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Problem Sheet 2
Section A

No work in this section will be marked. The material has to be considered as preliminary /bookwork.

QUESTION 1. Mollification.

(1) Give an example of a function (that will play later the role of kernel for mollification) with the
following properties:
e ¢ € C(R") with supp(¢) = B1(0);
e ¢(x) >0 for all z € R™;

° fBl(O) ¢(z)dx = 1.
(2) Given ¢ as in point 1, for every function v € L} (R™) define

loc

wrola) = [ ule— oy)dy.

Show that ux ¢ € C™(R™).

Hint: observe that [,, u(z —y)¢(y)dy = [z, ¢(x — y)u(y)dy.
(3) Given ¢ as in point 1, for every € € (0,1), let

de(x) := e "p(x/e).
Show that supp(¢c) = Be(0) and that [, ) ¢e(z)dz = 1.

(4) If uw € C(R™), show that ux ¢, converges to u uniformly on compact subsets of R™.

Solution For more on mollification see the Lecture Notes of C4.3 “Functional Analytic methods for
PDEs”.
(1) Define ¢(z) := 0 for |z| > 1 and ¢(x) := CeXp(W%l) for |x| < 1, with C > 0 chosen such that

fRn ¢(x)dx = 1. Tt is easily seen that such ¢ has all the desired properties.
(2) First of all we notice that, if u € L}, .(R™) then

wrdla) = [ ua = p)os)dy

is well defined for all z € R™. By the change of variable z = x — y we directly see that
wrdla) = [ ulw =)oy = [ (@)t 2z = [ ola - puy)dy,
n n R’Vl
proving the hint. Now, since ¢ is C! with compact support, we can use the Differentiation Theorem (it

is a corollary of Dominated Convergence Theorem) to infer that

n

am<u*¢><x>=am( ¢<x—y>u<y>dy)= [ @)= pyutopiy

R

This shows that ux ¢ is C'. By iterating the procedure, we obtain that u* ¢ is C*°.
(3) Follows directly from (1) by changing variables.

(4) If w € C(R™) then it is uniformly continuous on compact subsets. Fix a compact subset K € R".
Using that ¢ > 0, [ ¢ =1 and that supp(¢e) = Bc(0), for every z € K we have that

lu(z) = ux de(2)] =

[ o) e =i atin] < [ juw) - ate -l a

< swp  fule) - u(z ).

yER™, |y|<e

Denote with K := {z € R" : there exists y € K such that |z — y| < 1}, (i.e. the set of points at distance

at most 1 from K) and notice that K7 is compact as well. From the previous estimate, we obtain

sup |u(z) — ux ¢ ()| < sup |u(z1) —u(zz)] -0 ase—0
zeK z1,22€K1,|x1—z2|<e

by uniform continuity of u on the compact set Kj.
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QUESTION 2. An application of Brouwer’s fixed point Theorem: zero’s of continuous
vector fields.

Let g : R — R" be a continuous vector field. Assume that there exists R > 0 such that

g(x)-x >0, forall z with |z| = R.

Show that there exists z* € Bg(0) such that g(z*) = 0; in other words, show that the vector field g has
a zero in Bg(0).
Hint: Argue by contradiction, consider the map f(x) := —‘g(%)lg(:zr) and apply Brouwer’s fized point

Theorem.

Solution. Assume that there exists no such z*. Then we can define

g9(z)
T =R
f is continuous and f: Br(0) — Br(0). Brouwer’s FPT implies that there exists z; € Br(0) such that
f(z1) = x1. Then |z1] = |f(x1)| = R, and thus the assumption on g implies g(x1) - 1 > 0.
On the other hand

2
g(z1) - x1 = —f(x1) 21 |g(}3;1)| _ = g(mlﬂ <0,

which is a contradiction. O
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Section B

No work in this section will be marked. Work in this section should be done by students first without

looking at the solutions. Solutions will be also discussed in intercollegiate classes.

QUESTION 3. Leray-Schauder/Schaefer Theorem.

(a) Prove the following result.
Let X be a Banach space and T: X — X be a compact map with the following property: there
exists R > 0 such that the statement (x = 77z with 7 € [0,1)) implies |||y < R. Then T has
a fixed point z* such that ||2*||x < R.

Hint: Consider the operators

. Ta if ITallx < R+3,
(o) = Bl/npe  else
1Tzl x

on a suitable domain and prove that they are compact.
(b) Let T': X — X be a compact map with the following property: there exists R > 0 such that
Tz — x> > || Tx 2 2|3 for all ||z > R. Show that T admits a fixed point.
X X X X p

Solution. Part (a). Following the hint, consider the operators

- Tx if |Ta|x <R+ 5,
w(@) = Rtl/np,  else
HTIHX :

By construction, we have that T}, : X — B, 1(0). In particular, T3, : Bg,1(0) = B, 1(0).

Claim: T, : B, 1(0) = X is a compact operator.

R+1/n
» Tl x

We first observe that T}, : B, 1(0) — X is continuous, as T' is continuous Tz is continuous for

Tre X \w, and the two maps agree for ||Tz|x = R+ 1.
Let (z;); C m. Since by assumption T is a compact operator, the sequence (T'x;); has a converging
sub-sequence (ijk)k It easily seen that (T,z;, ) converges as well. The claim is proved.

Since T, : m — X is a compact operator, from the 3rd formulation of Schauder’s fixed point

Theorem we infer that for every n € N there exists a fixed point
Ty € Bp, 1(0), Thx, = .

Claim: Tx, = x, for all n € N.
By the explicit expression of T}, if it is not true that =, = Tz, = Tx,, then z, = T,x, = 7,Tx, for
some 7, € (0,1] and ||T, 2| x = R+ L. Using the assumption on 7', we infer that if the latter holds,
then ||z, ||x < R. We thus get the contradiction:

1
R+ — = [Tazalx = llonllx < R,

proving the claim.

Recalling that T is a compact operator, we obtain that the bounded sequence (x,, = Txz,), has a

subsequence that converges to some & € Br(0) which, by continuity of T', satisfies Tz = Z.

Part (b). In order to apply part (a) we claim that:
Claim: if x = 7Tz with 7 € [0,1), then ||z < R.
If = 7Tz then either 7 = 0 and thus [|z]|, =0 < R, or 7 € (0,1) and thus

2 2 2 2
1Tz - zllx = T2 — 1Ty = 1= 7)*||Tzllx = (1 -27 +7%) | Tz
2 2 2
< (1= ||Tally = T2l — 7T
2 2
= 1Tl =l -

Using the assumption on T' we infer that ||z||y < R, proving the claim.

We conclude by applying part (a). a
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QUESTION 4. Integral operators on L2(f2) vs. C(Q2) As always, Q C R" is a smooth bounded

domain.

(a) Let a:Q x QxR — R be a continuous map, and let
Aw)@) = [ alay.u(w)dy.

show that A : C(Q) — C(Q) is well defined and compact. Hint: use Arzela-Ascoli Theorem.
(b) Let k € L?(Q x Q) and define

(Ku)(z) = /Q (e, y)u(y)dy.

Show that K : L?(Q) — L*(Q) is well defined and compact. You can use for example that
Cs° (02 x ) is dense in L2(Q x ), and therefore there is a sequence k,, € C§°(2 x ) such that
km — k in L2(Q).

(¢) Give an example of continuous a such that A (defined as above) is not well defined as an operator
from L?(Q) — L%(9).

Solution of (a).

Claim. 2 +— A(u)(z) is continuous from € to R.
By assumption a : Qx QxR — R is continuous. If u : Q — R is continuous, then also (z,y) — a(z,y, u(y))
is continuous from Q x Q — R. Since 2 x Q is compact, we infer that (x,%y) + a(z,y, u(y)) is uniforrmly

continuous, impliying that for every ¢ > 0 there exists § > 0 such that

Alw)en) = A@()] < [ Jalor,p.u(s) — ofaz, v u(w)ldy
Q
(1) <|Qle, for all x1, x5 € Q with |z — 22| < 6.

This shows the first claim and thus the fact that A : C(Q) — C(Q) is well defined.
Claim. For every bounded subset M C C(2), the image A(M) is precompact.

In order to show the claim, it is enough to show that A(M) is bounded and equi-continuous, as the
pre-compactness would then follow from Arzeld-Ascoli’s Theorem.
We first show that A(M) is bounded. Let C' = sup,c ¢ [|¢]|co. We have

[A(w)]|co = sup [A(u)(2)] < sup [ a(z,y,u(y))|dy
z€Q zeQ JQ

< 9| sup la(z,y,2)| =: C < 00, Vuée M.
(z,9,2) EQxQx[-C,C]

We next show that A(M) is equi-continuous. Since (z,y, z) — a(z,y, z) is uniformly continuous on the

compact set  x Q x [~C, O], the same estimates as in (1) give that for every ¢ > 0 there exists § > 0
such that

|A(u)(x1) — A(u)(22)|] < |Q|e, for all u € M and all 21,29 € Q with |21 — 29| < 4.

Solution of (b). This can be either approached directly, working with k € L?(Q x ) and arguing
with Fubini-Tonelli’s theorem (for the good definition and continuity of K, and using Kolmogorov-Riesz
for the compactness of the map K), or arguing by approximation as suggested in the hint. We take the
second approach (the advantage is that, for proving the compactness, we will only need Arzeld-Ascoli
and not Kolmogorov-Riesz).

Let kp, € C5°(Q x Q) such that k,, — k in L*(Q). For all u € L*(Q), define

(Ktt) () = /Q o (2, 9)u(y)dy.

Since k,(x,-) € L2(£2), we have that (K,,u)(z) is well defined for all x € Q.
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Claim 1. K,u € L*(Q) for all u € L?(Q) and K,, : L?(2) — L?(2) is continuous. Using Cauchy-

Schwarz and Fubini-Tonelli, we get

2
| Kl 22 = /Q ( /Q kmu,y)u(y)dy) dr < /Q Vo (2, )22 ]

= ul- | ( / km<x,y>2dy) o= ulls [ (o Pdady
X

(2) = [ullZs 1kmlZ--

This shows that K,,u € L?. The operator K,, : L%(2) — L?() is clearly linear, thus the above estimate

also shows the continuity of K, as endomorphism of L?. The proof of the claim is complete.
From (2), it also follows that
| Kot — KullZe < llulZ2llkm — k22 — 0 as m,n — oo,
i.e. the sequence (K,,u),, is Cauchy in L? and thus converges. Define

Ku:= lim K,u.

m— o0
We next establish compactness of K by first proving the compactness of K, and then applying a diagonal

argument.

Claim 2. Fix m € N. For any bounded sequence (u,), C L?(£2) there exists a subsequence u,,; such
that (Kpun,); C L? converges.
Since k,, € C° (2 x Q), we get that (K, uy,), are uniformly bounded:

| Kot ()] < [ Kmllzoe [tnllr < 1 Eomllzos [ [un g2, for all 2 € Q
and equicontinuous, as k,, is uniformly continuous:

sup  sup | Kptin (21) — Kt (22)] <[Q? sup [Jup|| 22 sup |k (21, Y) — ki (22, 9)|
n|ry—x2|<é n YyEQ,|z1—22|<d

—0 asd—0.

Thus the sequence (K,,uy,), is pre-compact in C°(Q) by Arzeld-Ascoli Theorem, i.e. it admits a sub-

sequence which converges uniformly, hence in particular in L?, showing the claim.

By a diagonal argument, from claim 2, it follows that for any bounded sequence (uy,), C L?(£2) there
exists a subsequence u,,; such that (Kp,uy,); C L? converges for every m € N.

We now show the compactness of the map K:
Claim 3. For any bounded sequence (u,), C L?(Q) there exists a subsequence Up,; such that
(Kup,); C L? converges.

Let (un,); be the subsequence such that (K, un,); C L? converges for every m € N. Then
||Kunj1 — Kuy,, Iz < ||Kunj1 — Kipun,, lzz + HKmunj1 = Kipn,, lzz + ||Km7,Lnj2 — Kup,, 2
< 25up [[unllz2 |1k = Emllz2(@xa) + [ K (un,, =iy, )llzz-
For every € > 0 let m be such that ||k — kn|[z2(ox0) < €/(25up,, [|unl[z2). Let also J > 0 be such that

[ K (tn;, — uny, )|z < g/2 for all ji,j2 > J. Then ||Kup; — Kup, |12 <¢ for all ji,j2 > J, ie. it is a
Cauchy sequence. The claim follows.

Note. The argument above is very similar to an argument in the lectures, where compact operators
are approximated by “finite dimensional operators”.

Solution of (c). Let a(xz,y,z) = z*. If u € L?, it is in general not true that [, u* exists finite and
thus the corresponding Au may fail to be well defined as an L? function.
(|
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QUESTION 5. Continuous maps. Let g € C(R x R™) be such that g(z,p) < a + b|z|* + ¢|p|, where
a,b and ¢ are non negative constants, and 2« < 2*, where 2* = 2n/(n — 2) if n > 3, and 2* = oo if
n =1,2. Then the map u — g(u, Vu) is continuous from H}(Q) to L?(2) and maps bounded subsets of
H}(2) to bounded subsets of L?().

Hint: rewrite g(u, Vu) = g(u, IVVTUI”) for a suitable function g and a suitable exponent 0 < v < 1, and

apply Lemma 2.6 from the lecture notes.
Solution. From Lemma 2.6 in the lecture notes, we know that if f € C(R) satisfies
\f(x)| §M1+M2|.’13‘T, Ve e R™

then the map uw +— f(u) is well defined and continuous from LP to LP/" and maps bounded sets to
bounded sets.

If « <1andge€ C(RxR") satisfies g(z,p) < a+ b|z|* + ¢|p|, then the claim follows immediately, as
blz|* < b(|]z| + 1) and as the map u + Vu is continuous from H{ to L2

If @ > 1 then, using that by assumption 2a < 2* and Sobolev embedding theorem, we get that u — u
is continuous as a map from H} to L?*.

At the same time, consider the map

(3) v 0<v<l,

v
o
which is well defined and continuous from L?(Q,R") to L*(=*)(Q,R") and maps bounded sets to
bounded sets, by Lemma 2.6. Hence, choosing v so that % = 2q, we get that (3) is continuous from
L?(Q,R") to L?*(Q,R").

Combining the above, we obtain that

Vu
(4) h:uw— (u, W)
is well defined and continuous from Hg(2) to L?*(2,R x R™). Choose the exponent 3 in
g(v,w) = g(v, [w| w)
so that
ot v0) =3 (w5 )
i.e. choose f =v/(1 —v). Then
1§(v,w)] < a+blo|* + clw T < a+ bJo]* + clw]/)

=a+ +bjv|* + cw|”.
We conclude that

HLQ) L5 L2(Q,R x R™) -L5 L2(Q)
is well defined, continuous, and maps bounded sets to bounded sets, as composition of maps with such

properties.
O
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Section C

No work in this section will be marked. These problems are not more difficult than those in previous
sections. They sit here simply because they are relevant but either slightly off or beyond the main

interests of the course.

QUESTION 6. Leray’s eigenvalue problem. Let K : [a,b] X [a,b] — (0,00) be a continuous and
positive function and consider the integral operator T : C°([a, b]) — C°([a, b]) defined by

b
(Tu)(x):/ K (x,t)u(t) dt.

Prove that T has at least one non-negative eigenvalue A whose eigenvector is a continuous non-negative

function wu, i.e. there exist A > 0 and a non-negative u so that

b
/ K(z,t)u(t)dt = du(z).
a
Hint: consider, on an appropriate closed convex set M, the function

Fu) !

= —— Tu.
S, Tu(t)dt

and apply one of the versions of Schauder’s Fixed Point Theorem with the help of Arzéla-Ascoli Theorem.
To find a suitable set M think about what property all functions F(u) have in common.

Solution. Since K : [a,b] X [a,b] — (0,00) is continuous, there exist ¢1,ca € (0,00) such that
c1 < K(z,t) <cy, forall (z,t) € [a,b]?.

We know from First year Analysis that if u € C°([a, b]), then the function z — f; K(x,t)u(t)dt .= Tu(zx)

is continuous on [a, b] as well. Moreover, if © > 0 then we have

b b b
c1 / u(t)dt < / K(z,tyu(t)dt < 02/ u(t)dt, for all u > 0.

Consider now )

[P Tu(t)dt
Observe that f;(Fw)(t) dt =1 for every w > 0. Then, any fixed point of F' will satisfy u(z) = (Fu)(x)

so in particular

F(u):

b b
/ u(t) dt :/ (Fu)(t)dt = 1.
Observe that

M = {UGC’O([Q,Z)]) tu >0, /bu(t)dt 1,}

is convex, closed and non-empty. In order to apply Schauder Theorem version III, we need to prove that
F : M — M is continuous and that F'(M) is compact.

Claim 1: F': M — M is continuous.
We know that Tu(x) > ¢1(b—a) > 0. It easily follows that Fu(z) > 0 for all = € [a, b] as well. Moreover,
we already observed that f:(Fu)(t) dt =1, and thus F' maps M to M.
Proof that F': M — M is continuous. since the map u — K (u) is continuous on C°([a,b]), so also the

map u — f: K (u)(t) dt is continuous. Moreover, this is bounded from below:

b
(5) O<c1|bfa|2§/ Tu(t) dt < ca|b — al?.

So claim 1 follows.
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Claim 2: F(M) is compact.
We first show that F(M) is bounded. From (5) we obtain that
C1
0< ——— < F(u)(t) <
< i <P <
for all w € M and all ¢ € [a,b]. Thus F(M) is bounded.

In order to show that F'(M) is pre-compact it is then enough to show that it is equi-continuous (so the

C2
c1(b—a)

pre-compactness will follow from Arzeld-Ascoli’s Theorem).
Let § > 0, t1,2 be such that |t; —t2] < 6 and let u € M. Denote p(u) := f: K(u)(t)dt. Then

1 1
[F(u)(t1) = F(u)(t2)] < m/\K(tl»w) — K(t2, 2)| u(z) dr < mx,ltlsl—l£|<6|K(thw) — K(t2, 2)].

The conclusion follows by the uniform continuity of K on the compact set [a,b]? and by lower bound
p(u) > (b—a)?e; > 0. O



