
N

①
(a) We want to compute < Ri> - < (E. bIiÑ

= fdvkbt-ijpfri.tn . - IN) where p is the prob .

His )N of the configuration [ I]

Since each ti is uniformly distributed over the

wit sphere and mdep . of all tj uj -1-0 , this

= fdr, - - fdszr / IbtÑi¥N wheredro-sm-oodo-odlh.issolid angle .113

Now we note

B-2--15 .ro ) . FEI;) = £1? + III. Ij
.

/ 2)
0=1

i-tgsri.ro. > a fdrit-i.fdsg.tn, if itj

a-
siuodsimlo )ÑÑti sinoidoidllo - Q as t.ie/sirYog?Y

o o (2)

And < Ii > = < b
'
> - b
'

since < I > =L

by definitive

(B)
. : <§ > = < { Ii > = Nbt [ 1)



(b) We have internet energy E- TIBI -1
.

The probability of a given
choir { In . . - Ir )

is pl{ In .int/--z-exp1-Elki---rwD )F-

Here ,
since I. = bit , and bi can take any

value from b to • ,
we

have

-
E

(2) 2- = f ekbtdv where Bb _- { I '

- let>b)

IBBY
20

00

• Idk / bidb , - - . fdrnfbnidbnrexp /¥81
- ¥ )

be bn

¥-11 - b÷g
dbodoidlli ) (2)

= # 1 ! / fbisinoieis yi- i
4ae÷f°bie¥dbi

b

11

- 4qeÉT . g-b3é
'

using given
formula

In
-

: 2- = (zone
!É? b.33N



Now the
energy

consists of 2 parts :

④
E= - E. B & Estrogen = - Fz{ bicosoi + TE ¥-1

121
d.{ bb-icos.fi + lz{ e- ¥

Now 2- = I dvexpl-5+7--1 love
1B£ lBÑ ii. =¥¥.li?,2-nT

• be - ¥112 - t.cos.fi)
→ -2=1%1 ) ) ) bihsinoie - e dbidoidili )

5--1 O O b

=
"

!?÷ibie÷
"" - """Y

"

db,
§ / N)

Ztre

£-0

121
a- z-nb.ch

°
-E.Hit,) -¥1k- d,)

a- fbie -bie-db.br
y

this will diverge if I, > Iz

ie of tzb > T



ii) if l, < v4 ,
we obtain (

↳if provided cutey .
formulas with

a --h±t, ,
c-b)

2--1"!÷1÷÷÷÷.

- i÷÷¥.ly
""

f- link)N (2)
=

Now , Rz = { bicosoi ,

so

i-1

d.E cos.fi + dz£ ' - bÉ dv
< Rz > =

-1 / ({ bows-0 ;) eZ [ 17
1%5

1 . )

dv
Observe 2- =/ f- Ebicosoie

(B)
N

43
.
: < Rg > = b-I Z - b logZ

IS] =bN Iogf with

f defined as above



( ioi)

"¥,#^É
" A " "7- linear energy

B is iii) - quadratic

stretching energy
C is i) inextensible

• the inextensible chan asymptotes to 1 as

(1) pulling force I, → • - <Rzz only reaches

Nb if chair is straight

• the linear energy
leads to a divergence

in < Rz > ,
as we showed ,

as h→lz_-to

d)
( linear energy → a constant resistance force

,

so nothing stops the extensive
it BE > r

T } - this is not physically realistic)

More
than

expected o For quadratic energy ,
<Rz > doesn't diverge

from
- ( linear stretching force →

resistance increases

students
(1) ur extensive)

,
but < Rz > can

exceed Nb with sufficient X,

H



② ⇒ ←pz
be parameters the

surface as

rls) cosy
Its>4) = / sissies )

2-Is)

r' cost (2)
- r sire

→ Is=/ rising ) , Ie - f r coss )
2-
'

0

⇒ Metric tensor has
g,, = Is . Is = r

"
+ Z
"

111
Giz = 0 , gzz = Ie

- Iq = T

- r 2-
'
cosy

Normal vet y =
Is ^ Ie
-

.
Is ^ Iq =/ - rz' sing /

It 11 rr
'

- a-
5. [ is

r
" cosy

curvature tensor : K
,,
= - y . §g= / " sine /

2-
"

=€

frfr"+ ziytz.fr/r'Z
"
- fr"z

' )

22¥
42=-1 .

⇒ =

_Fz^-
⑦

g. rg.my y

¢ /"" £
")"

( & kiz = Kz, - ☐

"

by acid symmetry
- rcosf

- 4 and s are

° principal directories)
①



•
, ,

we note r
'

= cos-0
,
z
'

= - Sino

so r
' 2+22 = 1 ~ previous

formulas
.

Ks , Ky are the eights of L _- G-
'
K

111G-
'

= 1- / Ig;) ,
k - 1k" °

0 Kzz)
Grigor

→ L is diag w/ ↳ = gk÷=Ér
"
- r't

"

121
& ↳ = KI

,

- rz
'

F
gu

Now r
"
= -since 0

'

,
Z
"

= - Cisco
'

Sino
→ 4, = Kg = &'t)

, Lzz = Ky = g- ,

as desired .

IBIS /



lbs →

d

deforms 5--2-0
We here in initial state : 0--00 A

{ ro - ao sin-0 ↳ { r - asinf
Zo = ao cos-0 2- = accost

a)
The principal stretches are defined by ts-I-s.ly = ÷
→here we here s=÷• - ts - ÷ & ly --÷÷u! -÷

.

We're
given ts=tg=f|÷)
• Fli) - 0 so that no stress on ref . state

(2)
. f' (1) so so that the material is in

tension Its-4pct

when stretched f a>a.)

Its - Folts - ta) automatically satisfied
, so torn to

P - tskst tyke .

We have Ks=÷-=L , by = III

(obvious for a sphere , but should

verify the relations hold )

This
, P= Ifl:o) defines the pressure - radios4)

relator .

Is]



For a flood biomemb.name
,
we
have the

energy E = fds / ✓ +2kHz ) - VP
E 9

Lagrange multiplier
to

enforce pressure
constant .

For sphere radars a
,
H - &

, ds-4-uofy.gg
so Ela) = 4a8a2 + 9aaa÷s - §aa3P

We find a via Ella) -0 →

8u-8a-4-ua-P-f.SI→
pressure

- radios relative /p=¥T /
-

- this agrees
with Cio) if f-1%1--8 is

constant. 47

(in Inflation instability :

Noting
that Pla)= 2¥:o)

lur ao - 1)
,
we are given

that

f-
' (a)[SIN] a-

- f¥=£1f¥)=£ /¥)
P

has roots at a-2 , a-3i¥ "
⇒ Plat has shape at left

[" "
• A limit point instability

will occur as

P is increased past plz)
= 2f¥



(v7 Straw- stiffening response will mean as

a is increased
, greater increase in

P

is needed to further inflate.

- strain stiffening"

I - holds near a- ao÷¥: if P
"

/ ao) > 0 . [ I]

we have P' la)=¥f /%) + £81:)

→ P"H= -1=81 :) sit:o) -÷f"1 :)

⇒ P
"

/ao) -

=
-÷z f) 1) +⇒ 5-

"

ID /as 5-117--0)

so strain stiffening observed it / F' /

(2)a



③ I' = ✗8dg ,

d- i' = 89^-4 ,
Itf - -0

,
waiting =p

W In = kiu-ditkzuzdztkzug.dz ,
d. d-3--1412 - 1)

(a) I . rod centreline
, y curvature rector

{ di.dz ,
d.
, } material frame

, gives
rod's orientation

1"I - resultant force a rod

a - resultant moment

tangent d
,
and x-axis÷÷÷÷:÷÷:÷::÷÷÷÷
.

So do =/%¥ ) .

Choose d-a- Ez ,
so d- =/ To;s¥) (zy

→ u, -- 0 , uz=JÉ .

Also
,
d-I -0=8/6, .dz - ↳&)

(B) ⇒ uz - o .

So ' M_=mz&= Kz&Éez
µ

Let 1--1%1 ,
f. =/ ¥) .

⇒ / ni+ /
"'

ay
'
+ g

- o (2)

E- +8£, → 1×1=+800--1Y
' -28 sing (4)

Moment balance

miezt 2813^1=-0

⇒ |kH+Ésiut-o / (⇒
121

& a. d-3- / nxcoso-tnysiuo.ir#-)/ (b)



I

(b) We take f - o , g-
- Yy .

For flat state , y -=o=G , so
(b)⇒ nx - Kyla - 1) .

(3) , 14) → ✗
'

= +8
, y
'
-0

.

113,12) → n , my constant

14
And (5) → ny -0.

Bdiy cord are :
At 50--9 ✗ -0

, y
-0
, In --g⇒¢=o

§]
At So- to , ✗ - Lo

, y -0 ,
0-1--0

So ✗ = So ⇒ n'=D - l ⇒ most here ✗ -I (2)

Thus
, grown

flat state given by ✗
⇒
- So

, 2%-1-8
{ ni"=ky /I - 1)

,all others -0
.

(e) Perturb : ✗ ~ ✗
'"
+ ex
"

, yney
"'

,
E- EÉ"

, my reni?

nanni
"
+ end"

,
✗ ~ { + ed

"

.

Then (2) → ni
"
- Yy" ,

(4)→ y
""

= a
"

(5) → KZG
"

+ 81mi" - niio" ) + Ole) -0

Is
. (2)⇒ kzy

"' ""

+8 / kgy" - Kyl ly"
"

) _=o

⑤ → Kzy
" ""

+ 1418 - 1) y
" "

+ ☒y
" -0

B£ y
"

= y
" "
so at So -0 , Lo -

"

or
" '



- We seek smallest 8--8%1 at which
y
" has

iwso

a non-trivial soin. Taking y
"

_- ce

→ Kzw
"
- Ky /8- 1) w

'
+ a -0

4)
⇒ was Kult-1) ±Ñ4Kzn-

= : WE
I.

• for oscillatory goin
,

most have w±
'

> 0

→ 18--15>4%-1 . In this range, well
here

Y
'"
= A cosw+

So + Bcosw
.

So + Csinwso + Dsmw.So

y
"
lol = A +B -O [1)

y
"" 6) = - Awi - Bwi - o

} → A - B -0

Then y
"

tho) = C smug to + Dsiuw to -0

y
" "

/ b) = - Choi sung to
- Dwi snow- to

→

Non - trivial
sons if sinwtlo - MT

,

naff gig

or Binh Lu Ent

critical buckling is defined by smallest

%got > 1 + 2% satisfyingI
one of the above .



(d) On an
infinite domain (no BC) ,

18--15 = 4¥24 1 smallest 8 for which oscillatory
Soltes exist)

a→ 8*-1 ~ Tk

saw:-c:!÷i: ÷, as
a

wavelength d-
→ in k%

.

As he increases
,

foundation provides increased

resistance
,
so more growth

needed to trigger
instability ,

and observed wavelength decreases
,

because it costs more to have large

deformation lfomdatom energy) relative to

14
bending and stretching .


