
Bioferowth
Motivation - all bio entities grow

- growth very
much a mechanical process

Greth . We consider a ID body (rod)

constrained to a
line that deforms due to

growth ( increase of mass) and/or elastic resp-on.se
-

(stretching Icompressing)
50=0 sso So =L

##So - initial configurative

s=o

! ! / "arclength in mit . state

# =L

Its - current

Ss - lasso a configuration
we define current arclength

d : = OF = 118) B stretch from

mit
.

to current

( 170 → l - l map bet

So and s)



Purely elastic deformation ( No growth)-
day x - let o be axial stress in rod

( foray
area of section ,

A )

Define n = TA ( = ng from Biofrlaurents)

Force balance : II. t f = 0
I f : body force per

constitutive law : n = him out limited)

W ha) - o
length

eg Hooke's Law : hla) = PEA ( x
- i)

Young's modinit current

Eg,%÷. ffs - e I eg.EE
.
)

⇒ E w un -

*
death.IE?gIt-s1n--gglsI/free
-

end

in-07 n -- EA la- i) → a --¥# (so -E) +1

And a -- IF
.

→ s = finds
⇒l = !

-

ads. - L - f¥a ¥87 L - tea



Pu liar ( No elasticity )

÷ V - Growth process
: ✓ = Ht) follows

a growth :
= G. (Ks .So , - -

-)

eg 8¥ - KY → ✓ = e

"

(8=1 at t=o)

& Fo -- V → see Soeht ( slo.tl - o)
-

Application -
tumour spheroid )
-

÷
.
÷÷÷÷:- :*:*

Assume i) Isotropic growth (same in all directions)
,

exponential in time , proportional to nutrient concent .
ulr ,t)

ii) Nutrient diffuses in from bath
, uptake

Q by spheroid
iii) Constant nutrient concert. at

outer surface

Define volumetric growth by day -- qdV±
^ Omit . vol . element

current volume
element

for sphere , dr = r'sine dosdodr ,
dVo=RoZsin4d4do

DRO

→ Mdr - zRo'dRo → af÷=q ( RFT
-

↳ 8



Granth : ¥2 = kqulr ,t) 12=24 .tl)

Nutrient : ⇒ =DTin - Q
Diffusion const Ipta!

¥¥lr¥) - Q
+
little r since

diff
.

W/ Ulb ,
t) = Ub (const)

occurs 'm comet state

•

" Fast diffusion
"

Uf - o (equal for nutrient)

- idea is to solve far at ,t) ,
then insert into

o¥=uyu , E. - if
we set ¥477) - Er' - E -

- Ift E
→ u= - It a

key point : Most have neo - can have either

May
I

.

"

g?
" enough m I .

"

large
Ub
- - - - - • Ub

-

↳ r

or ¥7
b

a> o

I. Set a - O ,
fond q via u (b.f) = Ub

→ u- ftp./r2-b2)tUbEUuIlrib3

Switch to Case I when Glo :b) -0

→ bait = (%ub)k



CaseI : b - best
,
Ulb

,
t) - Ub ,

Ula
,
t) -0

→ u
#=/ Iz

r <a ←
" necrotic core

.

q
t Qlb

'
-as )

. -

acre b

q
(m typed notes)

-

a os det 'd from setting (a.t) -0

is polynomial ¥ (za'- 3a2btb3) - 6buy -0

Baek to Growth . . .

r
> dr = zRidRo ⇒ !%dr=§°yRidRo

→ by! !?qRidRo ← we want to use

02
of

= Kyu

Es bzfzb = !7z Rider. =µ%uzEdRo
Mdr

b

= kfulr.hr- dr
O

oe the outer radios b - belt) evolves

according dy?!:B!bztgbz-kfbulr.to- b) Tdr and use u
- UI↳ when b- best ,

use U- UE when b> best



Growth with Elastic Response
-

current
initial Sso -

#T So 1=1XX
(stress

OS ss s

free) £711 fdagte.ae
oso SS OS

-T#S

reference
config Decomposition
"''Ere' i -- ÷ . ¥

.

-

- ar

(
Note :

"

ID Morpho elasticity
"

require
at > 0

Simple Ex- A rod between walls
871 : Growth

0<84 : resorption)
-

So -- Lo h
s=l= to

4⇒E
-
HIE

ur ga

thx,

←

"

virtual

configuration
"

1=-1 ⇒ & = ty . Supp , ye , + z
(stress - free)

Hookeaw : stress F- E- (x- i) - III
But as t-o , res - E

a infinite compressor

but my fruit stress
! !

Better : neoltoohean or III - I) - I k¥2 - htt)
Now rn

-

It as t→ -



Stress - dependent Growth
-

T (canst) B called

¥ = KV (o-F)
homeostatic (target) stress

EI
.

Hooker material r - Ela - 7)

Homeostatic state : t - T ⇒ a = Etty E
"
I

- so if no growth , 8=1 , S - So , then

1=2 = I = off
.
→ d- =L

-

Lo

An experiment ,
-8 -

- to mitral

-
-

L pull lwwformly) as

l-e
.
← No

d stretch
a growth

*÷÷: -
:c:

Now hold

e- E. =L. . ! - f. a.

Now
, t -

- f- = Fg .
I
- et . III - i)

→ r - Ela- i) → 8=810-oh -- f. late) - HEY
9

Solve ul Ho) - I , uh 8
n

we get ed. -
--

µ¥⇒⇒4 ITg -
-

t



A Growing Elastic Rod
-

idea Extend the framework of elastic rods to

include growth
or

⇐ = adz
onshearsble,

Reed extensible

ears.

on

It £ = Q (FB)

dm

⇐ + IF na tf = on (MB)

plus constitutive :

ny = EI, lui
- in) di t Etz (uz- in) da tushy-and

£3
** {

y . I, = n, = EA
la- 1)

Above , a = off where S - ref
. arclength

S - current arclegth

To incorporate axial growth , we introduce
a fixed initial config W areleytu So , a

gray ref config W arleigh S , such that

8 = ¥
.

as growthstretch.

As before ,
total stretch D= ¥

.

- at



Egas f.HA doit diary ,
but the

domain SG lo , LJ will change for TF1

- Can also cast the eghs ito So or s

eg in
So we'd write OI

@So
= Nds

,

on

OE t 8£
- Q

,
etc

.
-

( Assumed on H that I =
Fore
Unit ref lengths

→ Yf = Force
Unit init length SS. )

• Cross - sectoral growth would only change
the parameters In

,
Ia ,T , A - and this

only impact stiffness

eg .
circular cross -seethe of radios R -- edit t)

→ In = Iz =ayI
"

not
"

,
A -ar
'
-Et
'



Remodelling - A change in properties without
a change in mass

.

-

eg
a change rn I

(intrinsic curvature)

Application Grutropism
-

Exit put a potted plant on its side

IME
thinking

gravity → develops
intrinsic wreathe

An elastic rod model

o÷¥¥#i÷⇒÷:*:* .
# El

Geom : e
'
-

- Sino
Is
'

- ol'd,
d

v

y
'
= cost

y = eeztgz = ol
'

adz
⇐
see d

'
= Me

y=n×E× tnyey
I ppg

ne
'

-0

ny
'

egg I = - pogey↳
↳ Be - neo , ay

-

- pgls - L)

MB m
't Sind fgls-L) = o ng = wide

CL m = ET ( uz- iz)

At 5=0 : x=y=o , of , ↳
← pot angle
-

\

)
Quasi

take

Graritropsm : Eif4 Evolution



Kinemay uz E UT (I End EQ )

• if nearly vertical
,
1412<1 :

x
'

eat

{ y
'
- I

→ Xssz t Bks
= 0

of
'

= Uz

iz e - pot
→ Kst t PK = clt)

BI At s-0 , X-0 , Xsloyt) -40
v

we are left W : Xss costs
-o

Rsf t B X -
O ( is

→ Clt) ⇐ o

{ No't) - o # if straight , ie to-do ,
at to

X (s, O) - dos (3)

Can solve as similarity sold (B.5.2 ! )

- seek xlsit) -- Sf (std

③s a-4 , Hosek .

↳ call 2

(c) → qf
"

ly) t 2ftg) tpf -0

→ sold f - foot,(g)
J
,
Bessel fi

too

¥
of Istana

1-
×



Mechanical Pattern Forman
-

"

Simple
state

"

→
Complex
state

Groft ( patterned )
+
constraints

compare
TFA in a biochemical pattern (Turing pattern) ,

concentrations of chemicals go
from a homogeneous

state to patterned state due to reactor
,
diffusion

(B) A biomedical pattern is structural
,
oe

a material deforms from a

"

simple
"

base state

leg flat) to a patterned state .

. Note .
both types may

be present ,
& linked !



EI
. Wrinlibility - Rod or Foundation model

Ingredients : a

growing
elastic beam (or sheet)✓

extensibleattached to a substrate (foundation)
-

←groping

-¥qz#Bed of

Basic idea underlies
=- springs

substrate morphogenesis of
many patterns

1. At grimy .
wrinkles in shin

✓ - cortical folds in brain

X←%Y¥ - ridges/ spines in seashells

. shape of airways )intestine

EK
%

Growiug-beamrlsol-xls.se, tylsoley
& I,

• Is
.

- N 's

↳ = cost Ex tsiuoey

• dog
'

Iso) = G-
'

(so) I , I
=
-sinoeetcosoe,

Y = Udr = adds da ,
(da Eez)

= f- fishes



Define I = need thy Ey , I = meet

EB → GET tf -- o , Ff
.

+ go

where f = feet gey B force due

to substrate.

MI → IF
.

+ +8 (ny cost
- ne Sind) to

Constitutes m = EEK = EYE also)

ng = I .dz = EA la
- l) ⇒ ne coset nysince

EA (t-1)

The foundation .
define a curve flso) - fxextfyeny .
-

and create a 1-1 map
"

gluing
"

I to f using

#
e

elastic springs

zI let also) -- Kelso) - flash ,
H

im E. his - s' III )
9

rest length
- h describes strengthproperties of attachment

- should satisfy hlo) - o
, hilo) so

Simplest f = Soex ,
and

app .
before growth ,

I - So Ex ( S - o) .



• If hlo) -0
,
h' lo) = k

,

then

£ - - k ( ( x-E) ex t yea)

- f = k ( e-So) , Info = hey

Observe it is possible to
have good (Vsi)

without any
deformation :

- the Ysl
,
and *⇐ I = 28 → a = f

X = So
, y

-0
,
A = 0

,
m = 0

, my = O
,

na = EA ft -D = EA / T - t)
- Compressed but still flat

pattern forms when compressive energy gets too

high → a tradeoff of bending energy

& spring (
foundation) energy

to

relieve some compressive energy
when? What kind of pattern?

- depends on maternal parameters .

EI

EA

& substrate properties n

compare :

substrate → bending bending ⇒ substrate

→# x
E-



Buckling analysis :

X - Sot EG Ind est 8 (eog rate)
① = EQ at which linearized

L = ft EA system has a Solh
.

;



3DGrowth1
.
Review / Summary of nonlinear elasticity

2
.

Build in growth → Morphoelasticity

Nonlinear Elasticity in 10 Easy Steps
-

⑨ Recoil ID : Tass II - a strain
d
--ss n' Is) tf = is FI

n - hla) I

① Kinematics - continuous deformation of body Bo to ft
xBo
→ A

-E
,

e
,

E -- XIE ,
t)

② Tensors y ⑦y tensor product defined by

⇐④e) e - ly - e) y

A tensor T - Tig Ei ④ Ej , Tig - Tej ' Ii

Let ol le) be scalar
, y - uiei a vector

,
T -

- Tej Ei④ Ej
a tensor

Then gradel = 5¥. Ei , grade = % Ei④ Ej .

dirt- en; . Ifs!f-
'

Iqs
.

. 5¥ - o¥÷ei⑦ei



③ Deformation Gradient Tensor

F- = Grade = o = Ei④ Ej

Ther det F = T so gives
volume change : du -Jdv

⇐
as a

,

I
.

⇐ In Aei

⇒ F - I e.④ Ei = diag ' ¥ . Is)

④ Force balance ( live .

momentum)

¥§fkdv t f EDA
or

a.

"n'now,
' Lika

body
"
contact force

force

(extend wut normal

Cauchy : I tensor T st t=Tg
Div Thun t r arb →

dirt t gk =p I←
Angular mom'm → (Tt = tf *

T Cauchy stress

-
tensor

⑤ Hyper elastic material : I strain- energy
Fn W -

-WIN

such that elastic energy
= fwdv
B

⑥ Energy balance → T - J
-'

F FE ( compressible)

For incompressible t tf,¥ -pg
JEI

, p Lagrange
- multiplier



⑦ Stretches →

y- FI -- Ads . # = yds

g r

unit re wut

de - FDA
is
⇒ yds = FADS

→ Idsl
'

-- (FA) . #A)HSI
'

9
norm ⇒ stretch ⇐ =

-

tharaeterises strain
(FF - I →material unstrained

)

⑧ Polar Decomposition : deff > O -I unique V.V

symmetric , pos . definite ,
and orthogonal R

such that ( RTR -H
, detail

° F -- RV = VR

° FTF= U2 = :c
← Right Greek

,
Green

tensor

- FFT = V
'

=: B ← Left . . . . .

Can write V- di ki ④ Ii { hi , I are

• to principal stretches eights , eig ree's
of V

- do GR , ti > O
- ki directions of prince

stretch .

(U hes sane di )



⑨ Isotropic material (same response in any
direction)

Wtf) = Wlv)
← rotators don't matter !

- Frame invariance (objectivity) - W f're only of

principal invariants of V .

OR , more convenient : express
W Oto invariants of

✓2=13 = FFT ( caffs of charm. poly) :

I , = tr B -

- dit dit #j

I. = ELI,' - tr IB
'

) ) = didjttjditdidi
Iz = dat B = did: -5

far sometimes
↳so neatly W=W(his duds) WII . . Ints) )

• incompressible : do = , Is El

⑥ T= FIE - pk linwmp.)

→ to = di EI -p where T=£ti ④ Ii
in

( in { y , .vn , Y, I basis, F -- V -

- diag (d , .dz .dz)

- IE .- d.ask.fi?EiEEI ]



Inflation of a Cylinder - incompressible ,
no axonal

- def
,
remains symmetric

⑤ A
..

× "tilt -

a. r.
Poo Poo

I = Rer , I =
r IR) Er

,
-0 = ①

Then# = f¥ = inner ④ er t f e. ⑦ neo -

- diagfr's E. l)
tr

"

he
• ineompr : do = IT → rdr = RDR - r'-a' = R2 - A

'

* deformation fully det'd once a known

• Force balance : dirt = O

T = tr Irl er④ er t tables ④ Et

( dirt- I. er tf EE ee o

= E Iter ⑦ err)
- er t ¥It¥er

+ toff tree① er t to neo④ neo)
-

neg ( Ef -- ee ,

= (FF t trial ⇐
IE -- -ers)

⇒ ft÷tEt yL

Derek Moulton



B.dyed : Ty . y = 0 at r=b

-
I - Ev

tr = 0 at reb

{ tr -- -P at r -- a ↳ = - er)

• Consett to = dr oozy - p ← unknown hydrostat

It
.
-

- toff
.
- p
PK

insert n FB → ¥tr= do IIe - tr Ffr

t.dr-p.L.IEEDE.org
gifu A.B ,Wldr , do) ,

and P

-
thos B an eg

'm for a

eg neo -Hootman :( standard ,
"

easiest non- live: )

W -

- tf II, - 3) = Mz f dit ti + di - 3) , µ=3E
os shear

moths
→ ow
di = Mti

=

ERI
b

d
'
- Ia d : - de -- E T

→ perf r_ dr
ther tr -- I
'a' t÷Y.



*
o.

F- = I
=
a- ④ Er t L ④ Eo

of OR ooo

der
& I - rider f - Ea

r

→ F = LEER ⑤ Er tree @ Go



Morpoelasicoty - a framework for
growing

-

elastic bodies

- Same idea as in ID D= 28
So
→

as i-7

tr sa
Fass
w k

tiffs,
①Bt hot stress - free)

T

→
G.↳ IA c-elastic response

growth ③ (virtual configuration)

Bu stress - free

Multiplicative decomposition : F -- AG

• G - growth
tensor - describes local increase

(or decrease) in mass

-

maps B. to virtual config Br

- why a tensor? - growth can occur differently

in
different directors

a



- Growth can induce incompatibilities
(eg

holes
, overlaps)

¥:r÷:

A - elastic tensor
"

restores compatibility
"

→ stress only depends on elastic

deformation :

I T=Ao¥py ,
l" EEE -pg)

-

-
all other egos are same as before!



Types of Growth
-

• isotopic - same in all directors

G-- ga I
- ⑤

DE . → gdf .

• Autotype Not same rn all directors

-

eg transversely isotropic - one

growth director of , loft -4

and let em , ne. be basis for director

orthog . to of

Ther G = Y
g-
⑦ § t es,④ en t Ez④ Ez

Thu dfo = DX. g es GDI.
= VDI.

& if dflo = dfo en ⇒ Gtfo = dfo

' t -0 - ⑤



Honegger same form of growth
at all points

Heterogeneous growth is a fandom of

-

position

→

Note Anisotropy and/or heterogeneity
creates incompatibility as the current comfy
Bt may

be stressed even if unload

- this is called residual stress

very common and important in

biological tissues

( arteries
,
skin

,

trees
,
. . .)



EI AG louder

-As before
,
assume incompressible , no axial def ,

& symmetric def
.

"

a I:
r IR)

F- = Grad X = diag ( r' IR) , E , 1)

We introduce A - diag( Lr , do , I)

& G. = diaglk.ro ,
1)

m

T circumferential
radial

8*1 growth growth

Is

yes,

incompressible
Vr-1k

→ data - I

→ dr = Let = : £

E-A G es r' LR) = dr Jr , f- = ↳ to

→ In - ¥p, ⇒ rdr = To RDR



Now integrate - Elf- az) --a/%R%lR7RndRn
-

given Vr
,Vg as fins of R

,
then the

above defines def. r IR) - but a B

unknown !

Forcebatauee dirt - o

T -
- doagltr , to , i) → adtrt tattoo

Bdiond I try:} Ip ←
imposed

constr T - A 8¥ -Pk
unknown

in components : tr = Lr II -Pt
{ to -- t.EE

.

-

p

→ p= agbdo.EE.
- or Er
Fdr
-

given { Yr , to , A. B ,W,P )
forms an egjn to find a



ey ,
neo

- ltookean : W -

- Az tooth- I

÷÷÷
"

p - m !%÷¥%r*dp/rdr=HRdR
#

shed TIED .

EI A - I
,
B --2 , a- i s¥

✓
to

at.fr
tr

P&O , Vr - 3 , to
- 2 → at 1.64

f (compare : Hot =3 → a =3 ,
residual stress b - 6

¥ -

"

hoop stress
" and tr -6=0)

to (2) > 0 : cirwm .
tension an outside

toll) 20 :
" "

compressor on inside

frfr) 20 : radial compression



r

f
Vr -1.04 , Va -4

¥¥=r. .- i
P = . 1 A residual stress

can redeye stress

gradients



Howl stress?

In practice ,
we usually don't know G

,

and we have access
to ft

- But whole framework requires knowing

Bo , Bu !

Possibleten - determine G by

relieving residual stress
.

EI
. Opening angle test for residually stressed

artery . Assume pv Istres free)
Bo Bo"

-
-

A G
{ r.az} {R ,# Z ) { Ro , ,

Zo)

Supp .
for simplicity the

map
from p. top,

doesn't change radius or length . :

R - Ro
,
Z - Zo

,
①=4t34①o



Ea
B. = Re.¥0

⑦
o

= Ro FRZTT

Nou , er -
- Is!n¥/ , ⇐ =/

-

Tosin:/
& G, = Grad B = of

.

B ① Er t¥¥①R④E*

plug in B = Ro Er

& ose ¥
.
Er = ¥ . ④

'

I ①o) = It - ¥) Ea

→ G - er ④ Er + ( l- ¥) Ef ④ Ea

oe G -- dough ,
l - ¥ , I )

oe Jr = 1 , Joe l - ¥ , Vz -- I

so can compute stress
,
etc as

before
.


