Exercise sheet 2. Chapters 1-8.

Part A

Question 2.1. Give an example of a noetherian topological space of infinite dimension.

Solution. Second part. Consider the natural numbers N with the topology in which the closed subsets are
the subsets
Cn:={1,2,3,...,n}

(n > 0) (where we set Cyp = ). In this topology, the sets C, are irreducible. Indeed, if C,, = C,, U Cy,
then either C,, C C; or C; C C,,. So C,, cannot be written as the union of two proper closed subsets not
contained in each other, ie C,, is irreducible. Also, this topology on N is noetherian. Indeed, since all the
closed subsets are finite, any descending sequence of closed subsets must stabilise for reasons of cardinality.
Finally, we have

Ci1CCCC3C ...

so that N has infinite dimension.

Question 2.2. (1) Let P(xo,...,z,) be a homogenous polynomial. Show that all the irreducible factors of
P are also homogenous.

(2) Let D C P"(k) be a closed subvariety. Suppose that D is irreducible and that cod(D,P"(k)) = 1. Show
that there is a homogenous irreducible polynomial P € k[zy,...,x,] such that D = Z(P).

Solution. (1) Let @ be an irreducible factor of P. Since P is homogenous, the polynomial Q(tz,...,tz,)
is also an irreducible factor of P (up to a constant) for all ¢ € k\{0}. Since there are only finitely many
irreducible factors, we thus see that for infinitely many ¢ € k, we have Q(txo,...,tx,)/Qo € k for some
(irreducible) polynomial Qg. In other words, for infinitely many ¢ € k, we have

Q(tx07 e txn) = Z t7Q[’L](an s ,$n) = C(t)QO
i>0

for some c(t) € k . By the same Vandermonde argument used in question 2.4, we conclude that each Q) is
a multiple of Qo by a constant. In particular, each non zero Q[; has the same degree so that only one Qy;
can be non zero. In particular, @) is homogenous.

(2) Let D; := DNU;, where U; a coordinate chart such that DNU; # 0. By question 2.7 (1), we may suppose
that cod(DNU;,U;) = 1. Then u;l(Di) corresponds to a prime ideal p of height one in k[zo, ..., T, ..., Zy)
(use Lemma 2.5 and the fact that D; N U; is irreducible).

We claim that p is principal. To see this, let P € p. Since k[zg,...,25,...,2,] is a UFD, we can write
P = [, Pj, where P; is irreducible. Since p is prime we have p 2 (P},) for some jo. However, since Pj, is
irreducible, the ideal (P}, ) is prime. Since p has height one (and because the 0 ideal is prime), we thus have

p = (Pj,), proving the claim.

Now write @ := Pj,. Note that since D is irreducible, the closure of D N U; in P*(k) is D. On the other
hand, by question 2.9 (2) the closure of D NU; in P"*(k) is

Z(SE D Qo /wi, ., wi 1 i, )i, Tisr [T, [22)) = Z(Bi(Q))

54



(see question 2.9 for the notation). We contend that 3;(Q) is also irreducible. To see this, suppose for
contradiction that 3;(Q) is not irreducible. Then f,;(Q) = S1S2, where S; and Sy are non constant. By (1)
we may assume that S; and Sy are homogenous. Also 3;(Q) is by construction not divisible by z; and so
neither are S; and S>. We then have

Q= B:i(Q) (o, xi1, Lzigr, ., %) = S1(Tos -5 Tic1, L, Tig 1y T ) S2(T0s -+ 5 Ti1, L, Tig1s - oo, )
so that either Si(zg,...,zi—1,1,Zi41,...,2s) or Sa(zo,...,2Ti—1,1,Tit1,...,%,) is constant (since Q is
irreducible). Say Si(zo,...,%i—1,1,Tit1,...,Zy,) is constant. Since we have

Bi(Sl(x(), cees Ti—1, 17xi+17 v 7xn)) = Sl

(because S; is homogenous and not divisible by x;) we conclude that S is a constant, which is a contradic-
tion. So f3;(Q) is irreducible.

So we have D = Z(53;(Q)), where §;(Q) is irreducible, which is what we wanted to prove.
Part B

Question 2.3. Let V (resp. W) be a closed subvariety of P"(k) (resp. Pt(k)). Let Vo C V (resp. Wy C W)
be an open subset of V' (resp. and open subset of W). View V; (resp. Wp) as an open subvariety of V/
(resp. W). Let Qo,...,Q¢ € k[zo,...,T,] be homogenous polynomials of the same degree. Suppose that
VoNZ((Qo,-.-,Q:)) =0. Let f: Vo — Pi(k) be the map given by the formula f(?) := [Qo(D), ..., Q:(V)].
Suppose finally that f(Vy) C Wy. Show that the induced map Vo — Wy is a morphism of varieties.

Solution. By Lemma 5.3, we may and do assume that Wy = P*(k). Furthermore, we may and do assume
that Vo = P*(K)\Z((Qo, - .., Q+)) (since f arises as a restriction of a map defined on P"(k)\Z((Qo, - .., Q+))).
Now note that for any j € {0,...,t}, the image of f|y,\z(q,) lies in the coordinate chart U} of P*(k). Since
a map is a morphism iff it is a morphism everywhere locally, we thus only have to check that the map
Fflovonz@;nnus + (VO\Z((@4))) N U — U}s is a morphism for any ¢ € {0,...,n} and j € {0,...,t}. In the
coordinates of U and U; , the map has the form

f('XO7"'7'3(-/7:7"’7'X77/):

(QO(XO7"'7X'i—1713Xi+17"'7Xn) Qj(X07"'7Xi—1>17Xi+17-~-7Xn) Qt(X07-~-7Xi—1717Xi+17~-- Xn)
Qj(XC'?'"?Xi—1717X7:+1?"'7XTL)7 7Qj(XO7"'7Xi—1>17Xi+17"'7Xn)7 7Qj(X()?"'7Xi—1717Xi+17"' Xn

and thus by Proposition 4.5 and question 1.7, the map f|(v0\z((Qj))mU;L : (V\Z((Q)) N UM — U; is a
morphism.

Question 2.4. Prove Lemma 7.1.

Solution. Recall the statement. Let I C k[xo,...2,] be an ideal.
(1) I is homogenous iff for all P € I and all i > 0, we have P, € I.
(2) If I is homogenous then its radical v(I) is also homogenous.

We prove (1). The < direction is clear so we only have to establish the = direction of the equivalence.
Suppose that I = (Hy, ..., H;) where the H; are homogenous. If P € I then P = Q1Hy + --- + Q;H, for
some polynomials @; and we compute

Puy =Y Qji-aes(r,) H;
J

55



so that Py € I.

(2) Let t € K\{0} and let p; : k[zo,...,z,] = k[zo,...,x,] be the map of k-algebras sending x; to tz;.

Since py/¢ o pr = Id, the map p; is a bijection. Note that since  is homogenous, we have p;(1) = I. Now

pe(v(1)) = pe(Npespec(hlzo,....zal), p21 P) = NpeSpec(klzo,....oal), 921 PLP) = Npespec(klzo,....ea)), p21 P = (1)
In particular, if P € t(I) then

deg(P)
p(P)y= > t'Pyex(l)
=0

for all t € K\{0}. If we let ¢ run through deg(P) + 1 different values, we obtain a system of linear equations

with maximal rank (a Vandermonde matrix), with a unique solution. Hence Py € v(f) for all 4 > 0.

Question 2.5. Let T" be a topological space.
(1) Let S C T be a subset. Suppose that S is irreducible. Show that the closure of S in T is also irreducible.
(2) Suppose that 7' is noetherian. Show that 7" is Hausdorff iff T is finite and discrete.

(3) Let V be a variety. Show that V is irreducible iff the ring Oy (U) is an integral domain for all open
subsets U C V.

(4) Suppose T is noetherian. Show that 7" is quasi-compact.

Solution. (1) S is dense in its closure S by construction. Hence any open subset U of S (for the induced

topology) meets S. By assumption U N S is dense in S and hence U is also dense in S.

(2) By Lemma 8.1 (= question 2.6 below), we may suppose wrog that T is irreducible (recall that any subset
of a noetherian space is noetherian in the induced topology). In that case, T is Hausdorff iff T is one point.
Indeed if Uy and Us are neighbourhoods of two distinct points then they must meet (by irreducibility), so

that T is not Hausdorff if it has more than one point.

(3) Suppose first that V is reducible. Then there are two disjoint non empty open subsets O1,02 C V.
Possibly choosing smaller open sets O; and Os, we may assume that O; and O. are affine. We have
Oy (01 U O2) = Oy (01) x Oy (02) by the sheaf property and neither of the rings Oy (0;) and Oy (02) is
the O-ring because O; and O; are affine and non-empty (use Theorem 3.7). Hence Oy (O; U O3) is not an
integral domain. Conversely, suppose that there is an open subset O, such that Oy (O) is not integral. Let
f1, fo € Oy (O) be such that fifo = 0 and f1, fa # 0. Then there is by the sheaf property an open affine
subset O’ C O such that f|o- # 0. If O’ arises from an algebraic set V/ C k™ then f will vanish nowhere on
V\Z(f|o’), so there exists an open subset O” C V such that f|o~ vanishes nowhere. Similarly there exists
an open subset U” such that fs|y~ vanishes nowhere. Since fifo = 0, the sets O” and U” are disjoint, so
V' is reducible.

(4) Let {U;}er be an open covering of T'. Let J be the set of all finite subcoverings of {U;} (so that J can be
identified with the set of finite subsets of the indexing set I). If A € J then write Un(A) for the union of all
the open sets which appear in A. Suppose for contradiction that 7" is not quasi-compact so that Un(A) # T
for all A € J. Construct a sequence Ay, As,--- € J in the following way. Let A; € J be arbitrary. Since
Un(A4;) # T and U;U; = T, there is Ay so that Un(A3) D Un(A;). Proceed in the same way for As, As etc.

The sequence will be infinite for otherwise {U;}¢; has a finite subcovering. Hence

T\A; DT\A D ...
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is an infinite descending sequence of closed sets, contradicting noetherianity. Hence T' is quasi-compact.

Question 2.6. Prove Lemma 8.1.

Solution. We recall the statement. Suppose T is noetherian and non empty. Then there is a unique finite
collection {T;} of irreducible closed subsets of T" such that

(b) T’z Z ijﬁiTj for all 4.

We first prove that T is the union of a finite collection of irreducible closed subsets. Denote this statement
by S(T'). To prove S(T), we first make the assumption (*) that for any proper closed subset C of T' (ie such
that C # T') we have S(C). Now if T is irreducible then S(T") holds tautologically. If T is not irreducible,
then T has a non dense open subset and so T" contains two disjoint non empty open subsets U; and Us, so
that T' = (T'\Up) U (T'\Uz), where (T'\Uy) and (T'\Us) are not contained in each other. Since we know that
S(T\U;) and S(T\Uz) hold, we obtain a presentation of T' as a union of finitely many irreducible closed
subsets.

So the claim is proven under assumption (*). Now suppose for contradiction that (*) does not hold. Then
T has a proper closed subset C7 so that S(C7) does not hold. Hence C; is in particular not irreducible
and thus can be written as union of two proper closed subsets C’ and C”. We know that either S(C”) or
S(C") does not hold (otherwise S(C1) would hold), so suppose that S(C’) does not hold. Write Cy := C”.

Repeating the same process for Cy in place of C; and continuing in the same way, we obtain a sequence
Ci 20,2032 ...

contradiction the fact that C; is noetherian. So we conclude that (*) holds and in particular we have
established S(T).

So T is a union of finitely many irreducible closed subsets. Since this set of irreducible closed subsets is
finite, it has maximal elements for the relation of inclusion and also any element of it is contained in a
maximal element. Let {T;} be the set of maximal elements. Then we have T' = U,;T; (since any element is
contained in a maximal element) and we have T; Z U;;T; for all i, because if T; C U;;T; for some index
i, then T; is contained in T} for some j # 4 (because T; is irreducible), which contradicts maximality. So we

have established the existence of a collection {7};} with properties (a) and (b).

We now prove uniqueness. So suppose that we have a collection {T;} with properties (a) and (b). We note
that the T; are precisely the closed irreducible subsets of T', which are maximal among all irreducible closed
subsets of T' for the relation of inclusion. Indeed, let C' C T be an irreducible closed subset and suppose
that C' D T; for some . Since C' C Tj for some j (because C C U;T; and C is irreducible), we have T; C T}.
This implies that T; = T; by property (b). Hence C' = T;. So the T; are maximal among all irreducible
closed subsets of T" for the relation of inclusion. On the other hand, suppose that C is a closed irreducible
subset of T, which is maximal for the relation of inclusion. Then C' C T; for some i (again just because
C is irreducible) and thus C = T; by maximality. Hence he T; are precisely the closed irreducible subsets
of T, which are maximal among all irreducible closed subsets of T for the relation of inclusion. But this

determines the T; uniquely.

Question 2.7. Let T be a topological space. Let {V;} be an open covering of T'. Let C C T be an irreducible

closed subset (hence non empty).
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(1) Show that C'NV; is irreducible if C' N V; # @ and that sup; oy, cod(C N V;, Vi) = cod(C,T) and
sup,; dim(V;) = dim(7).

(2) Prove Proposition 8.6.

Solution. (1) First part. We first show that C' NV is irreducible if C' NV; is not empty. f U C CNYV; is
open (for the induced topology) and non empty it is also open in C, and hence it is dense in C, and hence
dense in C'NV;. So C NV is also irreducible. To show that sup; ¢y, g cod(C NV;, V;) = cod(C, T), note
first that from the definitions, we have cod(C' N V;,V;) < cod(C,T) for all i such that C NV; # 0. So we
only have to prove that there is an ig := ig(C') such that cod(C' NV, V;,) = cod(C,T). So let

i0
CCCiCC ¢ CCuaom

be an ascending sequence of closed irreducible subsets. Let iy be an index such that C'NV;, # (). We then
have C; NV;, # 0 for all j > 1 and moreover C; is the closure of C; NV, in T since Cj is irreducible and
closed in T'. Hence we also have

CnVy, CC1NVy, SC2N Vi, © - © Cooaeyry N Vig

= = =

So we have cod(C NV;,,V;,) = cod(C,T) as required.

07

Second part. Using the first part, we have

dim(7T) = sup cod(C,T) = sup sup cod(C' NV, V)
C'irreducible closed in T' C'irreducible closed in T i,CNV;#0
= sup sup cod(C' NV;, Vi) =sup sup cod(C,V;) = sup dim(V;)
i Cirreducible closed in T', CNV;#0 i @ irreducible closed in V; %

where we have used question 2.5 (1) in the equality before last. So the second part follows from the first

part.

(2) This follows from (1) and the fact that the dimension of a polynomial ring is finite (Theorem 8.4).
Indeed an affine variety is topologically a closed subset of £™ for some n > 0 and thus all its closed subsets
have finite dimension and codimension because k™ has finite dimension. The general case then follows from

(1) and the fact that a variety has a finite covering by affine open subvarieties.

Question 2.8. (1) Show that any element of GL,,11(k) (= group of (n+ 1) x (n + 1)-matrices with entries

in k and with non zero determinant) defines an automorphism of P" (k).
(2) Show that if V' is a projective variety, then for any two points v1,v2 € V, there is an open affine
subvariety Vi C V such that vy, vy € Vj.

Solution. (1) Let M € GLjy41(k). Define a map ¢y : P*(k) — P (k) by the formula

om([0]) = [M - 9] = [ZMOJ%ZMU%--wZMnﬂj]

By question 2.3, this is a morphism from P" (k) to P™(k). Its inverse is by construction given by ¢,-1. This
construction in fact gives a homomorphism of groups GL,+1(k) — Aut(P™(k)).

(2) It is sufficient to prove this for V' = P"(k).

Indeed, suppose that V' is a closed subvariety of P" (k). Suppose that U C P"(k) is an open affine subvariety
such that v1,v2 € U. Note that C N U is a closed subset of U and an open subset of C'. By construction,
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the sheaf of functions that C'N U inherits from C as an open subvariety of C' is the same as the sheaf of
functions it inherits from U as closed subvariety of U (this follows from the definitions). On the other hand,
if one endows C'N U with the sheaf of functions it inherits from U as a closed subvariety, then the resulting
Topskf is affine by Lemma 5.4. Hence C' N U is an affine open subvariety of C. Furthermore, C NU contains

both v; and vs.

So we prove the statement for P"(k). Suppose that v; = [0;] and vy = [02], where 91,09 € k"T1\{0}. We
may suppose that v; # ve (otherwise take Vj to be any open subvariety containing v;) and so 7; and 7y
are not multiples of each other. In particular, 7; and U are linearly independent. Now let ¢ € {0,...,n}
be such that v; € U;, where U; is one of the standard coordinate charts. Let w € k"*1\{0} be such that
[@] € U;\{v1}. Choose M € GL,,11(k) such that M (9;) = 0y and M (v3) = w. So in particular, ¢ar(v1) = v1
and ¢pr(v2) € U;. Then we have vy, vg € ¢;41(Ui) = ¢p—1(Us). Now ¢ppr-1(U;) is an open affine subvariety
of P"(k) because Uj; is affine and ¢;-1 is an automorphism of varieties.

Part C

Question 2.9. Let ¢ € {0,...,n} and let u; : ¥ — P"(k) be the standard map (with image the co-
ordinate chart U;). Let C C k™ be a closed subvariety of k™ (ie an algebraic set in k™). For any

PEk[l’o,...,Ii_l,fi,l'i_;,_l,...,l’n] let
deg(P To Ti—1 I; Ti+1 x
/Bl(P) ::xieg( )P(ia"wzivivziv--wi) 6]€[$0,...,$n]-

(1) Let C be the closure of u;(C) in P™(k). Show that (5;(Z(C))) = Z(C) (where (8;(Z(C))) is the ideal of
klxo,...,zy] generated by all the elements of 3;(Z(2))).

(2) Suppose that Z(C) = (J) (ie Z(C) is a principal ideal with generator J). Show that (8;(J)) = Z(C).
(3) Suppose that n = 3 and that C' is the variety considered in question 1.3. Describe the closure of ug(C)

in P3(k). Find homogenous polynomials (Hy, ..., Hy,) such that Z(Hy, ..., Hy) is the closure of uy(C) in
P3(k).

Solution. (1) By construction we have u; ' (Z(8;(P))) = Z(P) for any P as above so the closed set
Z((B:(Z(C)))) contains the closure of u;(C) in P*(k). In particular (3;(Z(C))) € Z(C). So we only have to
show the opposite inclusion, ie we have to show that if @) is a homogenous polynomial which vanishes on
u;(C) then Q € (B;(Z(C))). So suppose that Q = Q(xo, . ..,z,) vanishes on u;(C). Write Q = 2{Q, where
Qo is not divisible by xo. By construction, Qg is also homogenous and also vanishes on u;(C'). In particular,

Qo(xoy ..., zi—1,1,Tit1,...,2,) vanishes on C' (by the definition of the map w;). But
Bi(QO(x(h ceey Ti—1, 1>1‘i+17 e 7xn)) = QO(Z’O, e 71:77,)
because deg(Qo(zo, ..., Ti—1, 1, ZTit1,...,2yn) = deg(Qo(xo,...,2n)). So Qo € (Bi(Z(C))) and hence Q €
(B:(Z(C)))-
(2) Notice that §; is multiplicative. Hence (8;(Z(C))) = (8:(J)).

(3) First note the following. Let T be a topological space and {T;} be an open covering og 7. Let S C T
be a subset. Write cl(S,T) for the closure of S in T. Then we have cl(S,T) = U;cl(S N T;,T;). Indeed,
from the definitions, we have cl(S,T) D cl(S NT;,T;) for all ¢ and hence cl(S,T) D U;cl(S NT;,T;). We
prove the opposite inclusion. So suppose that ¢ € cl(S,T). Note that this is equivalent to saying that every
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open neighbourhood of ¢ meets S. For all the indices 4 such that ¢ € T;, we then have t € cl(S N T;,T;).
Indeed if V' is an open neighbourhood of ¢ in Tj;, then V is also open in T (since 7; is open) and thus
V meets S. Since V is contained in T;, V thus meets S N 7T;. Since V was arbitrary, we thus see that
t € cl(SNT;,T;). Since t is contained in at least one T;, we conclude that cl(S,T) C U;cl(S NT;,T;) and
thus that cl(S,T) = U;cl(S NT;, T).

Using this statement, we see that cl(uo(C), P3(k)) = US_qu;(cl(u; *(uo(C)), k)).

Now the variety u!(ug(C)) is {(1/t,t,t?)|t € kK\{0}} in the coordinates x,xy,z3. This is precisely the
zero set of (wozo — 1,23 — 22) in k% and is thus closed in k3.

The variety uy ! (uo(C)) is {(1/t2,1/t,t)|t € k\{0}} in the coordinates xo, x1, 3. This is precisely the zero
set of (v3z1 — 1,22 — 20) in k3 and is thus closed in k2.

The variety uz ' (uo(C)) is {(1/t3,1/t2,1/t) |t € k\{0}} in the coordinates x¢,x1,z2. This is precisely the
zero set of (v2 — 21,73 — o) in k3\{0}. On the other hand, the zero set of (x3 — 1,23 — x¢) in k> contains
0 and it is precisely the set {(u3 u2,u)|u € k}. By the reasoning of question 1.3, this set is isomorphic to
k via the third projection. Hence uj ' (ug(C)) is an open set of a closed irreducible algebraic set (namely
Z(x3 — z1,73 — 20)) in k% and its closure is thus Z(x3 — z1, 3 — z0).

As u3({0,0,0)) = [0,0,0, 1], we conclude that cl(ug(C),P3(k) = uo(C)U{[0,0,0,1]}. Now C is described by

the equation 22 — x5 and z$ — z3 in &k and thus
cl(uo(C),P*(k)) C Z(Bo(2F — w2), Bo(a] — x3)) = Z(a] — wowo, ] — x33)

If 29 = 0 then the equations x? — mox¢ and a3 — x322 are equivalent to the equation x1 = 0. So we need
a third equation which vanishes on uo(C) and which forces the equation zo = 0 if g = z; = 0. Consider
@3 — 23w = Bo(23 — x3) = 0. By inspection, we see that 3 — 2%z vanishes on ug(C). On the other hand,
if 2o = 0 and 2§ — 2320 = 0 then x5 = 0.
We thus see that
3 72 3 2 3 _ 2
cl(ug(C),P>(k)) = Z(z] — xowo, T] — T35, Ty — TZT0).
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