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C4.4: Hyperbolic Equations   



Recommended Prerequisites: 

A good background in Multivariate Calculus and Lebesgue Integration
is expected (e.g. as covered in the Oxford Prelims & Part A Integration).
It  would  be  useful  to  know  some  basic  Functional  Analysis  and
Distribution Theory;    however, this is not strictly necessary as the
presentation will be self-contained.

Course Overview:

We introduce analytical and geometric approaches to hyperbolic
equations, by discussing model problems from transport equations,
wave equations, and conservation laws. These approaches have been
applied/extended extensively in recent research and lie at the heart 
of the Theory of Hyperbolic PDEs.

Learning Outcomes

You will learn the rigorous treatment of hyperbolic equations through
analytical and geometric approaches 
as an introduction to the Theory of Hyperbolic PDEs. 

You will see some model problems/methods for hyperbolic equations.



Course Synopsis:

1. Transport equations and nonlinear first order equations:
Method of characteristics, formation of singularities

2. Introduction to nonlinear hyperbolic conservation laws:
Discontinuous solutions, Rankine-Hugoniot relation, Lax
entropy condition, shock waves, rarefaction waves, Riemann
problem, entropy solutions, Lax-Oleinik formula, uniqueness.

3. Linear wave equations: The solution of Cauchy problem, energy
estimates, finite speed of propagation, domain of determination,
light cone and null frames, hyperbolic rotation and Lorentz
vector fields, Sobolev inequalities, Klainerman inequality.

4. Nonlinear wave equations: local well-posedness, weak solutions

If time permits, we might also discuss parabolic approximation

(viscosity method), compactness methods, Littlewood-Paley

theory, and harmonic analysis techniques for hyperbolic

equations/systems (off syllabus - not required for exam)



Reading List:

We refer to [1], [2, Chapters 2,3,5,7,11,12], and [3] for detailed 
exposition.

1. Alinhac, S.: Hyperbolic Partial Differential Equations,
Springer-Verlag: New York, 2009.

2. Evans, L.: Partial Differential Equations. Second edition.
Graduate Studies in Mathematics, 19.
American Mathematical Society, 2010.

3. John, F.: Partial Differential Equations. Fourth edition.
Applied Mathematical Sciences, 1.
Springer-Verlag: New York, 1982

Please note that e-book versions of many books in the reading lists 
can be found on SOLO and ORLO.

http://solo.bodleian.ox.ac.uk/primo-explore/search?vid=SOLO
https://oxford.rl.talis.com/index.html


Brief History
• Analysis of Differential Equations can date back 

as early as the period when  Calculus was 
invented.

• 1671: Newton called   Fluxional Equations
• 1676: Leibniz introduced the term 

Differential Equations 
(Aequatio Differentialis,  in Latin) 

• It is fair to say that  every subject that uses 
Calculus involves differential equations.

• Many subjects revolve entirely around their 
underlying PDEs: Euler  equations, Navier-Stokes 
equations, Maxwell’s equations, Boltzmann equation, 
Schrödinger equation,  Einstein equation,…









Euler Equations for Potential Flow

Nonlinear Wave Equations:









In this course,  we first focus on 
Scalar Conservation Laws 
Semilinear Wave Equations

Transport Equations:

= (b1,  b2, …, bn)u

with constant vector field  (b1,  b2, …,  bn)  

Nonlinear Wave Equations



I. Transport Equations  
& Method of Characteristics 

for Nonlinear First-Order Equations 



1.   Transport Equations











2. The Method of Characteristics
for Nonlinear First Order Equations

























3. Formation of Singularities in Solutions of
Scalar Conservation Laws









II. Introduction to 
Nonlinear Hyperbolic 

Conservation Laws



1.  Weak Solutions  &  Rankine-Hugoniot Condition



























2.  Entropy Conditions













3.  Uniqueness of Entropy Solutions







































4.  Riemann Problems 













5.  Existence of Entropy Solutions  









































































6.  Long-Time Behaviour of Entropy Solutions  








