
PS101

= PNLt-t0) e
-NCt-to) /No - rNCt)
- -

(a) birthrate
, including death

naturation time ,

maximal at
-

N=No

KinI

No

(b) Let N= [NJ n , +
= [T] + = +

= 3

T = P(w]n(t-to (e-CN] nCT-To)/NO - ~(N]n

Take [N] = No
,
[T] = I

, To = tod to get

= PnCt-Tr(e-n(t-tol -n(t)

II
wis units of N = density

I
unitsa n = 1 /

t = time I
= 1 w

No = density - To = 1

to = time p
= In

p = time
-

o -time
- I



(c) Steady states satisfy 0 = Pnx e
- *
- nx

: x = 0 cr nx = /up /feasible as
>1)

(d) Let n(t = nx+ 24 , (i) + ...

2 * = p(nx+3n , (t-To) + - JexpEnx-2n , /T-T01-]
- 4 + 2n , (t)+ -- ]

-n*
= pe(nx+ 2n,(t-tr) + .. 7) - 2m(t-To) + ..)

- [1- In , (t)+ .. ]
**

&! -

nx[- n x nict-to) + nict-to1] - n , (t)= Pe

=11-1p( n , (t-to) - n , (i)

(e) Seck solutions n , (2) = n , 10) ext

An , 10) ext = (1-1np(n , /07 ex(t-Tol -n , 10) ext

... x = -1 - (Inp-1) e
- xto

(4)

Suppose XCIR .
# To = 0

, X=-1up>0 and
hence the steady state is stable .

Now suppose that to >0 .

For NO we need No

show that we can choose to such that

-1- <Imp-1) 2 -xTo <O



#Inp>/men-1-4)t = xc

>0

It <lup< then write

x = -1 - (Inp-1) e
- xTo

= (- 1 + ext) - Inpe-xTo
-

>O
canchoose

to sufficiently small

such that <O

Hence
,
the steady state nx = /up is stable for

sufficiently small delays ,
to
,
and it can only

become unstable by Eg .
14) having complex

solutions with positive realpart .

1f) Let x=u+in

=> Min =-1- (Inp-1)e-1ntin) to
=-1-(lup-1) e - mto(cos(wTol-isriwtol)

.. M= -1- (np-1) e
-

Mtocos(wTo)
w = (1) - 1) e

- to giv (wtoC

the cutical value of the delay occurs when M
= 0

-here let to = to and W = wa
.

0 =-1-(1up-1) Los (wcio")
wi = clup-1) Sin (WCTo



Alternatively ,
cos (w : to = it, 15)

siri(watoC) =

-
(6)

-cat
↑ wi Since lup>2 , Imp-K1= solutions exist .

then to = is [T-cos- (inp-1]
Also

, 151 , (6) = (lup-1)2 = It (wc)2

= Inti



↑S145

nt + (1 +B0) ng =
- Un n16 , 07 = f(0)

n10 ,t) = 2n(1 , t)

seek solution of the ferm nlq , t1=e N16)

-> (1 +P4(* =
- (u+ 6)N

I i di = - m+01)
.

"

By d4

in (2) = -10 in 11 +By

-> NIP) = N10) (1 + pp)
- (n+x)/B

Note that N10)=2N(I) it

-= 240) (1+ B)
- (n+6)/B

WI0)

ie in 2 = (n(1+B)

For time-independent solutions ,

0 = 0 hence

B)= B



PS201

(a) Ms (x) is a solution of E 0 = DMxx - XM Xe 10 , L

Mx 10) = 0
,
MLL1 = Mr

:. MS(x) = M
,MX)
cos /(1

Ms (X)

1
- ---------(b) ML

S
mirmum value at

I X = 0

Mmin- Mmin
= L

Case 1
: O20 <Minin < Mc => all cells of type I

Case 2 : O <Mmin< Mic0 => allceUso type

Case 3 : 0 <Mmin <O < M Nis cutical domaurisize

O = Mmin=0 =m,
tercells

aftyRentt
=> xo = It rosn- /0.4)
then M,(x1 > 0 fer Xo X < L ↳typeI

ms(x)<0 fer 0<x< Yo ie typeI



x xo =

/ rosn-1 cosn(54)
To make ⑪ cosh X ② cosh-(x)

progress ,
note = I(ex + e

-* ) = In(x+ - 1)
that ~

↳ e
* fer = In 12x) fer

largex large x

=> Xo = /1/2:el as --I
... /xo e*

=> xo = + 1 in/) as L- -

Assuming Mmin < Xo < M. men
,
as L-N ,

the width of the tissue min type I cells tends to

a constant value of
1 - xo = (((n)//

Ms(x)

1
XO XO= L

M2

Xo
-ji. X ......1

Y peI ↳*
here O = Mmin



PS242

(a) Ut = Duxx + rull- I -El
-

- e

harvesting
diffusion logisticgrowth

u=

0 an X = H and * = 0 at X = 0

e -

over fishing fish cannot leave sea and

outside /X1 H
. enter dry land

16) spatially unferm steady states satisfy

rul1-) - En =

0 => n + = 0
,
Elk

-

(2) Let u(x , t) = <M, (x ex+ 0122)
↓

wi only thisone

satisfies the BCS .

adixext-zu
,
"We"s+ ran , we

**
- Eanixle"

+O([2)

-> Du ,
+ EExCU 1

= 0 with n, H) = 0

n ! (0) = 0
=U

(d) Suppose Mc0 and let B=-92 fer same qt /R .

n,
"

-q2k ,
=

0 = kilX) = Ae + Be
- qH

u(H) = 0 = Ae + Be

k! 10) = 0 = q(A - B)

Cannot satisfy both BCs unless A
= 0 = B = U1 = 0

X



Suppose = 0 = n !
" =

0 = UIX) = Ax+B

Again , cannot satisfy BCs Unless 1
= 0 = B

-> u
= 0 X .

suppose u>0
,
and let I = +92 fer same qt /R .

Then W I x) = ACOS (qx1+ Bstvi(ax)
up(0) = 0 = qB = B = 0

n , (H)
= 0 = Acos(qH)

Hence fer a non-trivial solution we require qH=
n = 0

, 1 .. - -

=> HJx = /2n+ 1)π

n= 0
, 1 . 2

, . . .

U
,
x ,t) I 12n+1)

Nat
= Ancos e

with

An =

r-E-b)*

(e) Fer instability of the extinction state we need /10

fer at least one value of a (vin=o

=> Require r-E- x (12> 0

Es H I
-

If Ecological Impucations - we need sufficiently
wide fishing tones near coastal areas in order
to prevent species extinction .



↑5295
# = DIXx +rIS-aI

St = - rIS + BS (1-5)

(a) Let I= IoU , S= SoV
,
t=TI and x = Xy
o =I o =X

= + rIoSoUV-aFoU

* - rIoSoUr+BSovll-GY
-

TaksT= Io

+TrISoUV-TaFoso that I WC &
&&

=

rso

Ofurtsrl- eb = B
rso

Io = So to make this

coelticent unity .

-util
16) change to in coordinates z

=

y - ct with

my , I) = U(z)
, Vy ,
I)=VIz)

.

↳"+ ch+nv-xU= 0
CV-UV+bV(I-VI= 0

.



Far ahead of the waretrnt leas z->0 : V-> 1 ISi
n- 0 I

linearise by setting u=
v = 1-

substitute into the tw equations :

o =
"
+ c+ 11-x/n = equation fert decouples

0 = C+ - b

ULet E-11
-xi

Jacoblai
:
J= O If( - x) - I

solutions -> det15-01) = 0 ie 02 +c0+11-x = 0

=> 0
=

= =(-I/-x)]

Hence a tw may exist it 0<1<1 and , in this case ,

c (min = 2 /Fx //



PS341
At = DAAxx +4H

-MA = DaAxxWf(A , H)

Ht = DHHxx + +1A2 - vH = D +Hxx +g(A ,H)

(a) Recall that fera DD 1 we require

-= 1 tillas - 11 = ) -(1)
Nullcines

: HA ,
H) = 0 = A = 0aH= EMIIHA2)

g(A ,
H) = 0 = H = A2 m

Two possible cases :

H 1 H - 90

h
90

g= 0

9>0
9>0

-

I ↑***,1 L-

* I
+<0 f= 0

- - t= 0 f>0

Io A
A

J = II I 5 =

11 =)
No DDI possible D , possible



(b) conditions fer a DD1 :

steadyStepA
, #1

where in ana Flu e
(1+ KE) #2

-Intar-1)m uA
I -

Fl

IA = 2 'A gH
=

-

v

(1) fA +gH <0 = /I-1) m-r < 0 I
(11) fA9H-fH9A>0 - Mr [3-12] >0/
(II) D4fA + DAgH > 2/ INLAGH- fH9A) < O

=> DHI4-1-rDA>2/it 3 - #Ar) >0
,/-



PS343

nt = Mnxx- (ncx/x

Ct = D(xx + 12 - c

(a) spatially uniform steady state (no , lot) .

Co

(b) seck solutions of the Inearised system of the

ferm
(n

,
c) = (no

, Col + eiK
*+ot (N , k1

IN1
, 11 no .

then

ON = -MKIN+nok2K

Ok = - D42k +N - K

Fer non-trial solutions we require N ,
K#0

-> o+ MK2 - not
?

I -s 0+ Dk2+1 I = 0

=> O2HDK2NKY turnds] = 0

-

Alk2)> O Il



(c) 20 = - ) - I NBC
~

hence require
B(n2) <0 fer same

K2 F0 for Instability ·

B(R2) = k
2 (n + uDn2 - dis S

BIUNICO # M+MDn2-is -0

it u is

..
hence no spatial patterns if no sufficiently
large o small since ien B(k2 ) >0

·



PS40l

(a) Ct =

= (r Cr(w - X 0 = r<R(t) Itumour radially)r2 symmetric
- - (14)dufusion uptake

Cr = 0 at r= 0 nutrientprotile symmetric about (15)

turnou centre
.

C(RLt)
, t)

= C*
nutrient concentrationat enter bdry

,i6)

change in tumour volume
7= 4π)

**

P(C) redr due to ceproperation ,

(1)

with rate of cel proniteration
RIO) = Ro initial radius

. dependent on nutueht 118)I
NB V= # ** => E = 44R2d

levels .

indetail : = ElsiR")=1** ! Presnadrdoda
= 2π)

*

snodo ! P() rar[ -> R2 = 1
*

P(C) ridr
.

I
(b) Let r= Rof -> & =p ,

t= = = 4o

C = c
*

c
,
P(C) = PoP(c) ,

R = Ros(t)

-M

Ro-Po = Roly- IC
=> RPc = 19cly -

M

Assuming Px =

0 = 192 y ( y
-

M (19)



115) = > cy = 0 any
= 0 (20)

116) = c =

1aq = S(t) (21)

~ -11 => FoRos2= J! YoRop(C)p2 de
S2= 1 p()q2dP (22)

118) => S = 1 at = 0
.

(23)
.

(C) Solving (19)-(21) = c = 1 - 5M/s2 -92)

then (22) gives =I
*

[1-tuls =-2)392de

= (59 - 5MS2 -59 + 5u .595]!
= 553 - 45 M55

.. = 511 - 5ms2) min slo)=1
./

Id Steady states : = 0 => S =

0
, .

- - = f(s)

f'(0) > 0 => tumour-free- steady state unstable//
Fer S = /E , ((y) = 1 - 5 M(s 9) - (10) = 1-

-1-= 20

Hence steady states
= /E physically 3

unrealistic//



PS4 93

X

A -> A+ A
,

A y ,
dA

(a) = PrLt) = X (n-17Pn-1-XMPr Pulo) = G ! ,+ M(n+1) Pr+ -MuPn
+ BPn-1 - BPn

(b) G1s
, t1 = PuLtIS"

8 61s , t) = x) In-11Pn-is" -- Enpns)
+u(E (n+1)pnts- Eorps)
+Bl Pris - EPus")

= x/s2E (n-1Pn-sn-2 - Eups)

+u)upusn--snpnsn-)
+ B/s

-
Pusn-EPuS")

= XS(s-1) 5 + M11-s)85+ $1s-1)6

with 61S , 07 = >No
.

(c) Fer x FM ,
we differentiate the expression on the

sheet to give

mct) = ix [INoM-Nox-B (e *) + + B]//



Note That fer x =M then me effectively lat the mean
Blevel) have only to consider o -> A

=> M(t) = No+Bt/
(d) X >M : at large times ,

the exponential term
in the numerator dominates

,
hence

mct) ~ xFuC(X-M)No+B] e -ult

sie exponentialgrowth (

X =M : unear growth , M(t)-Bt .

X <M : Mit) -> x he steady state) .



Pm = Put PR
P5405

P- PR
(a)

.

Plutt) = xR = =11-1) q= PPR
plAn ,
t+dt)-PlAnitI P (right) =

pr
= I (1+1) -

Pa
= (1+f(PmdtP/An-1 , Onit) - =11-f) Prudtp(On-1 , Anit)
+ (l-f)Pmdtp/On ,

Antit) - (Itf) PrdtPlAniOntit)
+ IPodt [plAn-1 , Onitl+ PlOn , AntitI] -PaP(Anit)

simplify the movement terms using conservation
statements of the ferm

plAn , Am ,
t) + PlAn ,

Om
,
t1 = P(Anit)

and involve the mean-teld assumption :

PlAn , Om ,t) = PlAn ,t(PlOmit)

it [p (An , t+dt)-p(Anit)]

= 24m [p(An-1st)-2P(Ant1+P(Antl]
+ IPmy [11-p(AnitI) [P(An-1it) - PCAn+1 ,tl]

+ p(Anit) [11-P(An- , t))-11-p(AntitI)]
+ Ps[11-plAnit)) [plAn- , t)+PlAn+1 , t)]]
- PdP/Anit)

(b)
then , identity with a continuous lattice site occupancy
probability by writing

p(An ,
t) = p(ndX ,t)



"[p(ndX , t+dt)-p(ndX ,
t1] =

IPm[p((n-1)dX ,+1 - 2 p (ndx ,+1 + p((n+1)dx ,+1]

+14m(/1-p(ndXit1][p((n-1)dxit) - p(n+1)dX ,+)]

+ p (ndxit)[11-p((n-12dx ,
+) - 11- p(1n+1) dx ,+1]]

+ Pr [ (1-p(ndx ,t)] [p((n-1dx ,t) + p((n+17dx , t)]
-

Pdp (ndX ,t)

Taylor expand and take the limit as dx,
dt -> 0 :

- oldt)

= IPm(P - ax +2 - 2p + p + dx ++ - ]

+IPmy) 11-p)[p- axo+ **2-p-axy-+)
+P [11-p+ dx+ -****+..

)

- 11 -p - dxfY-+ : )]}
+ 24b)(1-p)[p - dx+ 2 + ..

+ p+ dx8+ +]]
- PdP



# + odt)
= IPm(P- ax7+ -

+*+*+ . )- I
-

+EPmy(1-p14- + - -- +)

+P [N- -

+.
)I

-

- + - + : 173
+24-ax + ..

+ p+ d4+ +]]
e

-

- PdP
① ② ① ②

=> + = Dpxx - v(p(1-p)(x + PyP(1-p) -

Pap

D = um IPmdX2 V= um PmfdX
dx- 0

↓ frdX I
dNSO

I
Note : Pre 4x2 or pre- (PR-PL)dX

Fer D and& : O => Pyro(l) so terms
-> O

.

In addition , write the birth-death terms as

(Pb-pa)p(1 - paP =

up /1 -2)
↑ 4 AssumeHere

Ps-pd ↑St
...Pt = Dqxx - v(p(1-p)(x + rp)1

-

k)/


