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Comparison between solvable and nilpotent: growth

Final topic of this course: distinguishing f.g nilpotent groups in the larger
class of f.g. solvable groups via their growth.

This is the celebrated Milnor-Wolf Theorem.

Byproducts of the proof: new features that allow to distinguish between
solvable and polycyclic, polycyclic and nilpotent.

Let G = (S), where S finite, S =5, 1¢ S .
Let dists be the word metric associated to S.
The growth function of G with respect to S is

®:.s(R) := card B(1, R).

When there is no risk of confusion, we write simply &s(R).
Question: How much does &5 s depend on 57
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Growth functions

Definition

Given f, g : X = R with X C R, we define an asymptotic inequality
f<g<da,b>0 c>0and xp € R such that Vx € X, x > x,
bx 4+ c € X and f(x) < ag(bx + c).

f=<g<«< f=<gandg=f;wesay that f and g are asymptotically equal.

Lemma

Assume that (G, dists) and (H,distx) are bi-Lipschitz equivalent, i.e.
3L > 0 and a bijection f : G — H such that

1
Zdists(g,g') < distx(f(g), f(g')) < Ldists(g,g’),Vg, g € G. (1)

Then @(;75 = 6/-/’)(.
In particular true when (H,distx) = (G, dists/), G = (S).
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Growth functions

Corollary

If S, S’ are two finite generating sets of G then s < Bs/. Thus, one can
speak of growth function & ¢ of a group G, well defined up to <.

Examples
@ If G =Z* then &5 = x* for every finite generating set S = S~ 1,
Q If G = Fy, the free group of finite rank k > 2, and X is the set of k
letters/symbols then
+1
Byxx-1(n) =1+ (q" - 1)%, g=2k—1.

v
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Growth functions: properties

Proposition
@ If G is infinite, B |y s strictly increasing.
Q IfH < G then by <X &¢.
If H < G finite index then &y < B¢ .
If N < G then &gy = G¢ .
If N < G, N finite, then Q5G/N = Bg.

For each finitely generated group G, g(r) = 2".

© 06 0 6 ©°

The growth function is sub-multiplicative:

Bes(r+t) < Gss(r)®es(t).
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&¢,s sub-multiplicative = In & s(n) sub-additive.

By Fekete's Lemma, there exists a (finite) limit

lim 7In ®G’S(n).

n—o00 n

Hence, we also have a finite limit

S

76,5 = lim Ggs(n)n,

called growth constant. The property (1) implies that & s(n) > n;
whence, 76,5 > 1.

Definition

If v6,s > 1 then G is said to be of exponential growth. If v s =1 then G
is said to be of sub-exponential growth.

Note that if there exists a finite generating set S such that yg s > 1 then
vG,s' > 1 for every other finite generating set S’. Likewise for the equality
to 1.
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Two examples of order of growth

Example
For every n > 2, the group SL(n,7Z) has exponential growth.

Definition

Let G be a finitely generated nilpotent group of class k. Let m; denote the
free rank of the abelian group C'G/C'*1G. The homogeneous dimension

of G is .
d(G) = im.
i=1

Theorem (Bass—Guivarc’h Theorem)
The growth function of G satisfies

®e(n) = n?.
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