

ρ
∂2u

∂t2
= (λ+ µ) grad div u + µ∇2u,

where ρ is the density and λ, µ are the Lamé constants.]

(b) [19 marks] An elastic material undergoes plane strain in the half-plane
{(x, y) : −∞ < x <∞, y < 0}. A thin elastic beam of surface density σ and bending
stiffness B is attached to the interface at y = 0.

(i) Assuming that the beam performs small purely transverse displacements and that
the tension in the beam is zero, derive the boundary conditions

u = 0, σ
∂2v

∂t2
+B

∂4v

∂x4
+ ρc2p

∂v

∂y
= 0 at y = 0.

Explain any approximations and constitutive relations that you use.

(ii) Show that the system supports waves that travel in the x-direction with speed c > 0
and wavenumber k > 0, while decaying exponentially as y → −∞, if and only if c
and k satisfy

k
(
σc2 −Bk2

)
H(c) = ρc2,

where

H(c) =
cs√
c2s − c2

−

√
c2p − c2

cp
.

(iii) Deduce that such solutions can exist only if

k
√
B/σ < c < cs and cH(c) >

3ρ
√

3B

2σ3/2
.
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2. A thin beam of bending stiffness B and length 2L undergoes small two-dimensional deforma-
tions in the (x, z)-plane. There is no tension applied to the beam, which lies along the x-axis
in its undeformed state. You may assume that, in equilibrium when subject to a downward
(i.e. in the negative z-direction) body force p(x) per unit length, the transverse displacement
w(x) satisfies the linear beam equation

Bw′′′′(x) + p(x) = 0.

The ends of the beam are fixed on the x-axis and simply supported so that
w(±L) = w′′(±L) = 0. The effects of gravity are negligible.

A smooth symmetric convex obstacle is brought into contact with the beam from above.
The boundary of the obstacle is given by z = f(x), where f(−x) ≡ f(x), f ′′(x) > 0 and
f(0) 6 0 6 f(L). You may assume that the displacement is symmetric, i.e. w(−x) ≡ w(x),
and that w, w′ and w′′ are all continuous at points where the beam makes or loses contact
with the obstacle.

(a) [4 marks] Explain why w(x) satisfies the linear complementarity problem

w′′′′(x)
(
w(x)− f(x)

)
= 0, w′′′′(x) 6 0, w(x)− f(x) 6 0.

Show also that the upwards force exerted on the obstacle is given by F = −2Bw′′′(L).

(b) [5 marks] Show that ∫ L

−L

1

2
Bw′′(x)2 dx 6

∫ L

−L

1

2
Bv′′(x)2 dx

for all v ∈ V := {v ∈ C2[−L,L] : v(±L) = v′′(±L) = 0, v 6 f}.
Interpret this result physically.

(c) [10 marks] Now focus on the case f(x) = −δ + κx2/2, where κ > 0 and 0 6 δ 6 κL2/2.

Show that, as δ is gradually increased from zero, the beam makes contact with the obstacle
at a single point until δ = κL2/3.

For δ > κL2/3, show that the force F applied to the obstacle is related to the penetration
distance δ by

F =

√
2

3

Bκ3/2√
κL2/2− δ

.

[Hint: consider the integral

∫ L

s
(L− x)w′′(x) dx.]

(d) [6 marks] The system described above is used as a catapult to launch a projectile of
mass M whose bottom surface is given by f(x). The projectile is pushed down to its
furthest extent, with δ → κL2/2, and then released from rest. Assuming that the inertia of
the beam is negligible so it remains in equilibrium throughout the motion, write down the
equation of motion for the projectile and show that it is launched at a speed κ

√
2BL/M .

Explain briefly how this result is related to part (b).
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3. (a) [4 marks] Consider a two-dimensional granular medium in which the granules exert a
mutual adhesive stress A > 0, such that the normal stress N and tangential stress F on
any line element inside the material satisfy the inequality |F | 6 (A − N) tanφ, where φ
is the angle of friction.

Show that the stress components satisfy a yield criterion of the form f(τxx, τxy, τyy) 6 τY,
where the yield function is given by

f(τxx, τxy, τyy) = 1
2 sinφ(τxx + τyy) +

√
1
4(τxx − τyy)2 + τ2xy

and the yield stress τY is to be determined in terms of A and φ.

[Properties of the Mohr circle may be used without proof.]

(b) [5 marks] The granular medium described above occupies the region r > a outside a
circular cavity of radius a, where (r, θ) denote plane polar coordinates. The material
outside the cavity undergoes a purely radial deformation with displacement u = u(r, t)er,
where er is the unit vector in the r-direction. The stress tends to zero in the far field,
while the surface of the cavity at r = a is subject to a pressure P (t) which is gradually
increased from zero.

Assuming that the medium behaves as a linear elastic solid while f < τY, show that yield
first occurs at the surface of the cavity when P = τY.

(c) [6 marks] For P > τY, show that the material yields in a region a < r < s, where

s

a
=

[
1 +

β

2

(
P

τY
− 1

)]1/β
, β =

2 sinφ

1 + sinφ
.

(d) [10 marks] Assuming that the material obeys the associated flow rule, show that the
displacement in the yielded region satisfies

∂

∂t

(
∂u

∂r
+ (1− β)

u

r

)
= 0.

Hence evaluate the displacement everywhere in r > a.

[You may use without proof the radially symmetric Navier equation:

∂τrr
∂r

+
τrr − τθθ

r
= 0,

and the linear strain components

err =
∂u

∂r
, eθθ =

u

r
.]
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[7 marks — derivation of beam equation from lecture notes 
but coupling to half-space is new]
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[6 marks — familiar approach but slightly awkward calculation]
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[5 — generalising string calculation done in lectures]
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[10 — new but quite familiar calculations]
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