
 

Chapter 2
The prime spectrum

Before affine varieties reduced finger algebras
over Kate over k I

Now affine schemes rings assoc.com with

This generalization allows to study
arithmetic phenomena by geometric methods
by taking rings to be x ̅ Ep Оĸ etc

Recall x affinekvariety.hr sbyNullstellensate
points EX as max ideals m CLEO

ma FELIX floe 0

della R ring Its spectrum is

Speck T.pl pct is a prime ideal

This way х Esper as ps ER Medill
N in general we cannot think about
ER as functions with values in a fixedfield k

However there's a more general notion



deft Let х Esper correspond to per
The residue field of a Corp is

x Xp Rplp.IO maximal ideal
in Rpunrelated to any particulark localization at р

Every element RER has a value
floe fmodp.ee dAxESpecR

and the domain depends on the choice of х

By definition flac 0 iff IEP
Moral Spee R will be the space on which R.is the

ring of functions the affine scheme corresponding to R

delle The Zariski topology on Speck
is given by the closed subsets
2 a x Esper RI floe o fear

pespeeklpza3
ae R any ideal

Prop Let al ER be ideals Then
1 2 а 2 в Iff Га 256

In particular 2 a Z Га
2 7ha iff a A

3 2 a Speer iff a Niger
hierarchical

4 that ECG 2 атв Ethan Z Gas



Proof uses the Main Fact T да
In particular psaiffps.fi so

2 a 2 б ба 56
1 2 a 4716 p.IR 6 бабой

it petty and rad then

раба 35626 implies pale
2 because Га 1 iff a 1 and р 11 p

3 because 710 Spec R
and

tacwforsamem.coThere's an inclusion reversing bijection

closed subsets
he

radical ideals
of Speck in R

that a

Z 1 Itt 22 KERI 7792
Cor set s Speck its closure

5 2 a where a

ftp
Proof 5 216 for some radical ideal в
bea ps в p
62 г а 2 в because S Z а and

zeal is closed so 5 2 as



In particular for S fp we get
ftp Zip qespeer.iq
pprimeJo.Cor.xespecRis a closed point iff
pie is a maximal ideal

In Zariski topology points don't have to beclosed
unless R is of Krull dim 0

Moral variety 219462 skittles
Motivation why prime ideals instead of maximal
For varieties over kt Mullstelle.usatt follows
from the Jacobson property of
I g reduced k algebras which tells that

Thy HICKEY

and this property leads to the bijection
between dosed subsets of and radical ideas

For a general R we must use prime ideals
to get such a correspondence
e.g R a dur m 1 CR

but R has too radical ideals 0 and t

so building Spec only out of max ideals
wouldn't be enough



Generic points

det X top space 2 EX closed subset
A generic point of Z if exists is
a point net s.t.AT E a densepoint

In our context

p is a generic point of Zep E Speck

Main Ex R integral domain

p о is the generic point of Speck
because Lazlo e primed Speer

Rem For general top Spaces generic points
can be won unique but for X Speck
and for schemes we'll see that
a generic point is unique V7 EX

Ex 1 R K a field
Speck 403 single point

R KEES thickening

Speck tis thick point
Note o is not prime because t.tt c о

1 us 2 same top spaces different algebraic structure



3 R Artinian ring
Speck is a finite sets

R local Artinian Spec R is a point

4 R dur e.g.RS
pSpecRfx 43 with scan and да 0

since x is a closed point
the generic point д R x is an open point

die
9140sec A
5 R Z

Spec рэ
о

р prime number р

p с is maximal Xp is closed Up
and ĸ р Epfp.ttFp.ZO ZI 0 is the genericpt of Spect
and k 0 710 Q

So every element felt gives a

regular function with values in
various fields



f 17 ЕЖ f 0 117 EQ
f 2 ST ELE
G 3 x ̅ F
f 5 52 IF
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Comments

Points of Spee R have various residue fields
and this allows us to study
simultaneously solutions of equations
over different fields for rings е g Ap and

When R is a fig K algebra k I
then closed point m we have

km К
since by Weak Nullstellensatt.nu
is a finite field extension

For such R the topology of Speck
is fully detected by the closed pts
that's why we didn't encounter
the diversity of residue fields before

but having them lets us

put number theory into
geometric context and then

some of us can prove results like
Fermat's Last Thur



dL The affine respect is
11th Spec Eta tn

The affine nspa.ee over R is

11th Spec Rita tn

It k k then

Aizawa
Я a set

points are prime
Ideals potts are maximal ideals

in kttn.tn in kite tn

and Zariski topology on 4 l is induced

by Zariski topology on ME but
A has more points 1.9 0


