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The following lemma is a key step in the
proof of 6.11; it shows that Lg implements
the rule (PC) of the sequence calculus. It is
the only place in the proof of the
completeness theorem where (A3) is used.

6.12 Lemma
For any o, 3 € Form(Lg),

(b = =) = ((ma = B) = a)).

Proof: Omitted.
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7. Consistency, Completeness and
Compactness

7.1 Definition
[ C Form(Lp) is inconsistent

if for some formula ¢,
[~ a and [ F =

Otherwise, [ is consistent.

E.g. () is consistent by soundness of L,
since for no o« are both o and —« tautologies.

7.2. Lemma
IfT /¢ then " U{—¢} is consistent.

Proof: Suppose I' U{—¢} is inconsistent,
say TU{—-¢}Faand U {-¢} F —a.

Then by the deduction theorem,
(¢ =) and I - (=¢ — —a).

By 6.12 and MP twice, I - ¢.

L]
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7.3 Lemma
Suppose I is consistent and ' - ¢.
Then I U{¢} is consistent.

Proof: Suppose not. Then for some «

Fru{¢}F a M (¢ — a)
rU{gb}l—ﬂa}jDT M (¢ = —a)

M=o [+ o
—MP M+ -’

contradicting consistency of .

7.4 Definition

[ C Form(Lp) is maximal consistent if
(i) I is consistent, and

(ii) for every ¢, either '+ ¢ or I - —¢.
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7.5 Theorem

Suppose [ is consistent. Then there is a
maximal consistent ' D I.

Proof:
Form(Lgp) is countable, say

Form(£0> — {¢17 ¢27 ¢37 . }

Construct consistent sets

oSy ClaC ...

as follows:

() ro = [.
e Given consistent [, let

r L n U {¢n+1} if I'ntk ¢n—|—1
ntl- CnU{~¢nt1t If T/ oppa

Then ', is consistent by 7.3 and 7.2.
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Then I’ is consistent:

Any proof of "+« and "+ —a would use
only finitely many formulas from I/, so for
somen, [ h+Fa and [, F -a — contradicting
the consistency of [ .

Finally, " is maximal consistent: for all n,
either ¢, € ' or =gy, € I,
so in particular either I’ ¢y, or T F =¢n.

(Note that this proof did not use Zorn’'s
Lemma; countability of the language was
crucial for this.)

Lec 7 -5/11



7.6 Lemma
Suppose [T is maximal consistent.
Then for every ¢, x € Form(Lg):

(a) T == iffF T .
(b) T F (¢p — x) iff either T /4 or I + x.

Proof:

(a) ‘=": by consistency.
‘“": by maximality.

(b) ‘=": Suppose ' (¢p — x) but M1 and I H/ .
By MP, I -y, contradicting consistency.

‘": Suppose I''t/9y. Then I' - =) by (a).
M= (=Y — (¥ — x)) (Problem sheet 2 Q3]
=mp I (¥ — x).

Suppose I I x.
FE(x— (v — x)) (Axiom A1)

=mp I F (¥ — x).

L]
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7.7 Theorem
Suppose I is maximal consistent.
Then I is satisfiable.

Proof:
Define a valuation v by

v(p;) =T iff [ F p;.
Claim: for all ¢ € Form(Lp):
v(¢p) =T iff I o.
Proof by induction on the length n of ¢.

If n=1, then ¢ = p; for some ¢ and we are
done by the definition of w.
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Suppose n = length(¢) > 1.
IH: Claim true for all n/ < n.

Case 1: ¢ =

v(p) =T iff v(¢p) =F tt —
iff T IH
iff - = 7.6(a)
iff T F o

Case 2: ¢ = (¢ — x)
() =T iff () =Foro(x)=T tt —

iff Ty orl -y IH
iff TFH (Y —x) 7.6(b)
iff ¢

So v(¢p) =T for all ¢ €', i.e. v satisfies I'.
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7.8 Corollary
Let T C Form(Lg). Then
[ is consistent if and only if [ is satisfiable.

Proof:

=: By 7.5 4+ 7.7:
If " is consistent,
then by 7.5 it extends to a maximal
consistent set,
which by 7.7 is satisfiable,
hence also I is satisfiable.

<. By soundness:
Suppose [ inconsistent,
say [ Fa and I F —«a.
Then I' =a and I = —a by soundness,
so [ is not satisfiable.

O

Lec 7 - 9/11



7.9 The Completeness Theorem
IfT =¢ then T I ¢.

Proof:
Suppose [t ¢.

= by 7.2, T U{—-¢} is consistent

= by 7.8, ' U {—¢} is satisfiable

= there is some valuation v such that
v(¢) =T for ¢ €, but v(¢) = F

= [ Ee¢. O

7.10 Corollary
(7.9 Completeness + 6.5 Soundness)

M=o iff T - ¢
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7.11 The Compactness Theorem for Lg

[ C Form(Lq) is satisfiable iff every finite
subset of I is satisfiable.

Proof: By 7.8, this is equivalent to:
[ C Form(Lg) is consistent iff every finite
subset of I is consistent.

But indeed, by finiteness of proofs,
[+ o and I F -« iff already
[oF a and g F —a for some finite g C T
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