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Di{. A Z—M aLeliM\ amuf C s an abeliam A0up 4@344’1-0
Wi, o dieck sum Aﬂcowron‘)\'ovx
C =@ C,

neZ K_| phelian ACovP
Con\r(’/ﬂ'}ion-' od)wwp ﬁm&z L>7 Z  waduss S‘at7 ovhenwise 2".-=ncio

Em\mp\e_ C = ZE’753= il\\{g»U‘ Fo\Dnom{‘a_Qs N DC./ C n — Z . xn ?Logﬁi:;:\g

A W AL.B{- A s « a{a,M SJL&( oj,C W .su‘ogf

- Ans Ca .
A %owmor/l\)sm R:C—D oq. 2,(‘.0\L.mo5 is Koma’.]. s st.
I (G)E Da
A dhom oi 0\9.3*‘66 kR is bom wii
WGYE Dok

g‘l\{'m_: L‘;) k" ‘Z-‘ar.ox!a.zf. C[k] with Nokice. s
Clk]), = Cyin CLE)E=c

1S nowW in A@3ree ero
so shified ap?::f Ly k ’

= (an view §c &om:“;jh %o o 9 hom

. C — 'DDQ] recall £.9. means
. 4 3 Svry chon
ALelWlV\ %(VUPS Nhic‘« anre -F!ni\-e(v_?gy\grako\/ 6/_5%::_—;\6
FACT Finidely gomernbed abelian grovps are. assifed -
= ' 20 @ ... : N
Q= Zye 4’\ ' ©-- @ Z/ﬁf"' Y;?c*p?;:eney (Possibly not
free Pock — O de Airiinct)
cAllod Comk G Storsion fot

(,ovv\parﬂ ‘HA.‘)& mes.‘onaﬁ vec;\arS/o\c,as/)(‘.eﬂal e V< H:r'\r:olim\/



C‘\a\f\ COWL(_)(CS / d\«‘:ﬁ.dvrl\q’. o MoUl\lN\) e\OMOMOrfl\

D(_,(; A (J/\Ail\ COW (Cy_ ij‘ o g ab-gf.c 409&“\2/'
 with & e D cjrou.gce{ suh ok 99 =0

Thas: | Or

— Cny — CY\_) Choy — -

~

’a,\o (an-«—\:h?
~ hQﬂCe |vV\ ’é,\.‘_\ c E,Q/" a
Nn—- Chﬁ.‘l\s = 2,|Q,YY\QV\‘|"$ O'p Cy\ !I- l-l-

Bn Zn
Nn-bovadovies n-c.icles

NO\I‘S (ﬂY\S'\M ”C")C\QS W\OJ\IQ,O L)O\H\CXN‘\IQS“ :
Det  The \'\omo\og') rf(‘_ (C¥/3*> s He A« ab. 9p.

Hh(c*,a\s) — K@r‘ ’a"‘
7 |YY\ ,avw—\

often abbeewale by Hy, (C)
Two cydes are caflled homologous f they differ by o L>0ur\ako~la_

Def A dwlamy £ (C,3,) —(C,3)
iy 3(‘0\0[2& 'exom sudh Yok {, o O = f’g*o A

Examyp e A chan SuLcoW\p'(&X C, & 8; is &
%(LM)\ Su\¥af wi, 9,= resktcjnovx o B 1o Cu (S; r(ec't; rec
So M indusion i ¢ (C_;,?u\ — CC: /’S“) s o dnarn mop.
Also %ek quon\“' complex ZQL/C* (s0 cosets [E)={Z+c:ceC,})

with 3, [21=C0,¢] (well-debingd : B,Co = ,Cu Cu)




LQ,N\N\O\. A chan May indwans @& ﬁ\orv\ on ﬁbomd(ﬁar?,

Ho0) =4 - Ho(G,0) — H. (G20
. (<] > [£(0) )

P(‘OO'C‘ KQI-?,-\ —> KU' /;én

X — A=) Since D (b)) = 9\('\339 =0
N

Need Im On — Im ,5.,\ to ZXA’ Mll—de&ir\e«»& hom ©
Ha(C) = 1ar 5 5, 7245, = Ha(©)
Proot : ‘E\(\o):é h(P) = 34) € \m (3). 0O

k:BC € |M(a) \
The last step Was a very simvple cxam'\ole_ 04— o proof loj l'dl'aafhm c‘\qs'?na
Dair On
ol — CV\—(—\ —+) Cn — Camy ™ - Fodivit
CommwTATIVI
O R A v o s dngean
-~ ~ —~ ok "}‘“""‘a“'
. — CV\+| N_, Ch ’_’_) C\—| —_ .. chaia wmap
an-l—l 8V\

c 2y dc=b

KJ’ ~ 2
he L%(&C)L‘B\Bc =P (b) 0

CMFI'Osl“\'!:z (Nov\—exaM:MU&) £ Cn free abelian 3P Vn, Hen e\l£(3 raded hom
He(Q)— Hio(C) arises fom o chain magp. [See. Dold | ‘proposihon T.-4¢)

Det (CA‘,?J s exact (or acgo@tc) it H., (O =0
So \M'ar\-(—( — \LW'Q,\

|v\ gev\eral exact chvC'\UL MeANS ")M(pre ViQUS§ Mﬂ\—f): Ko™ (nex+ MqP\“

Examele | O—>A'$Bﬁo is exact Hhew AXB via L.

A S‘l\oH’ LXAU\' Sequimee (SES) s oam oxad- SQquin
O— A+, B 5C >0




Easy exyvse . '\n'e,uH/e

(Oﬁ P %B i > C ,O)<:> T Sdr)eo\w\le,

R xact B/(A ~ C Vice {L]\%T‘- )
Exawples o —y 2 %, Z 4L, Z, s o
inclugion projet

OﬁZﬁZ@Z/Z — Z, > o

Nole A C Ao not delermine B
SnakeLemma A SES  of chain complexes dmd chain maps

\a,\db a QOM MSQM(LES\ on mee(ow
o H (A) M HL(R) ey 1 (Q ST Hoo (A) Wl

;{e‘jrea -\ Map

So exact -\ﬁambgz el — Ha(®) Hyx ()= H, (A) [-1]
N L Called Comnecking o

Hy(C)

C_)B

A
P‘F Q\N\‘)l p‘] Y\O‘\Z\'\\OI\ 19‘-1 IOUM\'\hu\a A with (A)CB: %e_ 4,(08\) oo
A= A0 = OAGRL
= Now Ay B, indufon 4 S'ulacnw\‘)zy_)(

0 —(h, 9)% (B,,9) T (C.,3,) —o0

O— An — By — Ch —0

| l |

0O — An,\ o BV\-—\ — C\r\—-| — 0

SWr,
ab “J>C20Q£:Tao)

| l

a\o_7 ok — cJ;,c::O
Nt to A by exachness



Define § - U (C) — R, (A =N (+ypically b is votin A

J
c a k So al) neeA hd*Le.a.LAP7bu4)
R_whee beT ()

Well-defined? « T (c)={bta:acA} and Ab+a) = b +2a
cyle —seqde : (L) = O / bow;éﬂ,f;ﬂ/
LOUA&N? — LOUA&N? i g (5 % x € Ch+\ Fbecau\se o

| b€ Te)
+hen
0p>— \Zo‘fgm;a T(E-by=c-c
= o pick L=2f7 ! 5 Geh,
= — 39 (5 o vV 3 X
Exactness af Ha (C) (exercse @ check exactness at H, A, H,‘B)-.
Need |mT, = ¥Kecr §
EE 6(?*%? = 2b =0O v’
cycle 0 essavily cy cle | —

> . vl Vel t necess |<e_l?-5 \ T.A=0
* b HC"ITL; ﬂ*(bfa)z
VY J, l /] Oo’o\.):—'aL—aa.:O

Paz dc=Pb—— b — © Faus cycle !

&SSUMP‘h'on Sc =0 éH&A = C = Tr*(lo-—oq € |M1T*_ 0

Rm_k O— A5 BLC—yo SES = Hae wnmk»;woiLESu
§: Ny (C)— R, (M [N

c — i (2b) V be® wir T(b)=c.
Lemma. fhhe comshwchon o € is o (ie Ronchoriad)

EEO AR A c—0 ‘Q—)'DL L:-qc SKC=¢b\QQL

all =2 -

chan— T | _?l k) {L v 8 4 = 7v7'99b

" o—& 58 5,8 —o0 °~—>83L #b — he = ‘f'o‘
33b=5he = £8c 0

Exercise Dedwct Yo LES is notval | so

HH‘A‘AH*B B,y H¥_\(A)e
ckl 34L &“L
H

-~

re __;H¢2:'__5H48 Te

~J

xC —) H’& \(C)



S -Lemmao.
ASB — C —DdD-oE
2 | z|,r 1Y z|§ SLS exatt = X also 1So.
Psl___,Bl_,a C/ %b’ 3E’ OoWSS
PL exeyese (ACaémww\ dnase) [
Spl&ﬂ:it\% Lemma
g— o—>Ai: B—(;? C — o SE’So’,]—o\Lb@iam aPs

I BKL/C st poy =id  them the SeS Sphts : BE=ADC
Ty

0
Eﬁ Qo AREC —=¢Cc —o0 K(:;:J::i " B@
I | L) [ ¥: CSABC B
0—->A—oBR—C— o D «
Exercise |68 A5 B s.b. Mool = CdA Hhen it splits ’B%A@C
I (and equivaleat 4o existence o ¥ above)

Execise |£ ¢ s o fee abelian yroup (C ’Ege‘)IZ) Henm He sES splits.
Rmk A free 7é> s, e9. 02252 —2, o0

CAN] Rmke Spli’rh‘na Lemma g,weraﬂcses the omk-nvllily Huorem from
Lineonr A%Lm VLW neac mape of veder spaces 2 Tm 3 DKecp =/
E 0O — Ker {), ““"L.'.v * s Im (&ﬁo is SES/ omo\ se@H—s since 1mﬂ> free.

2. - COMPLEXES AND SI\MPLICIAL HoMoloGy

Stomdond An (’on /Jcr\> € RV\H " JLc7/0
V\-—.ﬁN\Q\xx | Z’ke = |
Z*[:; €;

N shandod bosis of ™

0,92, e, =(1,9,.,0), -
EyawLO.S A 7 ( 7
point A" < R e seymenk A R™ @ .
¢ Co
\V \ 6_/‘{11:'\3/6.
} 7 e i N<eR’
o LA o



4/’_\ n
Def For {vs, } +k any k30
\ \5, --) Vn-Vo |K—£{!\€0\fel3_ §AWMAM
[.\ro,o--,\rv\] — '\"S\MPLQX Sf’&ﬂf\'eok b") U-o).-7\rn
= covex Al ok Vo, Vn
={T4v - b0 ad Thi=))

n+k

= | R-L: w‘l\om O”:AY\H
maaaaoé h eo/ cle;)= R

canonical homesmorphism

homeo On+o ‘\"'\2. n+k>

inage,not onto R

{
(so\.',x peism: > Wil often Ylur Yo dishnchon bedween
includes inside ap 0 ond its inage

g — [O—‘eoj ~e ) dqen’l
bur He orAerir\& ""S— Yie vy wi|| be \'N\Oo(-l'an"‘ (so +Hhe Map o is

More precise
We encode this exbndata by orienting the edges N

i C<_)'

Def d-dimensional fatts [, oy 9] for

Lo<-—- <\.A

E xam |e. O-4im qu,o Yad MAQ, verka s '\Tol,_ V,

faaks

|

(=) - dimensionall Taces

N
(Vo g, ) Yn) whee we omit
E‘ro"f\, 'L\r'b]
I { Z‘EC\E € E\yol,_)\fv\ . Q:O}

3
Lvo,v,,v3]
— n -\ n+le
. /1 B |W\&)0,Q et Al — |R+
Vs A,

\
‘ \{-Ee&"-“:l:o}

<.
I\




Exouv\p\e_ Can b\/\\“ n '|‘OrM§ oul oF s\M‘O\\ces
. 5 1 0- swaux eadmcwzt'
S\ N o

S\MP\—Q.X/
and
2 2 "‘S\ |A€w}\
them \mear|7

o £ th
T°= ”lvohfvﬂ' SpocL L\O‘ / Cononi cal \"""“305 (f ?iuﬁnsﬁe )

v

assoca A \o Yhe facrds | with Heir |

in T=quokent space.
for exm‘ole fdevﬁ\'G“) facok oj, with L via Lnear homeo
a, (or\ev\-\wl\ow pregu\/ui)
Def A—towplix s m@rw\m by date

lr\oLwa\g, set I 'CO(" each neN
. choica ej, n - snmp&x 0:(" (y\o\'r\eCQ,SS'ar'llﬁ s-\-o\mo\n\l‘&) for eacd X €T,

. ﬁﬂw'r\g dovr: Lor eadh oL éIn/ O<ign, Asso vkt some (5@(,('.) €L,
. ConS.‘lqu condikon (See loder)
The A——Cowwfby s Y OJUOHQW}' Spancl

X LJ_ O‘ L-H et 4 6' is dentfed wirh o7 (5( )

:\(eé]él Via the ordor—presecvindy Canonicall Linear fromeo

(ﬁuoke/v\b fopology : A € X is open & L inlersedds P in an open set, Vo(,n)
A D-tomplex shoubuce on a op.space Y is a homeo fom o B-cx Xz
E xelick o\esc;fiPHon of Ythe facet identicabon

{25 N’} [Wo,—W¥nr)— [Vo,..,u] = {Z%J ‘)—J}

-+ S V4S5 V. L\ Fets v,

- ’ Ul
G T% (50 et St
— A
%wbh—l T E\J‘o,_,j\;—c,__,\r“']
A1 n-| n ¢
A — A'\ < A

(Soi‘“l Sn—|) — (Sol"'/SJ-IIQ'SW""S"‘")



NOY\-—CXG-M(J\C, N 7 v"} k vordes are not
This decomposihon —> A A because: totally odeed :
for ‘r" (s fﬁ

a D-complex .

WV
<

: C <j< k< Z
Comis{;uwg.m&i')\‘oh

We want 4o aalo(?-f{amﬂ/*o{ tmsure thot eah pink of X Lies in the inlerior
o] exacMy one 0 | becavse we wamt 4o avoid unexpecled idemhFiahons.
E?fo\-h_/\e\& :

( L
: 03 Hhem ghe ot = @ Vi 0-37_/)7_\01
X = fa o0 ot o2 el a3 o, -
nohee how o";,aft get idenkfied in Y 1Uo'k?/v\‘l‘, but we only nokw Has after ghving )
(mt« 5 4o run Hne defniRon of sipktiad homology

p _o\q}\'ﬂgd.&der_ Yyou nohiee

e MBfcenhal cannot SqL:ng ’alo37_=o)
EQViW\\-MJ'Qé'.HnQ 'Fa(ﬂ- 9&'{1\03 MaApS ol C-OMpq‘lw‘LeL vadesr double resdichon :\7’(‘.<J‘
fact A ‘lldeﬂ‘*‘l ‘

Wy v} 2 [V wimpYal o E"‘YC’/"'/WV\-J ’f’%ﬁ!’— [«o,-. zA_; n-y '\\MM

faet A identify fock ,:’ 7 ; CI"/-'; x!\—l]
LYo ‘YJ"""J"l = 1:20;"‘1%1\-—1] s E%O,-—':ZC;"‘I%»J 7 deots
this omsues Mk [, . . -

2o e VU] s idenkifed Witk He same Dxo,.. 0]
whether we Kot resieict o £; =0 (omit v:) or firsk eshvict o tizo (omik v;).

Arother equivalent condikon + can define Hhe R-th skeleton of B-ox X

Xk = quokient space gou get by gluing alll sinvplices of dimensions SR. Consiskeney is
e condilon Yook Hhe boundary. o} ead 6‘3 should mayp conhnvoysly into X!
(i:\ Kt above Exomple, considarthe Verl-zx’Aga@}) (m

RN i o)
saNonr o6 a simpl. co
Rwk (S%eia\:g\?) A .S:V?\\‘C\‘ol COW.Y{QX is‘O\/A-cowy&x in wWwhich
ead. d-dim face s uniqu7 delemiined \o3 d Aishack veckees,
A homeo Fom such a c_owyf,b)c to X is & H.‘anave«.'\-\'or\ oj,X .

Non—example v
T*=/

~
I

’’

.
both 2- SiM( |\‘CeS‘ hqug Verhes Vv U
\ 4

N

s S - whereas T2 = | [ 5 a_+rn'0m3ves.4~‘or\.
\'\aro\ﬂ' exocse (Non—examinable) |€ you apply ‘oarycen-\ﬁc subdivision huice 4o a A-cx
hen yow g—c'\' o Simplicial complex - H

(\_A‘*‘ After _H';:_e. Rrst S'\I'\LJI'V;J{QAJQV\D given ,;wk,‘)

SfMp\ic{a\ CLA“I\ COMple.K has dishnact yechces

M TFor a A-Canv\o@@)( ></ Lt Xn= set oj n-Simplices of X

Cﬁ(X) — 1Coe_a_ aL&@{a\y\ grovp W\”ﬂ e set X,
=[S c, o

XeTIn ot Cx éZ and ovx\j ~Fin'\-\£\7 Mmany) Q#o}




diffecenial -
"an G;( Z C_‘) {5(« &) Q)O(Y?\/iol

S0 On Vo, Un] = > (- N[ o,,,?/\ sy In] Q"NMQ'}
Wil] Show 3¢ =0, 5082-\— §§N\\'M,°- L\om.o(.og_s H*(x):\,\* ( Ci'a*>

E \ Lales :

Xome &S The (- I) S\Qms hQ.Q_? VY3 4
fa (+ — . of Whethe Hre

'\, Y, o Vv, oriewtalon ﬂf.rﬁer/Maf(us

Wik gﬂamelr\t_ bound
onumtahon, s, ™

\_ \ - / v ﬁverm:'&&g&
" 09, (-Hms) = 4+ (V- \ﬂ)'— (g - o)"'é“' "VO)—'

Ded =0 *Fm|s w[or Zf)k (V\O\’ A—C"W\’&X> )

Lomma (DD = O

b+ D (9 \:\ro,_ f\l) ZC3 O V5,77,

Z(‘) ()" [ve -,J-qu,_ A <>
+Z(\)(-\)°‘[vo,,”,d,,n]

J)
J— O 1 o
E>(0UV\\0\€_ S QQ AN—cX : X 4 O-$3 "P&'X *&F e(su,o\:Q(suA)

1~ S\NY&K+Q

o\vH\S mw\U\“’ lc
if S"J“"f \)

OﬁC HCHO

\\ I A \ _ Z ¥:O)|
= (S =
Ze 2V Huv- ) %O 0
e b— Y-V O
o but messy !

EX&MP|Q A cx shvive on SV\' One con deduce -
pick any verkex

@m @a S _pb uA/ ,\Jag H,S"= iz<?0m> ~Z x=o

/XA call *his A, MM, Ao §<%,Q‘;_A°>g Z *=n



Ve
X = —|-—z — fi—
2
Y
Y a) A
(@ J— CL 3 Co——a O
{ |I N
26 +24, Zetle,t 2e, v

£, — e —e,+e,

e| 'ez_’c:s }——4\)’-'\)—:0
{-LH 27_—63 +e.‘ J

D 2 2")_ *=0
Hx(T ) = (Z€|+ 22+ 0 ex) /Z(e\~e,,+e7_) Xx=| &— 1£r€€(7 th@ru.-‘rQJ\
2 f.—f) x=2 by €,€;
O -Q/Q—yl Al:\‘erhﬂ‘HVg uscaf.,.e_ meH\oA \Ls'-l\a o K from o.\sebfa:
Stra¥a normal foran oF 9 s .
— enc

~ Z %_OIZ- (ll |I r;w(lol op (IO H,= :er'a"'z

= 27— Xx =\ et o% o0 H. CoKer'B =z
o () 2N So after Z-isos o] C2,C, we

ot 2* 523 & (x,00)
RﬂﬂWIL ﬁLOu’I' Onen‘}'a‘hO'\S (See adso my R3.2 Greometny, 4.3011;\.6&5‘ no‘t(’_S)
Rr o vecker Seau. aAn orientoRon s a Clnaluo},)-— basis moaﬂeo
|C(\W Qr\OLOMorPL\/\‘S‘M,S 4 M>O
| o
€y g W —hand o -l ‘LHC\ lefr - hand
Exanple R* ‘ . gn%;_x;\o,\ <o 4 or i embadion

(Positive) €x (negatve)

fak GL(WR) has 2 pa%—@manev\h /A %ﬁ;fo So can

adwargo Continuoust, ”\21""""\ . bas's +o &noH\U‘ wWiYhin  Same orieviaRon
Canonmcal oremtation on R" : € -y Cn  Stomdarh basis & "positive

ocientation’
E xomple [Vo,...,\fn] sim‘o|€>< =D V-V,,..,Va-Vo is a bosis ¢ Veder subspace
V“{Za-\r da. :o}g |Qr\+\°“ i€ sWap v, v; considec
He cefleckion in the
hence oo choice 01; or emintion o’_[,\/ &\ hypecelane @:=aj) in V

amd each frans posihion of Verhwes Vo,... VA switdhes Ko oriewrabon class.



IF Vo, Vn€ R" them V=1R" 50 simplax’s orieutakon can be compared wikh R orient”

\ Y v,
Example | B2 Jz.\r,k Posiheely ‘\ﬁ-% negaky
Jo Ui oriented o v, ofiemitd

‘rl -Vo \’;--\ro

s No nonveal dwoicr of orientnbon ‘for an abstadh vedor Space .
Need choose basis Uy Un Hhen dedore omothar basis posihveds oriembed
W Hw dr\wv% 09. basyis madix Ahas dor >o.

J R)r \/\v){)efflome Hélﬂv\ Wil chovee DJ— Y\O(MWQ coon ACJO«.H’_ ocrieminion

norma) Oj_ basss (;J'”_ﬂ W o{l H Eos"-}{\/e i@ norrvxa&/ w‘/'“l""ﬂ" is Po‘sih\/&

: va Convenhion “outisard normal Rrst™ R"-basis
H™> Exape 52 HeR®> = ¢ posikve basis for H
lwmu (noemet e, ) = (5 6), dak=+150

&> rormal = (:\

Exaﬂh_ A" < R il normal (11,--,1) is posiRvely oriemitd, e.9.n=2: N e
UISHOT For am  n-simplex  [V5,..,Ua) i ni/ eadn fact Lies in a

)\\ﬂ“rflo‘“e amd. Wave Cavonical (/11\.0\'(.2 oj, vormal owhwardA notmal
o, €acths ace. camonically oriented.
|

E\(am-le. |R2' 2 W‘I' 5 Dul’
in smootl. world: D So oD =S @

an Relockunse
AY\,D rcwqﬂ'av\ 6‘ Rn vd\“ Swap O('i(M‘l’V\,‘HOn : afler c‘> 9|) SXA—Q clockwise
] 1

Exonple V3
“Xoryle 3 out X reflect b V3 /[\r,,\’r‘,,\r%\g]
v N3 Vo & V, .
qu [\fo, U\)_q,/ 3] ) »: Ou,’(,l \rl—vo)\g-v;

; , ‘ - -
Vo vV, * out y U3~V \JT}—\J" AA‘ TV r\eaq,\we_ R3-Lasi
Posidve  [R>- basis o

UPSHoOT (,_|)5 i {"‘)C[Vo,.--,‘/’}\:,--,\fh] in AekaiRown of simplicial O secretly

keeps track of whether He oneatakon of Hie .Shv\(»\ex mames or not with Yhe
orientakon induced g,eomek\‘,mll.a, by the above convenkions. From Hhis point of view, e
equakon P09=0 lolds becanse a codimension 2 face Y of & simplex ¢ arises as the
focet of e_xacﬂv o €facets f‘llﬂ_o-F a, ond He az.ame,\-(ic. orieataklons o‘;. 'F,"F-,_ indwez oﬂgos;k_
Gomelric orientalons on Y (therefore if We Keep Nack of orientahon S5igns we Couat +¥-y¥ =0)
(hecking Huat they are opposite requis some thought, one approach is fo say that we

Cann deform 2 unkl they make a £lat angle and Y p: (o - delorn, Y gt +x{~m9-F
then heir ouh,llarA normals Zn‘ﬂ be opposite . ah' (hee: "'-,’ t +X :
£ 1\’ £ {1 * from Dﬂfz




Lemme Hf (X)= & Hf()(:) Where X; ace Hhe path- components Df,X.
PED i) — X, @ci— T¢, v
5 chain isomorphism siace any s;/va&,x 6 : D = X has path—connedhed
M09 So £ X; Some 1. [
Rmk X top space =3 path comn. componamt < connedhed component
sine pa¥h— conn. = connetMd. Ro A—CX)R-H\ZSQ, ore some (S.'nc.e_
onneced + Qoaﬂ‘a_ path—conn . =5 paH —connecled).
However for 4op- space they need not be fhe same, e.9. Topu(oa-\‘sl".r Sine Curve
{6 smd)ime o) o Oxlon] e WN\ e ook
« ot eocau/} path-oaneded

A A—
i-e.l-simplices

Lewma X A-cx, X connected =DV vackees v, v, 3 pa consishnag of edges from vt vy
Yroof Pick o verlex v, . Let A={J\'w\o|\‘ces = in X sach ¥hat one (henc ““)
Verkces of o can be connected 4o v, by a path in X onsishng of ukaeS)_
Let B = [ simplices & of X not in A} Obsecve Yhat if ge A then He fact o &
are in A similacly for B. Affer zbu\r\a_ sivplices as prescribed in X, the selr A and B
define suwbospaes of X @Ls:fxa Hhe quolent topoloyy). Execuse : A,B are closed subspas
Note ANB =@ (ohwwise theny hawve a verHx in common and we onkrdick he dl’,‘,\ﬂsb-'\ of A)
== X = A B is & Msjoint vaion of closed sets, so X conneckd foras 'B=¢- a

Theortm X has N-cx shuevee =S Hi (X)g @ Z
P_£ B‘a lempmon, WILoG X path-connected Pc%ﬁ;:\'gr\\h
Cdekx v o Vel ) 2 CN=0 5 [v]eH(X)
. Verkas \J;,\rl e X L"'="“')‘“- 360\.‘\{\ \(‘Qom o {0 Cohsfs-){:\gmcealaes
= ¥ is SUMJJ_ I-chaing sk OY=Yi-Vo , so [V.]=[v]) e Ho(x).

P Hoe (XY =< V> 2 is injekve ?
hy <« N 5J(f052, nJy = ‘oc Jome CéC,(X)
cong AW~ awgmentabon bom ¢: Co()()%Z} Shni0 —& 5 T,

) \o—s:wlices

2 Fa-\‘L‘Cohn-Cow‘oonzM'S

=5 tomposikon CLX)Z5C(K)EHZ s O as ;)I('—“'”vltx =0 -0, -5 1-1=0.

> Nn=¢nu)=22¢c=0. 0O To O

Harder exedise (non-examinable) If §:[01) X paky fom vrdex Vo do vV, Mo we can

17NN/ | homotope (=conkinmously debem) it imto o pa¥h consishng of 2dges.

&\:’-" T (H"’\"s--ﬁrs-\' sLow Mok a ND-cx is (.oca“_j anr\-cm\N.cM- en >
b

nse the Fad Hab Ho domain Co,t) ofF ¥ s o vpact in ordar o

agpoximate Y acbitvarily well by a plecawise linear Path. Fnall v
He @sult for p:e.(.!uise.n\‘mew [a.-HnS-P| ' " a "N Brove

Vo hew Y



3.SINGuULAR HoMologY P
Moth‘i\ov\ N0+ ol Vions ‘\‘LJJ" H,;@ (< ‘FUV\V"O’\KQ A X

Hew foa Hpn(alty rot s/v)glex A_) %_}@
Solukon L1 ony allow Simgplicd maps £:x 3y (so £o6 smplux Vo)

Solubkon 2 ¢ show Yhak any s tep fixoY canbe a,ppmy\mam acbir (o vy
\/\lUvQ 5'9, /9 Slmf)] M\X (N’v() affer '/mvm%u p.eraformu( bmfviu,r\k\c, subdivision on X,Y
mouyh Kmes. Also any two suda appoximations indutt Har same mop Hi () oY)

Soluhon3 3 dovelop neas Vromatogs Hi(X) whidn allows any ¢t map 84" X
and proce HY (= HylX) for D-corplores Xy 15 any

+top- Sporce

> Y

Q nhnvous
it f

T
WILL Do THIS.

M Sinqular r\—-sbv'r(%( is any- [ cohavovs map N —— X

Stngulo nochatns Ca(X) = fren m%dmgmvygw»\m}dbj5

= z C g CpHE 2
SW)J\N On\~7 -ﬁn'\\-eL, many ca_:ﬁo
n-simplices
> 6N T and. 2o Bingo
C |A.“\i-\:\r\4¢auj— ( %)

Rwk Here AT =[e,,..,8: . en] is idmiked canonically with AN (S%eif,“:.ikﬁ,rké)

L&mmo\ P20 =0

Proot 9n+l (9 a)— Do ( ma—\a o ]
RN R S
177 JI D AV\“\S W\N\C'\"”C
+Z( |) \) O—| N A if Swaf ‘:‘)
- ecl’7ej'"')

I
—Oo . O

— singalor homdyy [H,(X)= H,( Cx,2)
‘FO(- A OOW\V&/X >< \'\O\\IQ. \I\C@\IS\OV\JX’ S'\)oCOWY(—q'X C.\F—}Cx_
— induas H (X\ —> Y Oq Foct \S‘ON\O{‘\O\I\SW\
(proof lakes; see cellular HEWz 1)

Gorlary.  Hy (X) is indegemdont o} choite o A-cx shache on X




anka X = ()0\{\\' = C.(X\=Z - (0"' AV\—-?)( +he conprant W\“f’)

0 g, = 2(1)6“\“_"2(') Op }@ L2225 2% 250

5 'Q | i noeven = £ G
{ v odd /] —) H*(_P'k) {% :lsz

Lemmo\ H*(X} = @ H)‘(X\') where X\ ace P\‘H\-—wwone_v(\j o{_X
E |""“3€ Oj— ks mop AN X s (Dw\’(,\ conn. so lies in some X;.O

Cor |H, (X) = g'? Z —generotors of Co(X)

E By Le.mmm) wlLO§ Krmﬁ«——wm\ﬂd{ak. Ao=\0{'% X is a/o@- Sin@ C——l (X)=0
Given 2 points X, y€X, a path A= EOIDT X, ¥©)= X, ¥0)=% is also a |-chain !
So Y-x= 0y ,50 X9 ot homologous. Finally i n-[x]=0 € Ho (X) Yhen
NX =3¢ some ce((X)=gmamitd by paths. Now run Ha avgmentadion
bom.hrick iKe we Atk for HS: n=¢€(nx)=¢%3c =0 a5 £.3=0.0

Na"ivmu'ka— (f&.. f\mclwn'a,c&"‘g—)

LQW\M -F X—-’3 y oovr\\m/ous

/ ’F : C-V(X\) ""’C.\L (Y) A T . X
indw Cedk map L (@) =Fo¢ anol c;(de\ foo H
\!\Cnf)

Q—_f—- O (—C_\L o) = ZC—\)V\-Fao‘ &?‘-l =.F* (Z(-])" O"A,E,,>='F* (’bnd‘) 0

Peoper Res ) Iy 2,2 — (3‘”(:)*: Fe o Fu

2) d, =id
P ) Ged), o= gofor = g, (fo0) = g (80)
) 4,0 = deg =0 vV D
Cor H, ¢ {Wobg«dsmw} {3’”\”\2\’“““&” “VS} s & Avnctor
ch mMaps Gended foms

Cor XV = H.X)= H.(Y)



4.CHAIN HOMOTOPIES AND HOMOTOPY INVARIANCE
A|ﬂeLFa_ : Chain ]/\OVV\O‘I\OPies

'E”gt : (C /9 (6 5) chain  maps

Det £, 9, Mt Unsin \/\ow\o\we\c C 3 (dggeee +1)
foon D: Cy—> C[1] st

Doh + 4.9 = ﬂ"?—*

hoie called o chain homobopy

onseqrime. F = 9, My (Co2.) — ML, BL)  on homelsyy

P—F‘ Cy\+| Cn 9—n> Cv\—| For C CVJL e Cr\
~ o ~ =2, .00 ()+ _° 9nte
Cv\+| — Co ) Cv\-| M n \,T‘,\/
O bowndary o
Hacder eexyasSe (l\lon—examinaue) So O eHn(Ce)- O

& chain Mops F..,g,, 1 C, > C,‘ induce the same wap on koMo\.naaD
ond Cn,C, are free abelian gcoups Vn, then ¥, , % oae chain homolopic .

Hiats Let B,\_,_lw\‘t) Kn=Ker 3. Wse fack that subsroyps of -Rme amups are free 4o
shous Mok B, Kn are feee . Deduce thar C, =8B, @K, (show 0- K,\—)C,\—>B.\-,——ao splits)

More fncfuselp o\eAu.CZ Yhe chain corplex Cy 3.0|$ \Somor(’h c ‘o D =(.- —30—337\—)\(“—’0—) 2

Vna.l’\ M‘Lolso -F_., %. dekrmines a chain map of: 'D - D swch ,H,“t \c(kain cx wi;:

on homo 7y «=0:H (b)—)H (b) Consides A: D-—’D’_H &K—-)B ‘SQ(_ Kn in degree n
(hznu. < (Kn)E BA € K{)

:Bno O IS 2erO. Ban v 7 ntl
'\/\’\,&O(—Qm . -)g.e_t';&_.re,ia\
< _— . n= 1S e
Let o X—ﬁ >< x L ] Lo (7‘) = (x] O) \'Jk% - —[O |] 'lnr.lu.s\'rc‘m.
L 2 X— XTI, {, (=(x,) I =19

bo.\g’ \(aﬁ : C (X\ - Cq. ()(XI) Vad d/\o\}\rx \\P\‘c
K€~1 tdea Need ‘\'{Ae- PF\SW\ o‘wf'a-\or' Which cuds A X L inYo a Sum r of

(h+l)-5wrhoe5 in N'xL: What is D2
5 Y o a— ¢ (&) N
T =s_-s ' ! \S
- e e N VY — (-, oyelied to Yy ey

! I" \\P'\ =4 (A ‘\.
g,.\A,-/ A w o (&) PZ(':‘
AxT A« T °

"hen" gtk chainhpy 42(8%)




— Non—&xaminable
bolom £t A X 0

«—V.=¢€. X0

= Loy, 9n] } SN YA RN

+op ’F"L(»d— AY\ x | = [:»5‘0,,_) \%)-r\}
Exo\mples N~ w = e X|
n=| e h=2: W,
Wo W) A \ S O
3 g \/ z—?\'meh‘ces o /;\ w Yheee ?"S‘"‘Fl“b:-
I e [\Yolkﬁld‘l T [V, v, Vo, W]
Jo e v, [0, b0 ) Cve, 0y vy, )
N Now ——— 1, C'\To,bfo,w‘“lfz]

Lejb SC = [_vo,—-)\j},wC,--; \/J‘Y\'}
Clam = The s: cover Dx [o\1) and gt A-cx shuchre on A%T

Pf
o3t +kz;{:kurk = (to,.., t;,, titrk S

C. C
y, \-'Hl"'/ n
T Zron=1

So gven (xo;—--/xru o) € Anxl_j eqwﬁe amd solve -

— s ¢ = A=A ip ==X
't'o— xa/-“/ 'ti—\' b A Y, r:.ﬂ: 'I;H,_../ r,= )(.nj amd. {.L;_ =X, —r;
Note X %0, Tup=1 a€(o)] hence JtetZ, =1 v {’cz 5,0 for R<S v

rk 270 'Fcr‘ k>
but- rC?O}\%{“}xCﬂ*'"*I'\ . Thus & solvbon exisk f we picl
tioo Xt Ngt- tTa A (= minlR A7 Xyt +Xaj g
(There ace mth'p\e SoluBons (6 o=y, 4o+ Xn Sind them also “i+1™ works
Sincr A4 + Ayt -+ X200 2 Xigat o+ Xn - T\m‘s \$ precle_oL sine St',sm mee4-)

alOna o (‘—aa{':. E;(a.ﬂle_ : n=| peicture %_/—sols‘ meet “""“3 facet EVO,"’l_.\ which

De-F above - acises for C=0,I'6=O butr also l:=|,'t|=° .

?,\ = Z (.-QL S, € Ch-{-( (,AhX [o)|]> &geome&\‘a[{.a Yhis “represents™

AT as o Sn‘th‘cid chain

Sl = TTEFEN Cony G oviyoon) ] gntish o

‘¢ (rfrenh';
- < ) N NeT
) (- s SEIAR W W (A ¥
N ? sz ¢ (Lo, o) ) o7 I ] =L «I) (' 2T)

eXaﬂg\e
Vo > W, r.l = [‘S_OIVJO,\/J)} F[\roi‘rl,(’)l] ! S (3 Yﬂld&re."
t AL N =000 = Do D) + v, )=, ) 4 £ 1L 07

\ . 7 e . \
N s ‘0 o’S, Square inside facets™ canced




Peism operator

D Pl = 2(6%d)x(Tn)

P: G (X) — Cniy (X x (0,1])

PCo) = (oxid), (T
7

T AN — X

Noxid: A"x 1o) = Xx (o)
(oxid) (x,%) = () t)

Hhis abbreviated notahion means He moyp

P
(tol,.-,ty\)l—)( (foeo+ +tJ -§ +t‘, eJ_H-i'

m +t 0+t e 4ot +tne,\) & +-"'+t">
Af\

(G'x L(J) (’6 rv\)

€ Xx1

77 i Z()) (—1)5 [u, Geo ) - ,ioo‘e; C‘Gec/..,iﬁe,\]
(O‘XKA)(’U:) h J<k 341\ ) N
bxid)(e;0) | * b3 JZ)L(’Q (-) [%0‘@0, ) w68, LT, {0l - e
= (0t 0) , ‘

=@ (e) | = lsT = o = PRo O

N \ ,

6 xi® () i T £

= (e v=)=0 = (36) x:d),, 1,

= R =J - \=\=n G) X« _

(@) (€3) 1 com 2“;‘)@ X 30

+ke Ol’L\Qr b"J ‘I'Q-(MS ‘H\
acise in both sums Wi
OPposite signs so coancl)

E"“—”‘ele to clacify
=2, k=0, (=|
r EVo Wo\l] [\/OV )

(O‘\C &.e,e0" 0\)(Lv° )
Maps +4oVo+ t Vit W, = ('ho £ +ti— 7.)
to (@ (o, ‘to,*: +t2), t2)= (0—(’(7 e +t, Qz“'tze)b_)

Homo+op\3— 1aVafiancCe

_'kSee=Exam?|e.=
Dek f,,f:X— )’ '( o~ £ lhomotopic if T conknuous onap

F:XxEO ‘]—)7 caled \I\OMO‘\"OP‘A- s.t. {'ﬁo: Eoo \':
ldea Think oF Yhs as & conhruous f%wn ‘¥ Moaps
£ =F( b)) X from foto £,
efuu/o\bnce 6‘6&}’\ .
Homotope reladive Jo ASX if F(at)=f,(x)=f (=) ol ach
Weie "_p-:? rel A"

2.0 [ -, V) v, Spt]

30‘ Zel 0—|C€o ek, e '}

—NO‘I’E (Of k(b ‘He P OP{kaf on
(")k‘f |ce,, /8y, .. en) Gives:

Z(") (“) [ﬂ Q %) ~2 Lﬁo-ek/ )(. ¢et+l)\-|o’e + ,‘: G'C,.])

Exgercise o

S am




M Xc\/ \y\oMo|<>‘A:, E?VWM spacts £ 3 maps
_]C .
X ey wh gt ="
3 -Foa ~ ¢
RmR  homeo =5 hpy equvalent
bk X conadhble % = pt
2qmivaleatly ()(_L;*_) X) = (X ﬂ)bpa?v\*é)()
Examgle R™ o pt
Fxt) = tx tow £ =0, f=0d .
‘ (SW’SL\‘YOZ_A s ubsels s R™) = pt

S~— containg |(ne. sejxm&m)'r
o a SPQUC-F-.'C_ ,Oom" P

WloG, p=0 R wst Same F

-Jw\slql-e

(exawples : D", convex Sets, ...)

Theoctm {le — f.=1T. HXo HY

o

% 'L\‘at - -1£0¥ = E;.CHL - F-F t‘o* (N\'\MF:L\QM.D‘LD\O\?_J )

‘:O,C‘ &S i previous Thmw

= Fe (8, loy)
T = Yo(FeP)+ (FeP)° 0

e CL':'\O\:»’; /% Fee P s dnain Wy from fo. 4o 40 0

Coc X~Y = HiX = He Y
PEf, 4.5k, Gate =34, O
X =0

M& X Oovw-Voxcklole_ = U X = H*(P{;)g {% o

Cu-e‘l‘\)(b\l KW\K (Wh”—e»\@\dk %\ﬂ,otﬁw\\) Tor nce “I‘OPﬂloa/;CAQ SFQCQ.S &G_\Ige;—ogx‘f;f?i>

i€ XY ae simply connected amd 2 £: XY indvsing. isomarphisms on Hy e
Hem X 2V ore homolopg 2quivalont.




Relakve homologn,

Dok (X,A)  paicobspaces  iF ASX toplgald sibspace
= L=rincdr A e X indoes a subex Ayt CoA — G X
= C*X/C*A 7\/0{\'&»\/4’ chain cx é-e_&\\ o[*) = CB'JL’D

H,\,_ (X/ A) — H% C C¥X/C¢PY>
relakve boundaries:

|ﬁ.: relahve C‘jd‘:: X
c <X ‘ ‘ be (X
S'.‘t_’ac éCa\:A ’W S'-'t.HDCéCy.HX

¢ Ix=b+a
SGA

= 05 CGeA - CX 2CX /0, A—> O SES
Cor |- — f1 (AY™s H, (X)) — H“(XA LAY

K Les forpe foir Sc ,ac
EQANQ'A l"""""e"&: Need no+
be da.

FaX= Kor (HX— Hale®)) —
N indwad by X—pt
For X#¢, ﬁ..X = H*“j— _g»m&w/eo( dwin go»y‘(l/x :
..__,CHOQ.——) —. s CD(X)—SQZ%O cam view
S(ch ) P) =2 € O
nYoron — y = Z:(mae $X
vgmenTaTon Cﬂz on{n‘rx NL\eﬂ’( allow +|r\e)

E n v\ eV"‘Pl"a Si Mplex Q)
Exarpe H.(RY) = H,K(ID )“H (Pt) =
Check + My X = Hu X %o, a\nok H)(~H><@z for X%

D FixoY = R — LY
Lesneran (XA) pair = 3 LES

- HH(A)—ZHY‘()O——# H_(x,A)— ﬂ;_l(x\)—“i . = Ho(x,A)=s0
E wse Mafw\e,v\-\—e_ak h-ex. amdh Z,2 =0 ()




IR

Com H=\=CX, pt)
P_‘(‘ ’I:‘{J#(PE) =0.

H, (X for X+

~J

D
Exanple &5 7,6 5 Ta(0)=0

H}V\QR‘\ [-\—_‘\\ ./ nen=ty 0~ T n-i
\D“=s““ Mo(pys™) 7 H(035™) = Ky 57

Natvcality of the LES for pairs

el A mopd pairs o spas  (GR) —s (,8)
means ' f:Xx>Y and £(A) EB.

Lemma. - — H A D HOX — KX A — H A

'C.\,.J/ LKJJ L ['&L
e T H_K‘B — H*y_) Ha (\/JB>ﬁH-¢—\B_)-“
and S§m3|0f|-3 {or 'HJ,,_.

PL 0 GACKY S X /A >0 = claim follows by

AN ful natvedity of LES tndvead
00 CGBoC Y D CGY/CB—oO by SESs of chain (xes. [}
. EXC\SION THEOREM AND QUOTIENTS (%qiets
(X/ A) palr g +£\QM/g\ezc";f\r&c.r)
b{i . X— X cehuction onto A if {V(X\ =A
Exmmek A X:éjv Sl = 4wo gg\nercs gfartok ak one poinY v
A ‘D Y (wedge sum)

r: X—)A\ Mmow Selond Sp)\e_(e ‘o v
EXamele_ )/\ P\C o(— Boower— g\'XQaL ‘)h Y we LV\.QH’ A rehackon \o7 conodichon

Gr r orethackon = 1L Ho X — Ha A sucjedive
incf_*! HeA— HxX inyedsve

PL lac r. .
Lol A\/_b/\ now use H* faddorial 0O

ida




1){;1( C: XX Aelormation cedcudkion onto A i-F ~ rehacton

r = de V_C'Q A
Exa\mele. X = Mabius S{v;f @A
A = equator = X @X
[emma 1 def. redr. = Aﬂ X is a l’\oww‘l\’}”‘—) Qﬁu,\/aﬁmw

|Y\d O\.Y\ot Ty A&re Isos on H¥ so H_\(P\?—‘JH,\‘X

m(,Q,or--r‘Nw( , roind = Y‘lA_ d A 0

Pf A"f"%x

t
M SV\ \ ?k‘ OKCG rem‘i—s -|-0 D = |o\:\1~'2/' h&wfp"\u{. K‘ a\ov3
S \ l:_ = ]D < n
S™\ Iz. ponts] =D \pt = D" \o = S" 7773~

/3 \ 12 i) m)r% < OO

\.Jarnma check Wese separajely

not hue Haak X <Y jmplies X \boint =Y \psint.
Excision theo em (e-97consider X= R: Y=IR X=Y2pt, X\ poiak 2 5! Y\ poink = 2 point3)

E & ﬁé X subspaces  —> O(\E} A\E)— (XlA) TAdNES (So
with E S A° X\E ~ A
Prook Lakr AL E RE) = Ha(X N

seanee. X:‘S'”‘:OO'DPF)O E= (=S

#HI(XJA)%:H,(C )= H (o,20) s H(sY) =2

RXC- Ham. hpy invce “50 2 fainds
EXample [nvariance of dimension from ckou\okx 0 also holds if replae R R™ 1 by
non—em9+9 open Sets (AcR" \/C|R"“ because for pel S~ ﬁa’ie\v/v\g\;ﬁewv:\es)

Ho (W, U-p) £ H, (R R-9) & Hary (R™-p) = F, 8™
Mmse RNW  "SLES of pair
RCP'\M-S‘?\‘} of Excision Thm usind Hu(R")=0

o o induced b
X=AN0uB = H,,, X A) H¥(B,AAB) inclvsion o
(AB <X suLS(awy (x,P) (8, AnB)

/(E X\BCX\B )
P£ Take E =X\B so \t B ano\ AnB=A\E .0 E CX\BdEF::\ "

ldaa wb\v, exeision holds = G (AV+Cy (B) — Ce(X) is o komo-)of’h' Q.GIU\WJGV\C&

N Co(AYN Cu(B) = Cx (ANB). |J\Qn_7\C0\n subdivide. dhains in X many
‘hmes andk SmAll enovgh chains liw eithe (A A or in B (or in both).

,\de-ﬁormw\\o:\ e cact |R ?"’S




Good pairs and quokents wr (X, A) paic .
’ QU"_{*W\' X/A — ></ [Cﬂlui\/ﬁlehd relation xX ~Y <=>{ 1 )€

(‘xozrg)
- (X,A) good paic if (A
/ ) > A 3;524 W *
A o\e{orm*\'ov\ et ot

o} nbhd V‘d—A =

Exarple X= 5!, 5' = OOzvz O 2 A=)s=s

Xsa = (O il pointr of A ove idomdhed it Ha node)

-e le ists si connecke!
NOV\ Xa""v TOPQ(D&&S‘I'J’ Swne Curve UJ]JU\/\ no‘-l- po\:zl—fon/\(ukﬂ(
not locally connedted
not ﬁocau?} P:H\'mnr\ech\

{(xl Siné):ié(oi\]} u Ox[ol] c g A—

A h_o{: o aood Pa'\r‘.

Cue‘i\)d RV"\\Q SmooM s‘uLmanhC:u < Smooth mav{l@\o“ b‘j ‘P\\\é%“klmr)\oao\)
IS & good paic. Fhedrom
Gr (X A 2e0d =5 (X, A)— (X ) pt) indvees iso 4
H (A — H, (X, $6) = H_ () —
P+ 3004@5‘}051\0( VG}/}, amd A%V' oxeisio
LES ore_— O\ ~ ;
5 N Hal0R) = Ha (V) <=5/ e VA ()
%\‘Au qQuot- quo‘c-l :l “A% =idenkty
=~V = =
A Hn(xé\/ A/A) — HQ(X/A,V/A)& H"(X/A\F J V/A\ F)

V'\t',\zafﬂ thes Point P Hence afll arcows ase iSos D

ary
Remark  X\A — X/A\(’, x > [x]={x i essonRally an idewtity map but we need to chadk
itis a komeomorph{Sm. The wwwosik X\ A <‘_3 A ii' X/A is C¥5 omd londs in snL;,qw. X/A\pl
buk also need X\A — X/A\f fo sond opem Sely do opemsets. Since A is closed, opem subsets ke X\A
oxe open in X amd 9iedd om oPtm set IA/AEX/A hot av\’)‘a&n‘na P,"“”“‘" "«'d“(u)z U/A 9)2\\( open.

Exvak- [D\q 2 Sn-—l 8000{:@(:5“—! quokeﬁ' po?n\'své—PF—Sh-‘
vV

iAe»\Nku\
= H (0,57 = W (DYsm) = H, (")

Dygn1 = s™
ExXercise  ChecK Hhat the iso in e Cor is natural ({:o: Fygid gff;:“f_‘/m(:f\_”



Recall we proved (D" 5m7) ﬂ;_,(s"-')

(me LES
H-r.“D "0)
= H_(s 3" " ) =§2Z n=k
indweket ly, ( ) ) - (// ) Xio eloe
lAsir\a Eme\p\& 2 Points

HO(ZP*S)ZZ@Z

Gemaonbor o Wu(SY) = HL(DY/5™) = H, (D",5") =2z

Observe 3 homeo e": A"

N

molmw\g, N-cx shvdvee on SM

D)Y\ (;\OMCWOFK)

LY

> D" =57 vt
l:xo\mPle. ‘2’:.}\‘;:’\,\;\56 ,:{(A)
~ m\oarvcbv-
3 Z@x pANE Q .
Upshot H 0y S“_ ) = CDLes
(h=2) H,\ - (S“") = Z 96" T— for n131, 50 132
\ n-\ = Z en “a4— b Cor
Ho (D /5" = Z-[e] X e ety ves
Evertise Real| andher [\ -cx shvibe on S ('2:’ (‘,E '3 Sn),>
e [$5- Dua /gm_ adov#BQ s
N/ call s 0, S#his Ao o (s™)
becanse O — A, 15 & cyle and 2
e M, "= 7 (- 1) (52, (S70) % H, (5, 20) = Ha (T 90"
A » A| — e
Prother remark aboud oritnnhions (by LES 4o (S0, using no1)

Fa_ct {\/\OW\MS A — \B} has 2 pm\'{\—cowwonewh

Above we chose o pad. com onent by constveNng e
P { Y/ s
¥ © s any re—HeUI\on in R e @76 is in the other path - componeit

=H, ",

]

—

% SWap 2
woocdinakes in A

e” \—7+l

e,ol"' — I



We will See |ov|-lr ‘a the Course Yk Mais o (ceSponds 4o a choice
of oriemtaton of [DY\ and Sh.

O\AY' Ll'\okl- s wnsiskent with H.e inclusion |DV\-C—)RV\ (wf-\-L\ Hee
fosijn've, (CAnom‘ca.Q) orientabon of- }2“) and  Hre Taclusion

(B eRT) 2, (&, £) e R : ty0, Ttog1)
(‘b=°1’7t"\) — (EJ’)*"‘X o

iy 0, L=l
EXaMfle, L
A‘J_ _ o C IRL “ Ibz - )?L
/ P = B
[_eo,eue,,] . k. \

e, €, poshve R -basis shavdard origwaion
Our choice is also consismt with Hre “nocmal Rrst™ Convenhion

Fof oﬁen'}\'r\g, hy\ouplomes wHh a 8/\'\/% drhoice of norma,q. <

A" € hyparplone {(to,,_){“):ZtJ=l}g R normal (L., 1) (so pointing.

C | 4 " o @ in posikve qua;thk)
=Xamgle + normal
3
N = e:, <K hormal €-€, , -,
Y/, (X4 5, {)‘JSH\\'{ R3-Lasis
[eo e, e,] P fé:e,
Consislont also W;HA He geomednc \;ow\&c\fj orienwtzhon (o“\-?oorﬂrtai'r:\d fl'r:fl:)
2 2
B = L stomdard
I 0 onentzhon
o o |

— A 2 A
COM(JMPQ ’aA"" + t%,ell'@[%aeljel] +(e‘°:e|f€7’]

—

This = [€,8.] is not equal Yo S\‘Na,\r(v haan [e?_/eo] Sine H‘M()’
0t di€frnt Maps Ak we Take éree alehan Frove gememitd by maps
Bul [Rs,2,7) + Ee,_,eo‘g \S L\OMQ\OBQMJ +o 0 (Homework)




'ﬁ_m(’ijfg; (or “smafl simplices thoorem™)
A = {Su\psma; W € XY V:‘)\'\QSQ. Mo cover X -
M C-’- (X) EC«L (X) SULCX éo\nefa.k'_A JDJ n——sIl\\o|\Q5 o withk

o (') €W\, Some i

Theocom |14 (U 2 K, (C.00) = HiX

barycentre of [V, _,Vn)

N f\_“i'T(\yo+ /+7)
Skelch p—f— @ Ea(‘\/cgwk’\'c SULJiviS\'on loar)'cen‘ht dive Je,;ealg,e in2
Nonz-‘cxamm\o\e,
)_ S(A
— 4»

_>C/L\6‘VU\ VV\AYO S C (><>_)C (X> S(,\.Lo(\v\de. -\Le L)Ob(f\dd\.f

0 O‘o N (mdUohve19 by dimenrns: or\) Hen
Mol S (C“) C C W 0((&\/\/ #\e new 'Fﬂ(lf Obf'ﬂ.lr\e—"{ b?
¥/~ ~x ConveX Cowmbinahons mvolvmg -}i\z

Conshuchon of “do ST 5 tndwehve new verkes and fhe bary(_gh-).«{
On lineor sinmplices (-H'\em for mags 0~ Yo ceSkauta]. ) gcame)neﬂf‘g. < :

o S [er) = [©.] e Y
—o+——- S Le]e,]_ [L) 6‘1 EL) e-o] (— [‘b SQE‘CQ Q]J >

€o b <,
] & S[e9,6)="[b Sl e\le,_]}
o “ by = [b S Le, e,_]] [, SCe,e])+[b Sle, e])"
LN, = (Db, brn,€a )~ Lo, b o )= bos €3 T, bed)
+ (Lo, bor, @} = [k, by, €01) d
So {for ¢+ &—-»( You R avomeld be, b,
take S(o) = rr|[b b, € o—ll:'olon_/e.] Yome C“’U'} ﬁp
2 e,

Ol

@ S dain hpie Fo Al
T:C,(X) »C _H(X)

Pl"ﬂ'\'

T(): T NS X _
e DT+ TH = S —Ad =3¢ HX)

A, ()




|dea : S(a)

l /\./\/'\
~ i [Tk
Al r-’,;/' .':-"\:\ 5\‘
. AN ,6,’/,”/“” \‘\\‘\
®\7’ V\"S\Mf\ex OM'A - X/a’f(’l‘) S() QHOM?& 'I'\‘!V‘CS - D
U\n—\%Q d'(ead« Nn- .S‘.mp@e.x of Su,odivis\'o\rﬂguc Some. * Az

YV cydo ¢, Tn ot S"(c) € C!(X) ey cle
/7@ Z‘IQA(O — e (X)  sujecht &~
\y (S S2 T} =) by @
V bdey c¢=2b, 3n st. S7(b) € GY(X)
claim: H () — Uy () injechie
suppose. [C)—s O them c=3b for be G (X)
now Shc,S"b e CAIX) for large n
= 95"Lb = s"3b = S"¢  in CHX)
= tc]éS';[c]:[s“cJ: [25"b]) =0 in WA (X) /' 1

Proof of excision Pheorem
E_Anb L+ B = X\E

7N o we W= {A B}

T T —— so CAX) = CUlA) + Ce(®) € CulX)

B
Cx(X\E) = C.(8) = C.(B) = C (X
- C, (A\E) /*@"\B\ m\C*{B}\ %x (A)

na . .
L H. (X\NE, A\E) 27 isomerehisem
= COMPM LES s 1L ¢—by A\ooVQiSoS; foc groves

MalB — Ha (X — ML (CEX /0 A) — Hao(R) — H,_EX)
| |om\i4-al'2-‘ lfSo b7 S-levme. || |oco.|:-l-al ~=
HolA) —Hy (X)) — Hy (X /e, A) = Haoy(A) —H, LX)
|

are wsine, nahurals LES s
(oSt ) .



C. Mﬁ\/m ~V\ETOR\S SEQUENCE «— |(ev~9_ C-ova:\H-M-\'ov\aQ ~+oof

X=Aubd «t. X = A°L B f\/E/’\

A NS
ony Sv spaces \___\/\__‘ X
MV Theorem 3 LES -

A
oo H (A B) 25 HUB@HB) — H(X) o H,_(An®) 2

WH)

& same. holds for ’):l; ?nov\‘dll A(\Bif¢- /\L:{A/B}
PE SES 0— Cu(AnB)— G (A) ®G(R)—> Ch(X)—>0
o ) } (O‘) —0")

(X, (3) ——> o +[3
= inducts He LES (U\s‘w\} Qo(wuy H\;X?—: H.X» -
EXertise Qonnedrir\a, Mmap is §: H+(X) — H, (A nB)
[AtA) —> [ox] = - 19¢)

=S BT e 2
s! - —| By <"

Ang ~ St
— H (fﬂ@H Y — HzS — H(S)—> H (e’r)@ﬁ ") >
5 w2 Z 0
Execise  Compuk HuS" _{% il =0 ysiny MV
®) S
E>(ouv\p\e wedge sum of X 1% XvY = XuY
\oJI‘H’\IO&Se.PO nts x ‘é'w ﬂ
5" 5"~ QYD A= (YN 8= 2D aap= 2\ Y
~S" v ~ pt
O%Z(-DZﬁH,\ X) >O—).--—>O—?Z—>Z€BZ—>H(X)—>O
= L — (1,-)) X~z

Simi\ar|3. He (XvY)= H*(X)@ He(Y) dor x#o| ¥ T condmchble nbhds
of xe X ,0f BeY.




Cone.s ar\ol suspensions

(XX [O Y)> /(7( s) ~ (g, ) HF eqva,Q oC

~ ot s=t=\
é ZX (XX [O YB} /(D( 5) ~ (g, L) HF quoQ
Examgle CS"= D™, ZS" = S ORI

Lamma Ha‘(zx):—tﬁ X

\,
A =R (AN ANBE X now apply MV, 0O

LES

Rmk A <X = 'PT¥(XUCA) 2 Hy(XyCA, CA) = H, (X,8)
Conneclth sum  idikfy acACX it (2, 0) € CA
M’”éﬁi‘:ﬁ:ﬁﬁﬁ - MH#N= (M\ AT o (NNl )
IA&A-I\F Yballs vie a homes

(=)D

Fact Compact connecfed orientsble surfaces are homeo to 5 o w
and /7 7 non-orientadle ones @ IRP# ... #RP™. 3"\0\4‘\{ 9. = # cofies

ccn-\\e_& Zg_

—

EXtise (Homework) Tor~ M,N compact connected n-mids:

By MV, [H (M#N) = H,(MOH,(N) % 1cxen-z| |HlEN=Z

Since conaecied

£ Mor N orientable : % =n—1 also works e i
1€ both non-orieatable: %= n-1 ong of Z/, Summonds” becomes Z Z or O
’2_ for N even T %e.\re
COF I)X (M#'\j) = X(M) -+ X(NB - / Jr odd L{;'T'rq\%“
4 X=o0 \’V_\J e .
2 Z = 2y — see |ater in
) H ( 93&9{ nos & {%_ :\;-:-:‘2_ ’X(.S") ( course )



3. DEGREE OF MAPS OF SPHERES - ASUME n7|

THIS CHAPTER

f.s° s = & M S

r— T
= R, o F, 5™ s dea(d)-d Ly M) €7

Properkes N (id) =)

2) dag ((—og)ZJquC-Juzej,
Y £y —dgi= 4y

! A ds on
W ont = t =0 /i@fﬁ? _
P_F 5) 'P "\OW\eor"\ol‘plr\.ism = o{ea-F = +| 2?6&%322?;&9&501\/\/\9

M\a\c:m} (‘F”g)_v_: 'ﬁ "D, 1C:3 =>—F-‘f-: D) CO"‘*SJQ:O/ Fhomeo £, iso. 0O

L sine S pt— S fadlors
Cxa W\DL&S So HMS" o HN(pE) Hs™

\ St Axi v N'x O s—call His 4, N Y
) call s, (b,1) ~ (L,0) i# bedD <) 8
recad H,S" = Z'(A.’Ao‘) 4&0 @
thadton 2 S"— 57, r(49) = (x,1-4)
0 0,6 A swaped by v, so g (A=A D= —(AA)
= dgg (r)= - +
2> ankipdal mop -k SN SN viewiy M R
= |deg(-d)y= @)™

P_'(: —A.OK = (HI, >o (I—\ >o ... © (l o ) c:—:;'w:ey;l;:h;itac\,\
° ' - homeotepic 4o . [
3) A0 2 A: "L S deg A =dak A € TH1Y
P£ fact SO(n) is Pﬂ%—wnnecka( so AeSO(n) is ~ id so oQ,gA=JM‘A= +1
The other paH.- componemt ofF OM) is o SO(n) where « s any cefleckonD

14) £ not surjechve — ol_q,{l:o

PE I ydlmf o HA(S) = > H- (s")

Y (MYZ @) =0 0




Af_p'tm\\'o«\ lo vedor fields on SV

\J

SV\ |KV\+1 “\"A

So v () L

W \EGlor —Q(’,Qak on S”

()

+0w\a-en+
spac. X< |

o

>C

S'L

Cor Ha‘\rv'; ball Hheorem

3 nowhte 260 u.€. on SY & A ol

PE Suppose V(X)) #Fo Vsl
%Ley ~:5"x [o)) — 3"
F(4t) =

= FE =, Ff=xa

= \zdy K, = dyF, ="
= n oiid d‘g |

o n odd I V() = (’7(2_17(\ )

(mddvad Rowosk Adams in 1962 proved us

(case n=2: “you cannot comb a ball of haic without Ccreaking o ’cuft“)

ms(f-\:) * 4 sia () (X)

(VO ||

n=2k ~{

N
2k
) "X, X € R O

f:g aly Fopelapy
(Mo # pointwise. Lineordy indsptindent veckor Felds on S™) = % 4 84 _ |
where n+| = qlarb, (0dd number), 0sb <3 A LeN, n3 ). ’\92'4_ 0 (¢
N even
N N = Cov \/
Locd h&‘u f£:5" —S
v U (n>,|)
X —— y={(x)
@Suppose points X near X do not may to Y
Srbhds xelUl,yeV st | (U UND) £ ( U\y)
D" [DV\ Q
=) @LL)* d Hn(u/ (A\—;c) iHy\{\/,\l\\g) call Yuis -H‘x.
/||L Locod map ajx
e
N V\'\Q_.J‘Rv\:__ ok % B‘ﬁ |e£4 Verkeal acrouws
. ,/:HJ,\STLES&r poic P\ Hn(u} Wx) = Z
wWill use s ogain lader: 2 MS'.A}'CL,(S'\\:)=\ 7 oaain Wwe Made o choice of
~ ")~ n e\ ot 2 _— iSo b'j p.‘t.kina a 3—S.n‘emkr- ”.l“
HA (s );\ lj;\fi: \p ) 17— Ma x.F by combining @Xcision, quotient

omd choicl of HASHYZ 2.



Lomma  £: 5" 8", £ = 1%, %) ()
= x%i =24y f

18 H (Sh) % H, (ST
O[uo{\ew{" l N\L quokemt

Hoa (s 5" \{,%,z})ﬁcé Ha(S" S™\ ) X, /-
exc.SM\U uil =
D],.)x

= . <N
LQKC SNV G nse Same V

B HalU UNG) T Ha(V,V\g) [P0 Bptmeing
0, = V)
| (4 2 2 S‘qumeS Lommu){
AR i gi%x\c v Q}(o\s\ov\ls nadvra )
l (- ) 1) € ®Z — 2 O (SQ?- RMK on peevions page. about choice & “1%)

\/ =QOV.
map o 2acl s: ez &ty z
Y 3t quohemt s nntv
So 1So. \ l/"/l//“h#:o

E}Lﬁ!ﬁdﬁ P - C — C Po(.7V\cMCA/Q 6{.\:& + QAua i} +t--fQa, , a€C
] {; S?_‘—‘—(E —s ¥’ _,SL (WL\e.re.. view CP'= € oo ’ESL)
Z |—> P2) : \
P —) P s3eceogophic projedion
hey F{?-E)’an't-i"t(“ﬂ\h' -+ G

hp-a_ (S Contnuvous akco s nee qf\?. his wowdd 'FN:Q "‘F
F— - A F = _F dominaks ourffms: £-i(CP'\K) Youtried 4o homolope
o “ an — { n -l
CP'\ (some cowf\&adﬁ V compact K. t(an") +0, 07,
Nn~\ 21\-|'k

deg £ = Aﬂ;(a“ ) 2o j Az{w@;ﬁ —w=e

=

N \ o™
= 0\28(62. of e pdy . %rT-/ oriewt” pr;\?-S‘?/V g “,

ho[ Mo h| m are-
Cor (andam enta . Thw 6‘— A\%\DP&) N2\ =>P e a mot :{LLva;po(:,n\r;}f:\
PE P’\ (oY=g@ = YO =¢ = 0\29_{ =0 Z | MP:;:::%W}\ ';Sii
— Avivahve So rei® so
resale>o & rovale So
preserve ankcockwise ocient”

CvHqu Bk For S‘n:::(:\wions;’\;“iw szm le S’?:—?S e:or“r\ ‘)ole,\
plﬂd’ £ = (—Hu; numLer dj,frw\a}fu ) SM::,M::{‘:Q(‘; ;,iao\ amd Norx’d\:ﬁmf:f
4 guenic poiat = gy = d = # preimagss of o point
(LQ aﬂmas‘-l— Anv point Wor|<.5) eXcopt it pick NOZ‘A{E;,‘“’J{“& Z;Q-




2. CEULULAR HoMoloGY o
Db CW Complex X s Sefueme p=X"'C¥Cx cXe-

o :
s-t. X s any set with discele dopology. closed n—drses labelled
'\—;kﬂ.&hﬂ n n-l " //—— LH. Some indix set In
X — X L L_I U><><

&) P S e
7“_‘ X Yq(x)

aﬂuckina map

n (ﬂi conhaveus Mag)
:> >< — nk7)0 >< -I—o‘o S/KCQ le_\ “Mk .}st(am_ often wnot fnj@(‘.‘i'\lvé
’ ULEX open &= Un X" € X™ open .
(® U n ‘D:\( < lba open Vn,e()
Ca.ﬁ,Q X h“um“s‘.""\d X X=XV\ and +his s +he least such n.

Sarge S'= (1500 / (1o on) ()P ) oot

Example v _ z i
X" = e =XTD°|K? B //////// e

X! = OZ s' = (D°u [DI)/(- ~ kpl(x.\\ }’3|D';—.S°:{o']}_t-e-?)(°: ¢
XIZ(OU)/@WQUJr@‘l‘N"CLMU/\A O)

. \ 2 2= 5" \_ cf 2_ 1 ¢ _ o2
—(Xum)/(imzzéyx : o' =5 =55, g @)=t
Fact |£ e lhomotope. Wy, We g,e)\— o \r\omo-)o(7 Q,quwc\ﬁen*\- SpR-LL
Example (£ wse another olea,pee, 2. map @, above , gf’k X ~ RpP*.
Cltveal RmR Every CW-cx X ishpy equivalont fo & simplicial complex 7 (so
n particwlar o A—-CX)_ C1€ X faie/n-dim then con ensuce Y i £nite /n-dim’]

n "
X is parhhoned as a set by inkeciors of n- el | €, =mage (D~ X)
n n— °n — ( 0 | ° 5 BRm¥K
= e, — ) : : o °
X0 82 (e o o2 o (oo
W% ”CW“? 7, N P . v So e°( = e°<
3 - W = Weak +°P°\°83/ C" = closuce - finite PNPC"{"Q:'- each D on|3 his 'F\'n'\\-d.:)

many inderiors of othec cells. By conbadichon, suppose false. Then by constwikon i+ means that
the imape M:=%y (ga( [D:) S X™  contamnas Some poin¥ Xp € in+(D?),m<hJ'F°r inF\'n'\\dJ many (3.

Pick a closed ha:%-\\nwr-hopo\ Ce 51 Xp inside an opam nbhd qﬂ.j,?‘

Dvv\ @ Ua So -:_((, € C(., c \A,; c in-\-(lb;:). Nohce M is compack since WPo 15

/5 C(L continvoss amd PDI is owpact. Pick any open cover W5‘= Qe

of M. Then Win (X"-'\ C Up S also an open cover of M,
omd Wwe cannot find o fKaile subcover sine un') is He on\f)ojpbv{? seY of cover contasaing Xp.0



Emmpl es .—e,,Q pes; iedhve a2 RP"N=S /(Z/ - ackon by +id) h‘n:
15 X }R Pk |f\dUC'hVee‘a— - S,C: X ~-x :
@mb n-| n-l " ™ "
STOXT =X Wit ¢ ST X =R S 4y
g
"N n+i ntl ~ - B
CP ( cC M‘S atkon by A- Iol)

X'=¥X'= ot = e
B B P , - \ ‘/a:p @,\.Sl
X—X—XUQ_CCP k(S—apf R oo
v :XS: queq':dff’ T 53—>(l:|9— S-/(g(‘-a.d\on)
> | > [x] —EAx] wNE S
zn_ th,z 2,\ :CPV\ L(-'S -_) XZY\ Z_ @o“—

/

? C‘X.:]
In wocdinales <CP"={ [20:--:2,] " notell 2;€Care 0 and [(2)~LAz) Vye"
Con tesade o that Tlzjl*=I So zesu‘ ' amd fz#é with resaaling by Aé.f'cc“

G:Ph— ~ XZY\ 7. {[‘% 2 O]}CCP :X'ZV\ ‘(-—n:js:—”mSlfl‘F an
2 I "= (o, vy ): 2w M}ex vio. [Wo: 3oy VI=TIP] 7250
Dbseree : For X C complex for mop = (" n_o-(;fo/,)f;);% ?))

n-t A —(sine T nbhd o D" Hhak
()( X ) s & ?,oo paic (n:{lorm?\hm ?—Qfmoh 1o o
— &

L~ n D) Sa= Dy /oD
X/X“ | _«¥§ % x </
idenhRed Yo a pont

Det Collikar complex for X a CW cx

CEMx)=Ha (X7 X™") = Ha (X7x™)
” foee abelear 30 gam. by He n-alls e

/
since. A\" = rb“e(e“cx“\—> Dy /fpn =S« gomvmk
Wil wao( CQQW AA\C@&“HA d: C * _, prove doh =0 [as usval we use

the .i:r\‘olosrd»
) +ons
S gtk [HSY () = ch:“m,oo of B,085".




Example Co¥(CP) ={Z'ek for k=024,...2n hence d=0 so HCW(CP c(cem)

© else. = §Z O<%<2n even
Cellular differential : O else
noo_ > now describe the wefficemts 47, €2
d e f_‘)éI“_ A and NI":? Kot is a Anite Sum. e
cwW 4%
d : CV\ 2 Ch_l
|| Sh n—j ||
M
H, (x" x") ——H,_ (X" =% H, (X"
n J Connech h- | h—1
oé 1es0 Y o
n Y -
€°< [ [a [DV\ -, (S l):l —_— D d°(($ (;
Recoll LES D —eh X" N, () L™
H*_(X V\“‘) — H,(Xn) (—7 QIDY‘:(EXA" where ESV\ \J IS
&1 S (T e
- X e
H, (X5 X" here it is imporkant hat We dnose. identiFications
N AV =", SN = D Hpn compakbly wilth orientabions,
N-)
ﬂ\er‘e‘ﬁ)(‘e_ : Quohemt ]o% \,./.- ‘\S(b

A, = &3(571"&‘ x4, x“/'x = VS l s™)

n-2 — n-l . ‘”
2 D D, /o1,
Rmk  Only Fnilely many dap #0 (for fived «) beawse @y g

are ConKnvous amd S o wyo\c,l— so %d‘ o covvx\oac\' \(Y\o\a{
in \/3“ |, Yherefore cannot sudject ono co many 5

\( Reecod i donh suriede Hhen d.Qa-o

[,Q,W\(Y\O\ do&_— o indeed see Proof of 7 closure —fimie

PE d = gt o S e Ll Sh s
doeiody = 0 S 1., ° & O

Gor |ramk HY (X)) € # n-colls

P #nctdlls = ramk an (X) > ramk Ker wa 7 rank H,C‘W(X) 0

7



EXOva\o\C_ T x T T=_Lo )] {IDI = E’I ll
arrous here R us how we tap [-1,17) - edge

€' x| ~N / - (0 oriembkion)
0
OXQI /—)’*‘////// é\lxe ]::.ﬁ—_.q O-—Cdes |
7 X :* a6
o' %o e'xl
e Oxe'
y——e l .
) _ X /x° — o ‘\7\4\‘0 04— s
X% = ’*//////‘/28?“ /x° = gf%{z;s-b ory emt
.+.

4’\ dageee —| becavse Jop edae

Z
e Sz iAo )(l = &
> X T 4\1\/\ Maps o
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ll- KINNETH FoRMULA AND PRODUCT SPACES
AL ‘oﬂ\- -\'CnSo(' pnoolMU\S €e.3. 0\’°W°\M aoves = Z -mods

R jf,\g, ( comm. with 1) /'—/ VeGer spacts /ip = = —mods

Def A, B R-modvlee = Temsor produdk is R-modite
ASDB= <Cq \03 aeh, beB) felukons of bilineaity & iescoling

(or A®B> %Z:‘r’zﬁd w“.\{ a,@L for iks OQQSS

“tan move
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Hom (A@B c)

{ R- biliatar mops AxB—C)

na-l'v\rae

Msma above descNpron of AQR: @ — (A xB—C, (n,b)— p(a® b))
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A R/ir = A/gA



\/Jarni/\} ‘®A oH—Qr\n_o{' an exact ﬁmdvrl v-¢. does not Presene ex“‘k“"imm
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poof)  hence
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W -
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A drkher comment on orewtalon sgm (- 1)

(oMY = AS > oo
Dix B = A * A\\ — viewed in R' R’

(o, projeck R — R
Vo -3 Vi) 7 (to, 51 H['l: t.)

'&(IJ)CHDS) = 90 A U A“x%{}i

I
_ K N _ k N
2 (D s Vi, oy ] N DN K SRA A )
UOUQA be. calTeC{— oriewtalon S\a’\ 'FOF bﬂ--s'\S' bJ' ('J\) /("Z\ -7("'5'—("% b\/\i_

ad\m“\;, we have (vo,-, V) x [uSo,-, %, kW) S IR x IRY
omd (1) tR is the  orgntabon sign for the besyis
—
\5-| \YO/ = \rs —\ro/ ('J-I"’J-o /== wYL- o/ ).’Jo
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CDJ' N-IIU-'L}
= %L < IR*
- “ out
N oui-wwé\
: o t, U=V J, W,
\ O, < (F, Oul, U=Vo, uJy
E\TOI\Y\]X [Uo’wll(prz'] -:’. l is “EE !.\,Ql \Kg -—);as\'s

\/\/\_/

A out ow\'l W, -~ ( ‘|
'ﬁ&:‘“’\ S Po“ﬁ-;\le, |RZ’L“\.S.|S < aL\'['RI‘ At o (’)),l::\'



Projeckons Xy Y fx 2 X

R CW ¢x
FACT Py ho conditons on X avtomahc if use
! o .
& Y field coefRcents

Kinneth Thaorem 1 H, (V) Finilely gomenked  free  ¥n
Ha (X x7)= @ HOO@H(Y) | Hi(x«Y) = @ H (NS H(Y)

(+j:y\ H-j'—'f\

Pav Pl « v aeb
] X 7 amd exkend (:
7 ‘ti' eX I\Wlaf
ie“?sdlo“ﬁ;eifgf% %:T(?haiz?cvel) This is lz\ov: ol riv\ﬁ\i\ ff-lag\se. 'ﬁ’l:wfng. 'omcb,;\c:{'
QEXQ'SH et @o (a.@\o\-('a‘f_@, L):(q\) v (aum)@(\ovb)
~ > ) & " Fadings
M Hhink DI’IJ' as Cx‘-"‘“"\gﬁng, °d&!“4 \o}faa'u

An indicedk proof Hae Thm is 4o wrike down o genemlised coomologs Yheories

FOUR) = HX (X M® H¥(Y) and GOGAY= H¥ (XY, AxY) , amd Consider Hus

Y\QNW& ")V‘O\V\Sn(:ormmkon L FQG grl.\l&v\ by, @ ) r\o‘l\'gﬂ_ for }iz{g‘ lDo'H'\ F,G g/\Ve- H.‘(\/)
Examyple X:Sh, Y=S" n#m

_ —_ N M wheee
H*(SV\XSm) = {’(')2 Q;QOJHJW\JV\+W\ ~ H (S xS ) A.Zobuauei)
a’r\u QM: ar\+m v

H*thxsn) = Z %x=0,2n = H&(S X S ) (n02)
ZZ ¥ = n < gens: o qfn’-) LNV an—" azn
/ ‘ ;
O else a.® 1®an (but @&y afl= o)

n-torus S'...xS' exleor o
Cor H’Q(T{) = ARlxot) e -
-~ = Vy— A = e abeliam 8\0 owv 3*?/“5.
w\r\er{ 'i.: :??—(%Uﬂbi\"\‘(gl)) Q-okeax‘;m {D(CI/\___‘/\')(ck M C\<-_-<t‘k}
P.: TS projedkions 4o factors. Q S0 comk = (1)
% |<Cmn€“~ & indw ckon (T“=T““,<S‘) 0

product is A" using +he rule

ALNAKLy= =X AX,
~ Non- exam;nable

FACT cue produck Q‘TUO\,QA COS:\DOS\")\'OY\ (omtace ?’“‘*i?'?i"e"'ﬁ:’iff? )
. . oNAL s g % 0 .
o HY(X) ® HI(X) R HM(XxX) L5 W (X)

\dea: 3 nadval chain maps C,(X) @ C.0Y) & Cu (XxY) A= diw’mﬁ Mo

whosSe cowposiis are chain homolopic do Tdunbity meps (eileabery-Zifber Thw) - X —/ X x X

Them gtk C*(X) ® C*(Y) = dval (€, (VBCHY)) 2 dwal (Cy (X xY)) =C (XxY) | ¢ +— (X, x)
X®F r— (@ T > o) ATY) For X=Y +his is the Kinneth map.




12. ANIVERSAL  COEFFICIENTS THEOREM 4 iomeie titmom co oy

oot i . and Hom (H,(c Z)
P 1Y Y\on—md\uuc. “R)(_ (C*IQ.\:) (JL\AAI\ L e fnmdo,rlv Hd&é@)(\,;) W®G

—o0— 2 =Wd ™ c, 2, g =\n3_— o0 i S

U2 =0 2 =o(J
Z—Mod\;\e = O\.Lel\o\f\ 8,P
FACT: Submodulles "4— a. Hee T-modvle are freo o free means: &) 7
indexin
K The ¢ ~ods 1 s PID sek 0
K same Bolds fc R-mods if R s R (Plb—fr.no\ :lﬂ.‘&ea\ domain .
= nie domain R s-
Fi\ffume C¥ ‘{:CCQ Z—Mod evem%‘f e a,: R

= 2, B, free (as Iara Im? are .S'u,leao(J‘ o] C¥) recal jut
== SES splits, ckoose_ splibhng C,,_&S_’ B,., So &°S5 = M(lrlc preimoges

vnder Jx of a

basis Locr Ba

\E & P's * l (ﬂ, _
dwal % gndl [ nole. : in res{—rcl:+o2+
e O 2 c* R T 0 Sine {ad%d: 2,0 B¥—v2

*. -~
Q& 2" «— " &B‘“é———o Mm\{,\gv\g&a-o.s—eb
T§=O T'a‘ T 3=0 He map %: "Ly " reed not =0:
O & " e— c™? g'_a: B"‘"z “~—0 g ‘ By > 2 > »
‘}\ 9 Y':V“a‘c"—’sn—.—)z
Conneling maye 0 <« X
. N n- ? D — L? = S _
2R ) |P’* \¢|E>+« = 8(¢)‘¢|5
LES - *
//¢ < 4 Le B, S Z-k
LE-S keli.)‘ 8“ gs 8h--l "o
? 2" «— He “— R 2
(H'B B H"Z 2%sine D= O) P« [¥) ¢\3MH ¢

=) O e— Ker §" «— W'C « %“—\/\mgn_\ e— O

Ker SA = E 7’15é Zh: 55(%“):0} — So: 52{ : Zn—ez
= Hom (Hn(C)),2) \2T/Bh = Hn(C)
@ (An‘\versvo:{ll Coeffscients Thwm: evalvakon oF & Cohomology class on Cydles)
O0—B /Tmi""'— H(C) — Hom (H,\CC.),Q)HO is SES
S et ey z) (9] (¢ H(GYT2)  and natural
and. SES splits (but not natvally) : B’H AL @:_*_ H ) 5% =id

OV = HorFl) ZYD Rt (Hef2) i oty (S0 205 ik )




Lemma  Exk'(H

ai(C€); 2Z) = B /T

canoncall yE

,ﬁadom backgound oa Extension groups Exl-c(MiR) S ExE;(I“l,R))

W case
M R-modula , R ring (Comm.wil—(ﬂi)
= 3 feee resoﬂukov\ :

P P e, Y5 0 exedk
P Heﬂ-mmb

(P‘\Ck 8»0"\5 X for ™M = PO: @R—}I"\ €+
b 7 ‘jﬂ for k—Q/"-€°=)P ®K—>w‘€a,e— ijﬁ

OUNT (Carl

H n—\ (C*) 2 -mod (R'—'Z)

O E),\_‘L_-’ 2/» -7 Hn-|(c) =0
I [ [
Pl Po ™M

V\*\r\\le_ IAoL\lo"\\l*e(g) (5 ?
Take Hom (. ; R) and &op Hom(N;R)
x

0 — Hom(Po, R) 75 Hom(f. R)
IS cochain Cowylex bub not exact
= tanke Co)r\omof_oaﬂj Frovps

beb Eyk?(M.R) = ke g

EKaMp&‘l Ext’ (NR) = Hom (M ,R)
P =L B oy
\ J,S" “hesamds + M B (@7 m)

N{“o\lju_l st ¢(\<er\€ y=0
Example 2 Ext'(M:R) = =4

{ P D0 —vP}/¢ SR P\,H}

o 19

052 ' —-B"'—o

Proof of Lemma

By Ex«.mpez 2,
Gxt' (Hoa(C)),Z) =

o0— B, _ -2
{ ¢\L ?Vv\odw‘%

Hiose OLF\Sma from resicichon

{ 0— Bpo — Zn- |\J

|B \#
Thwos B/ Im

8“". 0

RmR (£ R PID, them Ker (P, M) is e (since submod of &ee mod Po)

=> con P\CK P\ =

KerGamtt) | Pum0 for k72 > EXE(MiR)O k72



(Co)homologs wida coeffictents in a ring /field/module.

Mohvalion I
VP hom .
So fuc we had (C-v 2.) chain ¢x of abelian groups }”\ geadad sense

= H.\c (C«) = K«fa/\m'a* abelian %yrovp (Sine K o, J a9 wﬂ)
We cannot use a than x a{, (nOnfoJaekam) Geovps, Le carse
I 9¥ needk not be & normal .Su\aamd‘o oJ_ Ker 9, .

HOWCVU' O\Ld(a\v\ ?{‘oups can be -quu_ye\/r o(— as 'Z—-Moob\leuj

Hen given any  abeliam grovp G, oke%r\e fwrno&m with coeffs in Q

/‘W\\’L\ohf-k V\‘V&
H&(Ci‘;é) — Har- (C#@GQ fa ®,£;

Deb Xspawe = [H,(46) =Ha(GKXRE)

Exelanation:

Cr(X) fee Z-mod = @Z = Ck(X\@)G @G just replace Z by G (5 2@-= )
Wh‘,’L Cort 2 \We l~°P€ to g,d: Mo&/v\eu WnWWartonts of S‘mc,c_s

EXa»mele, X =Rp* > . " Al ¥ C (TRP G\
£ \/ bA b 0 | GVDG oy

& ' Ga@Gb®Ge
LA S 2 | 6y 94,

frG=2,: 052,02, 52,02,02 25 Z 01,

(R

= H,(RP%Z 72 iz/z *=0 Compare : HJIRP’-};{Z % =0

2 #=) =1
Z/?p: =2 (G=Z case) %2' :\se
‘ o else
Focm co dronn Covv\o\ey U\_S\'r\% HOW\Z(,G) (: }mgré"’"‘s) In péw,,j,Hom(,Z)

H9(C.; @) = He (HomyCo a1 G525 5,

X space | H"‘ (X G) = H,( Homz(c (X); a)) & H (Ca(X); G)
Umversal coefbuents Ham (S(kme ?mo{: vsing Homz( 6\)

O — Extl,(Ha (G, &) = H(C,,6) — Homp(H, (G, 6 ) — 0
[LPJ — ((F Hh(C,,)ﬁG)




Example X=RP* , Q=24  apply Hom, (-, G) to e complox in
previous ex le 21 0
amp 02, @2, & 2,02,07Z, Z,@2, 0

(14) (i)

= H(RP5Z,) = %fz ¥=0  compare: H” (szy;i% Py

/ K= =2

Z/i =2 (G:ZQAS‘Q) %2_ e\se_

07 else ") famyase om0 2513 2 0

Cam gzv\erqhsc ‘ﬁer\&r : Caused by Ex+é(2/,_,- Z,)=2, CRETY

Cae=chain Cx of ... oekficents in: Lﬁ{v\‘uz;ﬁ\emz,,_

abelian %P5 (Z— MOAS) a.Le,\\'avvx %P G (Z—moo‘\ H& (C‘hé) =H *<C*§G>
R - modules R-module ™ -M)= C.®@M
Q‘““S’ C@mM-w{%i) m ¢ H&(C¥/ ) H*( -\tR >

Rmk H, (C, M) will b2 om R—modle since ker 2, Imd are ('3* s Relinaor
/ hom by assvmphion

X spaw = Cp(%R)= CR(X)%)R ~ %R jusk replace Z by R(4s2@- = )

So ‘juﬁ' r€(|a<2

= FCGM) = H (C(X;R), M) = Ha(GOGRI®M) | (k7 by M
in C, (X)
Focr codnoin complex using Homp (-, M)(% £Z095) in place o om(,2)

with diffeceniad ’a*=
H*(Cu;M) = H (Hom(Cu, M) | 9% =po0,

SO:
X space _LHY (X, M)=H, (Homg (C.04R), M) ¢ H*(C,(X,R),M)
RmK These are R—mods. I we use M=R, then they are also rings vio Cup product

Univesel Coeflctents Thwn G R any PID , C chain ex of R-mods,

0-Bxby(H,,(G.) ; MImH(C M= Homg(H,(C), M) = s 565
Bn—‘/l‘m §" working over R [(P ] — ((F H’\(CA - M)

Using Noms o M

$ame Fmoﬁ
and Lthe SES sphits but the splithay is not natuml.  |vsing Hom (,1))
EXaWple R=F £l = CA‘,H*,H* are veclorspaces [

Rmk ol = mods (i.e. ved-orS()qu_s/“-_-) ace free F-mods >~ @ Fb.
Up Yo iso they are delsmined by dine = cardinality of basis. basis b;




yk—dwal v.s.:

)= (H, ( Cﬁ) Hom (HA(GV); FF)

PL Pler any) basis Vi for F-v.s. Bn- o1, exdend e abasis vy (,J‘ aj, 2
(abo works }an oo din case).

= Con -QXR/V\)\ W“J \F-—lw\Uf'v\pYo \/4 Bh-— —)[F' Jo ¢ 2 ___),’F
jost Pk ang vabves B(G)EF ey gluj) =0

= B Vims"'=0 so H'(GuF)— Hom(mc.v; F) s

_—~duod v.s.
G | HY(X.F) = H, ()% for any Feld F .
Cor

H™ (X M)” ZN(X-M)% MY (XM)

Gor Ge=chain cx of IF-vedor spaces=| H"™ (¢ ;

F)( is C\W-¢x 1€ Xis D-cx

|‘. . r'\(l"'o"\‘AL
PE Cor Wolds for Logry - el
LI oIS Iho o o ha SoS are no\-‘)\lmﬂ. . P

The  vavtrsal coeff. Han SES is natval . So  result holds |ﬂ7 5-lemma. . O

Algtber :_stdhve tom fr £g. abehon goups and R-mods
Fac,H_A-FOé aLIL’Mﬂ = A= 'Z @l./“@ @2

~ .
Whaek P € Z prime fneed nok be AisKecH  fron A fa
Also r o F V\\P are dn\olu-e_ (uf>+c reorclnrnf\b port Yo rsion vy T
EXO\wYJQ, zZ/y = Z/Z ?—é 2/, © Z/Z_.
24 =

Zs, ® 2 (Chinese Romainder Thm)
0
Fﬂi —l_ = ’Z/Al@@ Z/JR J‘\AL\|Ak (O‘C&GN W““l"e')
[~ % L g 1=
Exanyple Z/l@Z/Z'l@Z/g ~ Z40 Z, . d,=2

dq =\
Facdt3 M 'poat R—MO({/ R Pid

’ then -
M~ FO®T é/»r'eN um'olve_/uﬁﬁa.o\ cank of T
Fx~ R </——-1’;612 primes, PN unigque up to ocdering & moAt by
T = Bn@-0k Lo di |- [dy nen-zeco, not inerklle
= R/Al@ R/d €B - @ R/A d: cald  invariemt fackers

Umﬂlue up to mufeh La mv@:“sea, elewants
K—E; +i
KMK T= {mer’\ ¥mMm=0 Some v Fo eR}J +oction elements if R=Z
FzM/T




. . S wowld expedt for Ext®=How since o bom
TO(SIO'\ Sh‘f'& a—&o‘?:\u@r'\c_)... means yow ave 4o spenify it on 2adh M )

emise, |[EXb (DM, IIN) 2 Exky(ite ny) 474" Brmods ey

EXertase

L - |
UPshat To compuie Exkp(MR) for =R @ Ry @ .- just need:
S i
L —— SiAWL OﬁR—% R—=o

L)(J(,R( R ) — O</ ?l ?o

LYJVg( R/d ; K) = R/d \.fr\cao—»RZ\R—) R/—-)o¢
R \uoj, MeR

= EX\'Q(M ,R) = Torsion (M) M"‘l"'(’ p """'ﬂ’&v"‘
¢R“"’* so $(N=d- i)
Exercises /L( €d-R.

Exk(p_ (Z/n Zpm) = 2 [ged(mn) ,/d#o
+ Gabelangp = Ext, (2, G) =0 amd Ext, (24;6)= &4
¢ R anvyri ng (Comm. um\i) M\ {{nel\l X-N=0Y} %=0

xekR Y\O‘\' 2o Aiviso = EX{TE( R/('IJ ] N/)(_ N J:‘ke’\

Coc ¢ H, (X K)#g R-mod ¥V, R Pid,
= Hn(X RY) = R ®© T, (-Frfe & Yorston far-l—s)
= |H"(x;R) = R" & T,

4\\ $— Joryion moves u‘o‘.
hot nodural

P_-P 00— ‘_y\—‘ — Hn(X KS — Hom(an@Tn R)—)O

Hom(ﬁ @T.—| ) (HOM(R R)) xw R- linear hom )

o(. R - modwn\es

| =X R rroo(" Tr\-—l—)R Yhem r- £ =0 Some
F+oek si t dorsion.
o Aelimings Hna hom Them 0o QL tym O @) bk Ris
- O TY\—lﬁ H (X;R) - R y‘_,)o am intpral domain, so w(()=o0 .0
free, so can sp@it Hhe SES (?‘LK R 01_1,&5,5)‘ a
M X (]K?‘A) H*(RP-B) QSO not Ca\nom‘Cal
o) Z
| Zfs —_| 0
2 O [ Z/Z —\*or‘sfon moves up
3 Z Z




Universal coetfvcients Theortm inhomdogy (sl 6QM)=H. (M)
FACT  Theotm C, dain cx of fee R'f;:g{s , M R-modwle
= M o— H*‘(CQ@ M—-H, (C¢®RM) — TorF(H*_,(C,.),-M)—)O

[cJ@m s Ccom] \ defired blow.
The SES splits, but the splithag s net natval.

- i _ *n . € Xouth S'Qﬂuenﬁe)
Torsion groups = A, B R-mods (R comm. cing with1) ok s

pick - =PI P 2p, ¥sA 50 free resolution
=  —5P®B — P OB — P ©B -0 notexac
fale @B 08 %@{1\?[@ q@i © - bukbis dwinex
PSS Tack (A,8) = H, (ki arfe) < e o
Rmk R PID= Ky, fee = pick!P =¥ — only TorR TocR
| Z ’ Pp=0fer k)2 Couz begor(-%grlo
JLEX& = T°‘1( Z/ou Z/b> =?
- & %o Z — oluko
W9, ~ O 727 L g O e ol
J‘NPZ/®Z/ = OHZBH Z/bﬁ O (since Ztgé TG any Q)
a b /A ~ 7~ ~
loc, (Z/a-,Z/L,): (Zb\)A_Z/b= Z/(q'b>= Z/gci (o) = Z/a® Z/‘o

%r?-(z/mZ/lo): {xe R :o} ~ Z/%w((a"o)
FO‘C_B TOF?(A ,%) = o@BAm((Ql@;o\) gA@B\Wq! b i
Tbrf(A,B) = Tor‘i(_B/Pr) pedca)
Breccise. Torf (@A, @8) = O® Torl(A,B)
\Z To(‘%R(A,%):O for x5 Lu‘GJ A or B is fee (wnse Mg@gm)

Tor® ( Riy - M) =~ M/Wl"\ %=0
R X' wu _
?‘Fié”ﬁ T&i&,@gf)ﬁ weR "Lé @ro di\I;Cl_Sor w-tocsion (M= {xet’\:wxm} *=|
0 = p1D R any %naa_(amm_mwi) o else 2 ®2 2,
_ 2
Examele Hy (RP% @Z)g{a,";_ -, Hx(RPl)®Z/LE{%/z®Z/§_§{ZO/L
Zfy *=2 _
Kinaeth Thm "L caused by TorZ(H (R8Y);2/)=Tor(Z,2,)= 2,

R PI®> = natvrall SES :[n_, R

(C*E h - X, Q_Moﬁ _a 0 )@ Ht(C.\)@HJ(:D,,)_)Hn (Q@Da\—)“'l@;‘[or( (H;(C),HJ{D))—)O
Dy any ch. x. Re-mods thon J=n-1 -

omd Mre SES Splibs but Haa splithng is not natvead . Examdee"iz Eﬂ—:ﬁﬂdﬁm Tor, =0
Exanele (take C,i= C7¥(x), D=7 (Y): O = H'(D®H™(Y)= H*(XxY)S Tor, (H*(X),H N0 exact
(i€ Cu(X) has o0 ranK Hhen C7*(X) may not be free bLunt it will be “flat™ and Thm holds i Ca is £lat R-mod)




3. MAN|FOLDS : POINCARE-LEFSCHETZ DUALITY

._M Y\—M.'FA 'S HMSAO(‘P‘F -|-0(aalof{@,Q space st. Vpéf'\
opQ/\r\ \r\-@uzlr\L)Ouxr‘e\oooA MP ‘V\ b\oMQoN\Dr.O"\nc '\~° \2

’_ C—|R ({_0\\)\\!6\|2n\'\3 to an opem
LAM oC a\n\’ 0pom set ‘A R )
One also requires M second covnlmbt@ e 3 c,oun\m\o?x- basts oj.ope/v\sds

@ M is coveced Yy C.o\Jn}nHy many SKMJ:\ U?;

Sexerise { Xe R™: X,%0Y
A s“b"‘am..'@u NCM is o mfd s4. indusion NoM . '”
is an embu\dma (i-e. o \"omeomorphlsm ondo its (mage) R I>|<||2;o

- M h—mfd wikh Bovnobrlg._ £ also allow U\rg u((mrM-Fn

Such p ove g A Low\olmr'a, Powl;s_ Pr+—o0
-H\e.\y forn Hhe bovadary DM which 7\
15 an (n=1)—mfA without boundaty .

’* I *

FACT (collar wbhd H/\m oM € M has an ofen nbgﬂx\oovrl\oo& = 9Mx (0,1]
M —oMx|

M 'S closeal W cow‘0a6-|- without !ooumkq('a. :
Rmk For manifelds, connected womponents = path componeats. M@D}M

(since \om"?’_‘: disc, so locally path-connected, so @an. & Pat-cona)
(V)

QQU{\/ : ﬁY\g,
o pern hb’-\d o% oe,.H’\

EXamp|es
dosed mfds © S™IRP™ -r"‘— s'x-xS', €P", O, SW(n)

/

hOA—CoNYac+-M€ds: IEV‘J Mo\‘l'mx“?:‘ |'RM“ GL[V\ )R)

mbds with bdeg: N D' « S'= (), Mébivs bond = .TZ\OP;Q @
FACT (HCQ{\or \959) An\a wéd i \'\OMohpy qu{vaﬂm{— o aa CW - cx
‘Ga._ct £ ™M is a COW\PULC-\— mownifold  Hem fol"\\ ore ‘Fin“’d“') a«tr\erwknk

Rk M driangdaMe i M2 simplicial cx.
Not o2 whds are diangulable, but mogk of bhose we encoumler are.




CoMpa.d:' Mami-(:olo\S \l\aVQ ":.%- kow\om & Non- examinable pmoF

@ X space is a E uclidean nevshbovhood redcack if

3 embedding j:X— R” some N, s.b. ((X) is o redack o o nbhd V<R
K (homeo onto image)

@ X is weakb; f.o(au'a cow‘fud\'\»el. v nbhd DCGUQ.)(J ] nb\r\o\ xeVel
s.k. /s ondmekble tnstde .
TACT Cowvad' XCR" is @ S X is @

RK 1 we find nbhd Vs in () wikh tladkon V L X Hem any smalle~ nbhd V'’
also redcads U\Sl‘/\g, -F|V' V' — X .S.‘m\'\a\f‘,y n@V'cV is Lowkackble : resteich Hhe L\Pta

Lemma A X compact & D = X is Hhe re-lmd'% o finte simpheiad ex
eE (XY CRr" Compack =5 e inside somt lage h-sinplex N R" &
Poply baryambic sbdivision vakl sinplices hawe diamebr< dist (X,2V) .
Simpl.Cx.= U{SvLS‘IW}o“&S whidh inferseck X using the restackion ‘{01 cebeuthon VX, p
RL\( Also dedoce X has (.'.%. ?wma@om sSnd etk are SwJ‘eUf\'\/e on Hx .
(O 2 —H, (Bt simpl. ) B U, (X) 0 gtk Surjethion from fre Z-mod, 50 £9.)
Lemma B M compact mfd = M embeds into I?\'\j some N

PE "Jusk do it proof “:<€
V Fel"l} = homeo [DV\%P V\Ll'w{(\oér’\)

Pick Raike subcoves &,}. Y. o}{ M:PLGJHL(F(ID"‘). Sarg 1=,k

Q! . » (n
Bt M35 Dgnzsie gt dafine ewbedding. (Y5 4p,): MRY O
(syh.;_ M\ Im(t.e,;\ o Ua boint Lorrc..rpm\oliv\a-lo M e /200
Fnally use: a conkinvous Lijedkon from o conpact space to a HowsdorfF spate is = Q

Kk Same wores £ ™ has .Lou.m}mrb , Just considker its dodle M oM _

and apply Hue Lamme do the dovlle . e L

Lo M conpad W\@el (possibly with bdry) => M has £.4. hom ology.
PE Mol saksty @ sinu Lowally ball & pt. M embeds in R™ by Lemaa B-
D holds Lg. FACT. Done by Lammo. A . O



Local ociemtalons and oriemvability
Def A Local ocientabion of "] ab xe M i o choiee o} Jenerador
D

excise Complement gl wbhd Vo = |
'\_/cb\ofce Or_

4 Ao
€ Ha (1, M) = ,\H,“ LD, DTN X
, (Sh) <L3fD"=$"" on/@aX |
Z

Rmk Evem H«ot&% Wwe cam pick e Last 2. isos in & COmomical Wowy, we cannot
maKe Ha st one canonical . The intuihve wnohon Hood an oriemrahion 0 R™is o
Cnoice of basis for R" can be mads Fgoous now, since a gwmerador o H, (R7 IR \o)
can be spevfied by an R-linear map Aﬂ?’ R" sending €:—& k= i-th basis vedor, provided
Yotk 0€ 'm\crior('\(v\«&ue). By Grom—Sdamidk , ona Com hWomatepe any basis to am orthonormel
0N, amd by successive rolahions can homokope any o.n. one o anolher o©-n.basis gne basis
VeGlor ak & Kme excapt possibly the \ast one whem o eflethon mow be necessary .

Wo\r\ whatler Uk D0 of <o

Tws argueent shouds that GL(n) has 2. waneded components
(OV\U— we L\oW\o'\OFe.o( Ho Mmalvix Yo an orl‘knaw\nl Mol X O(n) we ke A= +) for SO(n) amd
MY =1 for SO(n) oreflackon, Which are +Hhe 2 NUA Cowponemts of OW).

Def A orientabon o] ™M is a LOCa,Ql;: consistent choice o M,

meaning Ha (M, M\Vy )

y 3 a
" % (/_ ":‘_\‘ <— quobient mops /\

Han (M, M) H,\(H’I’\\\ﬁ Jhx My
Del M orientmble £ 3 orientabon on M

OM o wWe Chose awn onentaton
Exaw\és SY\I \Rn/ Q:Pr\/ onental\le Swiig\cu Z—? y [an"_\odA n
Now - exo\mple [RP?' = Mabivs band U |DL

(ree, Sechon 5 \—7
of fhese notes

!

)
NN
NN
NN / %\/
AN
N7
/w‘/\’—a
@ aoan\/ou.sl‘a—_ &v\o\‘ @ @
‘ . . PCLsRves ogriembnon @ @)'
Chot'ce cj_//\,_ (s choice of- —
ofiewiniNon 51. bouno\ar~7 A rcLa i
”jr sona 2l Aisc c.on\-w'mi/\& x discs are A\'F{-'utr\\‘(")
oriemied
= contmdicts

— RP> ot orientmble
locad consisiency .



F The fondamentnl class [M]
o oral from bhe LES
ﬂﬂﬁﬂ %f IV\ C(DYQ,A, n— MM . /hq ral magp from

’I) M O(IQV\)m‘{L—EI- = Hn ({v\) ~ Hv‘ (M/‘V\\x) ;'-{Z,Ax

ConnéC

on we choose
_T ) 3 [M] | /A’X. AN orniaNon
ont2 We Choose

an onentnton rQ CAM me Jass

(Maeem
(if Swayp ontemtaRon: for —Mx gt ~[M])
2) M not ocientzble - Hn( M)=o

Conneck d Ho (M; TR) = F-M =R
S~ for any keld 4 )
characirishic 2

Constwchion o (MY M has A ——cow\'o\e.xskvo\vrb

M cormpact = Rak # n-simplices iy, YN ‘/
{V\ O(\'en‘l'ed

= P\‘Ck orientaons g’J, Y”'--jb'n) +o

SN AGe Wil Guen orlendaRon o M : - xelntly)
@EK Z‘/Ax= H"\(M/M\ﬂ%’ H,\(K;,Xa\*\ =2
M X
- o oV
= (Y= Ty, | Shes O L 0 ety | T01= 3 £,

Hl) — M (11N 5 o (e |6 S e fon |
M), e — T fx =k

I\_/ CS: WwMpare OCienrarown
52)

%« wWiYh ofientaiion of
Not difhudt 4o see kak HE M) = 2-[M], :>=>H“(M)’E Hn (M, M\x)
[M) — Mx
Alse 2 = 5Z-[M) since Cnii(My=0 (ﬁ(vwl) —.SQM,o|\‘ceS S\‘nu_dimM=r\)

More %nemll-a :

™M ho\r\—orieu\x’L\Q = each ek 01, K; APPLASS ice in '&E)'L-
= Iy =o0 ot F indgpendetty d choias
g odadatons o} ¥ J/



A JA)
J LT JAR
I) Sh = A“ U AV\ S2 A < @
e bvies RV,
[Snl = A+_ A_ jFuse canoniesd oriewtntion we Aseussed
K IDV\Q )Ph CA.V\OV\\.\CA,Q Df{ev\’}'a-}\'on
hemwe

AsM=oh-an=0 | = ST =0 4 uiny

ouMad normal festr ~ L

out
2) T =
D-complex stvchice (compakbly with side dameFeabens )

N\

X

\:Jova' or}%‘\'mHor\ ‘I\AM(.Q_OK b‘“) S'QUmFQ.Q\R-L
N2

\rl'—\YQ ) \YL/'\}-O PDS\\\'UQ Kz"LASt‘S
: S ¥, agees will odudnhon

Vg OV, VT,

@ ETzl — +X\ —XZ
I‘}yl orientaiion ohsa.ames

ot Rk gomtal featvee = if huo simplices ace idenbhied alorg a faat
Zl then M 2 respeckve outward normals are relaked by .—c/&d\'on.

either simf\;(u aAre. com pahL\7 oriewied and Hhe +wo
So OOV\S\'SW’\CV ‘—=>< indued ociewtarions on focer are opposiye

or nok wyakbly oriemitd but faet orend™ is same,
Hhen need sigm Like tA exanple whewm Lm:Qol [Tz}




ﬁ
3) Pecald 27_:“ - (v
“ K&i

A -cx Shepvre ((pvw\on‘\\'\g\e, W STde \‘a\o\,\-{{[\‘cc\,kons_l)_-

ﬁ V\S& - °r'%hk°“""‘”‘“°‘ by pevgen < R

g //t i R PR aa fal e X
A EK\olanm"\On ’\ro V-V
S, ,!'g Va=vo I negalh\& R bag = @

Vo

Il s;M(,uw ¥ howe Vo= Gl of folvam

oC WOY\,{T + A" X
3 RP* = K2§< I
= ¢ gy
(ron- ocientoble) L/\//(QV ° .
Non-oc.en e <
RXxAmple S L1 Siae, Wm&l
a

Wse the or{&nlﬂkowinol\)(ao\ Lg S"UW{ C Rl
= [RP*)= —Y, +¥2
B3[RP )= —(b-a+c)+(a-b+e)
= —2b +2a
# O so not cycle in CLVORPY)
However, WOrk{.«\a_ modddo 2 :
LR} =0 € C*w(\ﬁ?", F,) sine 2=0in

— [RP*) € H (ReS)



Degcee
be(— M, N onented closed conneded n,mMg £ M—-N

£ 1H, (M) — H, (V)
[M] - deg(f)- [N]

z’ Locall dupcee
LO.W\N\Q | € -F_‘(g.) Fnide, /locaﬁma.\o Lke in Ce\p\(-k.r T

£ (M, ) —— (N, N\\£rx))

then o (£)=2 Aoy (£, (e (M) ol i)
Xef- (3) ‘J//“ Pt (A0 ﬂ\‘/“;_-u)
_L'F_ Hn(\'b“,“) \0)

M) e Ham) == H.(W) > [N]

l wy, M
@ Ha(h,M\x) — H. (l\l N\y) = M{

oL xeflty)

Op ! (2 dag).) Q
EXaM\o|e_S

'> S' — s, 2r—2"

/ [Sl_] —_— Y\—[—Sl_] So AQ3=r\

Guokient 5-
3_ < 9 /Z/ m\'”‘-'}‘o"\ Z

ad\on _}0‘.“5
EXp|a.novh on:

\If rotmhon

Symmedy.

Easy cheK : (2)=3
(e.q.use Q.oci‘z%ou_;eeg)

CUQ‘I\)(«Q Rmk
For M N § smooth | the dogf = #(pre:ma?o.s of o gimeric point of N)
1dQon : OU-%F s Yo how many Kmes You cover N- (4|nnojs\+ all points workK)




Porncare JNaLHL

FACT Theocem TFoe M closed nowmfd

R TN ol Rl i
o HOM) = H (M)

M non-onenled =) Same holds WiM, W, cotfRciamts
Skekch proof wWhem M s & S'(I"\‘p'\‘c\'al complex K (Non- examinakle)

S(K\ = \,,avv,amk\‘c. Subdivision

—
<k < S(k)

6‘4 ,,\T
\) ,s\mplcx T \4 K wih €™ V Verkex q, S(K\

bary cendet
arm ' @H

2) k(o) = (hyight o v) = ow 6 °

3 b —simplex K
) o i 7 %v N

dual $\°N?6-0< v ! g

L) T

TeS(K) vrec A
Plvy) is min i
) haghts of- o —

RmR = Ut with AE(v,) max

Wlu. e K

Thus ?:r c‘b?:;orsa;o(' —

Homs vers ak Vg e

One com also olzsa.\oe. T as T

o= m closed stas is the union

veg;cg S(K) Simplices o} SIK) having V" as aFm\




FACTS , dim @' dim o

N —
o dwall s & gve o Wl Mcorporiion 3 ™
A A \_( P°“33’°M‘Q c.awp.&.x)
e 00 = Z T T ravw— thom A- Cx
N need compare orientnrons of

(+ if ocas a fawtrd T haS
loow\Aar7 Of\eV\‘\"n'\'\On)

'c. T

1) dNALC[thwP'VQM Da-k =feee abelian grvp on dual dhains

M)/“H (D, 0 ) &}nugggdemcdlauwwr ‘1,»1)
5) (p Dh R — C ("ﬂ whee GA‘(O( {O-ﬁr ko - s CE Y
(T — 6" { brot=0"

RMK nohNce '\'{’\“7\-
© ¢ ine LUuJ\on 0¥ (x) = fr o intecsects G-
* Cl\q,\(\ W\w

unied WiX. ocieprahon Sigms.
N
00 8¢ T+t =32 x|

Y (F)=00c*= 0“¥°31T\3—’Z £0, s[4 iF one x A
(‘( ‘Fﬂ(l‘l’foﬂ._‘af,'; ofa. =0 :Ztt =(.€('56‘)

0 else

uesvovr ¢ QL\NA \So So glk \So: M) ,@ é‘(D ) )i) Hr\—k‘-(‘v\\
Example T*

Pp\‘gaof\ﬂ\n CL\\
b D loW“g(.Ulﬁvnc &QJ—OW\W;\)\-W\
2 subdivision : \-::\-\’ek
(» 9

N A
“or QXaW\ok_ o+C

2\ g
1S a l C-7 c\e_ in -\'kr_ Pol\‘g na.Q U,QQ ALcovams\‘)\Or\ So é-_H (b)
(\T\onng— onemiation

Cocresponding. o atyc” r\deea Ot & inkersects o once,
Sigms foc simpll c'\'ﬂ 2o hmes omd ¢ onw, Compae wih Chaplec 1o .\J\,\Q
Computahon of cup Product for T 2.



Ci K (0dd dimensionol closed orientable m(:z)\\ =0

PE Bebti mmbers by = cank Ho (M) 5 romk H'(M) = comkc H, (M)

univecsal colff. thm. PO\‘ACW{’: d\mﬂi‘l"}

AM = b, = b, + -+,

Afl"\ M~ - Al‘Mn

No—
equal. )

(Poincard —)Lefschete dualily 7 ——

Theoem H (M ) _ H“_k(M’aM)

M (,oW\(’othr' Of;en'l'eA / le HO(M) < [M/aﬂ’le HV\(MP M)

Y\—MM WfH\ Lounda\ry \ re\w\w‘ve-&nhmn\uﬂ closs
Ho (M) = H %M oM

NOV\—O(\.GV\‘L@’{ =) Same \r\o\okf \,J\.Mn “:z (,oefﬁa{ow\'s_ Q:H\Qr\oy universal Coefbutent than

" I . - , Since H,,(n,ar\)=o or by hamd
ff \oa\.s\‘caH\; same as Poincat awa%)'g— O Sinca. givem PR e CO(M 21)
(\n sh—p\(c(a\ Case Yow exlemd o~ s(wp\l'ciﬁ\ vl.ewwpysf')\'on of oM

nsider (D)(y) dor ¥ paths Gom
Yo a sivpliclal dewongosiNon of M, using a collac r\ergk\oour—l«aoo{o;’ar’g P to any q¢2m.

Cor M compact connecked , MFP = {\:“En? = W, EM)QV\\=O )
~ (MY = po(niany = o
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2) A= amdusc R Z = HA HL(A;EA)/ (‘:i;
~~ SI Z HIA
') Ho (A 2A) * o
3) M:TZ\ ipo\el-ln = @' =

E)(auv\alu
H, (Al'aA) «— ae.nem-}or
2
H'A (heRw 213 5 2A)
~ S'v§

| n_ ch-l 0 wn " .
S 9" =3 z=HD = H, (D)
@ 3""‘0"‘,"’r D, =D,
Py
QLK"OKLQ' 81""‘:4, H\(A) fS’@ whidh inkcsects 9’”“4— H,(A,BA) onu_"-(‘aw\sve.rsd-a.
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What M,fp&ns in $e non-tompack case’l

Locally finde homolony ( 3ord-ﬂf&ore)
C.s‘F(X) QHObJ infinfe sSums y\e‘: 6“(

St 2{\/&,\ AN co mpadk SuL:;J— KEX/
#{Vic:ﬁo : Knlm 6 #—¢_} < oo

a?.r\erz\’go(‘.r '-1- Ce (X)

Exanyles

<
f\/\/\

CHRPT o qorzinme]er B
meZ

= 3+ cycle [R) € HE(R)

¢ ‘ &, o
o@ (|R) 2 [Pomﬂa'a (6‘.4—6‘1 + )i a Low\ANQ : Po?/ﬁ“< —
wacse HER) ={Z 35 (= H7HR)) IR
FAcr Thorem M oriw‘i’ﬂ\%& n-mbd = H*(M)ﬁ’ H i (M)
(Pos‘siug not waac;I’) _ n-*
Ool\oMolo?-? Win\ CQWWC“'.' S\’r{or‘éS H: (X) /dc(lmol.s on ¢

Ct_ (X) : on|y A”ow. wekhaing g:c,Xx—>Z s.t. 3 C_avv}oa(/f K<E X with
¢ (C:,_ (X\ K)) = 0 (Vam\'SL\ on chaiins in X\\(>

Example ¢ ¢(y (X) = @ ()= Signed # inkseckions of ¢ with

Cgle (j&omelﬂ'c. intersechion #)
EACT = PeCi(X) sine F(x) =0 if x<X\Im(<)
—T‘/\W\ M Of\l&l\\ra‘ole_ Y\’W\(lA — ~ n— %
(Pois'tlo@. o¥ (.OVVYOLO‘I') = H¥ (M) _ H < (M\

Wacning H,%f/ H%: are not ['\OVV\o'I"OPa invariomh  (ind@ed now-tavial for IR™)
Cavsed bewwse Hhay are not funddorial . They are howevtr finclorial for propec mops
Maner-Viekeris holds for HE  but pot for HY (Prﬁm«?&? o} compact

KN e g sefs are cowpack
Fﬂ_.c{' He (.X). = L_m‘ H(X, X\K) where compacks K, K, Fve HTM,MNK) - H (M M\ K,)
Direct LM\“’ Iﬂ: G; Vi Moyps Q. _)G,)' means [ G;/ioL?MkF\g. 9é6c with i+ imna(.s

(The indias are. parkally orkered & diceded - ¥/ ¢ 3 5 ¢ C_M:IW Hhote- ot
Wt— MM . ,f'.u _— I.)/ 7v) S0 COV“’VW{ 6“.,65 l’\S|MGk
i U oan exact actoC. (v\cL GGy, 6,-—76.,,\)




Ca? ?mdnd’ and  Poincard o{ualii-g, revisited (omc%N\U w”{{)
X Spove k}ﬂ «

a:C, (0 x CHX) — Cug(X)  copproduct
O & =X) n (Frq)~2) = ¢[f|feo o) T
2]

‘EQQI__7 e’

—— \ —_—
(€asy) Properhies \__"boom fac, T S
. biliner ’ €Z EC, ,(X)
2 (acn~p) = () (’acrn;é_ow\’a*gs) ,\
e Neocycke is wyhe I;\LKLF we c®X)
e 2\:&.&7 e bovndaries (5 9)=G- D6

=2 |A- Hk(X) X HQ(X) — Hk_e (X) LC\iMoJ'

Theorem (Poin car€ dualidy) The wayp ¢ — [MIng ?{ve:;follow:na iSos
D Sor M closed orenbed n-

[Mns s HY M) = H _ _, (M)
@FOF M novx-—compac{* of\@v\'|-€o\ n—-w\}«ok

[MYne = H¥M) —=— H, _, (M) ®

MY = ¥ (M) —=— H¥, (M)

Sketeh, PF of @) {for smooth mfds (Non- examinable)
£ M smocth = 3 //2090( ove™ U dj, ™M Memm‘rxa_ opr oV S.b.

EPrCT &w{\ v W, =
eMAnn AN me
('>C;;\\v2>;mne9;ﬁbwrkoods) Wi a---n \A‘-KE R™ o ¢

Thor compute W (m:{?g =1 amd @ hdds £ BT
= K holds ¥ U;
= by nabally of @ omd o Maye-Vielers 3ur & foc Uu

= ® (or M wWhidhis @) . D Nuge S-lemmn



Genecal P€ of Potnco€ dmp,-{} &— Non-e¢xaminable
S"’S«e i - l’\oldS Lo R"

N; k n ~ R nogh-l) A~ D, e + A — n
EHS (R = (0,57 = (O kn = Hoy(R)

recall fFackt: —Co\n make K |ar by picki K= ea/éz bafd_
* 3 a,u' 2 f '#
HE (X) = L H(X, X\K)  Hhen k(g R N K) & HY(K,2K)

Pick A-cx sthvdvre for R™. So [RN) =2 10 &Svum oves N-simplices.
Swy 3 simplex o7 : AN R" . Define g: CY(RY) -2, $()y= 1 ®
= S;é:o K dim veasons ?‘(‘;’,f,'tf"f\'.us)=0
E'R“] O ¢ = Z¢(Z‘.’o’;):¢(‘__f(f°)=| (P\'CK 539(4\ in @)
SkeZ  holds for A 8,ANB = holds - AUR
PE Mamer viksis for Ha , nabeabidy  S- lwma v/
Step 3 holds for A: , omd A chcps.. S helds - LA
£ Btg wwlvmxa @ : boly skt \{} PN 1% commule Wil fimily V/
S¥p 4 nalds or opem subsets in R”
P;(— E\Ie_ry sucdh Sek is a unalon J:]_ LONVRX  opém sek (C-g-La”s)

B\g Ster 3 Q/V\odff/\ {o onsider case é_ FHate vaton. ,),—}i
BD indmeRon on I omvex opém sett . fx pew p %

N ‘ U— gn
1 onvex $Q+ u ~ |RV\ Ve, o Emeer— koMeoyy\orp\l\'{SN\) '.):'_5‘:"-_:% W
Now use Skp 1V ““f’"apm%*""

2 conRX sefs - KEY TRICK ConvX set N convex set is convex in I'Rv‘!
= use Skep 2 L previons Case
R+ Convex sels: A= Ui({rsl— k. convex S%‘l’s}/ R = |ast convex .Sd'}ﬁ use Step 2

= ANR < B 1S & ualon o"- k. convex sebs Indug-i{%

SkpS hdds or mfA M h“"’oH‘”':’/
Covsida~ opery sebs A M {or wWhidh ¥ Lolds.

By & orn's Lamma oacgument Wi gfd’ e moximal  open subsed U \thee holds.
1€ UM pide pEMIA amd nbhd V=R o p. Then holds for UV, UnV
(nele UnV SV R"opem, so Steply apphes) so by Slep2 holls for WVV
Condahids maximality. v/ D




Recld Hee is a wcll—AtéﬂNA enodvodion ol U —clagses on M, «
anYy cepresentutive

<y MUMRY® HNR) — R [ oyl g fora
c @ o > Lo, X = (<)
Eoma— exetse | L C)o(u(5> = <cnd, (2 any o(l(seH"/ ceH,

Cono“ou"a 91 Poincart AMG-QC',"a-_
M Covv\oauk ociented n—W\Mj ¥ ,f#;do\.

ST g A B o
oL @ B , <[M],aup > H"U“;f)* !
IS o ﬁow-s?mgqu b;,\l(\epf-FofVV\_ E(H ) (n,"F))

PE. By axeese, < M), o > = < [M)na, A2 = <PDE), B )
So He ﬁollow%bg A/v&&rm commutes « de&n“”’“’j—ﬁi’}l\cﬁ_’;vb
HR(N.F) @ H" R (M.F) _ pairin
PD is iso ¥ e ’ \P) '®

?;,QFZ/:\?W EJ/ PDA S
by urversad ol P @ H ()~ %> <@

toeffivam’s -

By univtsal cotffuionts, H*(MIFYE Hom (H(MIF) F) via  prs<p,>
using ot foc anv fF-vederspaw V

Hemee IS & MM—W Lilinear Pw(‘r?v\bg "
U ts M parns in dre A VOL TR veenem
M So ts Pan \"} @ I ME\"PVMD Hlam{\/l [F) ;SP:;?,-‘-;.QJ,

Romak For M non-oriembable , the same holds for T of chorucltrishe 2 €9, Z/Z
For 2 coefaaonts ir cam fail i€ H¥M) % Hom(H M Z) . So we define:
—

Beti govp B(M) = HR(M) /dorsion (W) " 70T
Bk(n) = Hp (M)/ Jorsion (H (M)

By wWhak we proved in 4he sedkiom on univbral coeffuients, B1(M)S Hor(8,(M),2)
Whemeve™ Hg_, (N) is finikly gonumied  (whidh we Know holds or compact mifds)
T S0 (5 ?"W"‘ b‘J <'/‘> aj"“/.”\ 2 Yhis ALscomds o ‘[\10“0\1\'\1 sng. {C,x >= o€eZ
(€ ¢ or x has fnide order (i-e tomion) . The Same prook- as alove ‘3"‘“—“
M corpack oriented n-nflk =>[BR (M) @ BT (M) — Z, <@ 1<), 4op)
Also the Remark holds. s non- deaemaaie biliness form .

Exoryle Use Yis 4o prove @x. by (&) Sheet 3 (Hint: LR (cpm)LH2"2RcP) = H e




. in fact enoush o assume
A\QMI\AU dﬂﬁl‘{t ( )? is (Qo,c_a\\\j Con‘}m(.‘l'\'b&)

)
¢3L'X ;Ct s® oowYmo{- subset st

3 o(aQr\ r\Q\"aL\LO\Jf"\oOO\ \\KX) W\’l:(l"\
Aefarmaton eraQ,\—S do X

sudn Yok ]\j(_)(\g_ SN s an n-mfd

Witk kouv\o\N'a ) _Fa_ck asSomption
o
Theoen JH, 00 = B (SN0 [t
L |akr‘ ys\%_?ttx@,é-\hm
= WA . . . P)
Cxa P\e X'C_ 53 k_V\Oi' (l.Q.- X:IMQ% (S'L\omrv\or?h:sﬂ\s ))
On’%‘\"'\!—'ﬂ"\‘lg}—
= N(X) = solid doms ~ < N
= o Ch\oeuic\a
H(X) = 0 = H2(S*\X)
Hix) =2z = H(S*\X)
Ho(x) = 0o = T (S*\X

so e lf\nv\/\.o&% oj, a. knot aomrl.tmun" Aoes not
kil knots apart [dwauas Same)

™ eorem @'orAM\ curve ’n«eocem\

e.q.b Stecey Wy
2 /7—2 7P~J¢cka::r sc—igcfuoo
R C =S' dosed curve i RTE S

@ - [LZ NC has 2 6)&”«—- CDWWJY\ZV\'iT (: ConnelheA (_ovvpmeyr{—s>
~ g\M\\le ]CDF Sv\,___, C g_ ‘KM\ g Sv\-(-\_

U Sy abedo”
”\'AS.‘M,' Toutside Alexander duality

n —~ n \L ~ \
PL ST=Cepces™ 5 22 H.GNE H"N\0)
# HO(SNH\C\ o 2?_
= S™"NC has 2 patl components . 1



Prook Plexandsrdunily  Albevide N= N (Bd4X

Yi= S™MIN = s\ X

for ¥<n—)
Hrox=r () = we*gy)
= H,.(Y,2Y)
Lefsdera > /
= H, (s N)
&5 H‘*(':p
MJ}ABAe(n-\ X

{or X = n=) ’l_‘:l.a(\/) @7 = Ho(y)

= (v 9Y
LC_F. HV\ y) )
=  H. (5", N)
A,
= {._ (N) ez
Explanaton of ] X '\:\,\-\(Sn\)
~ - —~ — 4
LES: O — Hn(S") - H, (7, N) — HM(N) —> O is SES
. lquokewl-
Ha (N) -
@ -'—'V‘Hn(lv)::o Hr\ (S“} S“\N) =Z Q
see (Cor. +o Poincar(‘LJ‘fSJ‘d'?:/ 'L Sy\: IRy\ o 0
wing: ead, (poHh-) connecled X\ . oo
omponent of e manilbld N Hence Yok oluc\—\'%i' Mop ?cve.s
has now-empty Loundary a splithng of e SES.

fec x=n HYTET (Y)= H(y)=0
H, (X) = H (N)= H°(N,2N) = 0.
T ,\:ee,@
lefsdetr o\vw\m%




