

























































































Welcome to 27.7 RMT

Prof LouisPierre Arguin
A bit aboutme G physics

Numbertheory

Expect that students havediverse backgrounds

MathPhys

y

DataSciences

Combinatorics NumberTheory

Same technicalities about theclass

4 PS Part B sheet 2,3graded
4 classes Week 3 5 7 and 1 of

Exam June

Following Rof Keating's LectureNotes

BUT will bringa differentperspective




























































































Why randommatrices

A matrix represents a linearoperator

M Rm R

Mx sit 11m
So in effect we are studying random linearoperators
between finitedim vector spaces

Suchoperators are ubiquitous

11 Ax b Linear egus

12 Quantum Mechanics

mittanian YE L Rᵈ

3 Dynamics HE MACE

147 Principal Component Analysis Datasciences

Machinelearning
s Randan networks

167 Numbertheory

why randan For large systems we

might expect the operator to be typical




























































































Example

117

Mehta
D2

Excitation energies of a nucleus of 423g
eigenvalues

Wigner 1950s H Hi isjen n large

H Hermitian so eigenvalues arereal

Take Hi V10.1 icj
Hji HI
Hi V10.2 MIMI

a Statistics Wishart 1928

Consider X a multivariate Gaussian v.v

X mean ovariance No E
Take n III copies X

Then construct Y Yh pan matrix




























































































Consider M I XXT pxpmatrix

This is a sample covariance matrix since

Mij I E

Estimator for
ij




























































































Probability Framework

To model a randommatrix we use the standard
prob framework

r f P

probSam space
Halsehra

collectionofevents of PCA AER iswelldefiled

ARE did variable X is a function

I R
w to w

sit w a E lab E F Cab R

The distributionof X is the probability on i
of

or probmeasure

P X a b Mx cab

Ex No i

P B

PDF ordensity

N.TL R BR µ is the correct probspace
shallest f algebra containing ab s




























































































A rindanmatrix is simply a mble fat a

M 8 PHIL

ImportantRemark

RMT is really just multivariate distributions

A random matrix distribution or ensemble is
jus a prob on Rmxn

Examples of distributions ensembles

i Ginite mxn matrix M

Mij A W oil II

a

I
So the PDF is

P ME B IEIdxijAbsantnot Lebesguenxn
measure on R

ii GOE Gaussian orthogonal Ensemble

MT M M is symmetric




























































































Mij WCal is

Mij No 2 i j 4T symmetric

Note that there are non nt hey parametes

Density find IT I

Distribution is supported on symmetric matrices

singular wat Rn
abscont wrt Rnh

Important Observation

FCM exp Tr M check

21T 621T In111

Why is it called GOE Thedistribution is invariant under athoganaf.net

Lemma Let 0 Oln OTO I andMaGOEmatrix

Then OMOT has samedistributionhas M

P OMOTE B

f dx
OTB0

Change of variable Y OTX0 Linear




























































































be d

Band B

Density Tr OXO Tr X since TRAB T.BA
Jacobian

Justwithdrew do
this later but here

I m IfME 11MIP HIE hmitmn.am

Mi MixMri ME

But HOMOTH 11m11 isometry so the volume element is preserved

to

1
similar to GOE but for Hermitianmatrices

Take Mst Mt IT M

MijnWe oil 2tiffs www.t

Miin W o 1 Mft
Now the distribution ofM has

n 2 nInf n freerealparameters

PDF I e I e I exp Tgf




























































































Now I 1m MixMe MIAMI IE MirR Mi 2E.ReMiP I

As before the distribution is invariantunderunitary transformation

Lemme UMUthas samedistribution as M Check

Gaussian Ensembles

GOE α ME

GUE α e Trm'S

GSE α e
M

Mi take valuein Quaternions 1H
GBE α e

BTME

iv WishartMatrices Sample Covariance Matrix

WOOƩ as above

P B f e d

A Wishart matrix is a matrix of the form

M XXT where X is as above

Note that this is a non lineartransformationof the Xij
But we can compute the PPF

P ME B f f M IM




































Example pet at M No i say

P Max P Xix PC E XR

affe dy

so PDF is e

v RandomRotations

M cost sint

sing cost
P unifan 0,25

This is like samplingfrom 5012 random rotations

More generally we can sample unit from Gfp anycompact lie
group

HAAR MEASURE

CUE UN

COE 0cal
CBE


