
 

Chapters
Sheaves

Main idea a scheme is a space that
locally looks like Speck
To make sense of it we will
need to use sheaves of functions

gsheifinentedbyzeanleray.inprefiguring

defy A present of sets groups rings spaces
on a category С is a functor
F EP Set Grp Ring Top

A prester on a top space X is a

freshest on the category Open x
Obi open subsets И of X
Mor inclusions EU

This means that a present Roux
consists of the following data
И EX open nsr U set group ring

Ven opens и R 4 RN Стар how
restriction map

sit pun idea and pun pawpaw for 43W



Elements of RU are called sections
elements of REX are global sections
and puff is denoted flu
Ех 1 constant preshe.at Ax on Х

pick Reset Ring Top

АЖ А Ки open in

Pur Ida
kV EU

2 prestel of functions
smooth manifold

R U U R

par usual restriction of functions

Want glue values on from local data
defy A sheaf Ron X is a preshafonxs.fi

1 Ut И EX open cover s TERM

5th ti s t

иsections agree locally agree globally

2 U V4 open cover S E R U

Shiny Sil bij tseng
Hing

sections agreeing on overlaps
cant be igltI

rem F take empty cover



Ex 1 the freshest of C functions on

a smooth manifold is a sheaf

2 constant prestel is NOT a sheaf

say X 4 kHz A Z

5 5 5 7

because 4147si e Ax Ui 911 Stu assuming A 10104142
but SEA X E 5h Si because
restriction maps are identities

To fix this one defines constant sheaf
И loc connected

Ax U locally constantИ A TEA
connected components

This is an example of a more general
canonical procedure sheafificati.eu

pushed К ns sheaf Ft in a universal way
see lecture notes by Ritter F 6 sheaf

ЁЁЙНИ
daL A morphism of pre sheavesFIG is a
hat transformation of functors FLUFalu
A sub pre sheaf Fela 5 4 64921111



Stalks

dell Let I be a pre sheaf on X
The stalk of F at x is

EEEEF.hn 1st.tt tmaps
Explicitly any element of E is determined

by some fEFLU for Иэх open

and 1,4 f 4 if Unu Waze open
at flu f

w
The class of equivalence of 1 4 in F
is called the germ foe of f at х

Ra 0 F has the same alg structure as F

Leg F sheaf of abelian groups Fr CAG
1 stalks encode local data HEX open

Foe is the same for E X and 5h4
2 xEX F FI
3 A morphism F I G induces

maps Ух Foe ha хех
Exercise stalks are powerful
Let FSG UGH sheaves of abelian groups on X
Then I G is an Isom in Ав x

iff Kxtx Fse Ga bom



Kernels

cokernedsdf.lty F в be a morphism of preshea.us

The present kernel image colonel is

the pushed Ker

инĸе Flu ый
Exercise y map of sheaves Ker is a sheaf

Ex NOT true for cherubs

Taff A E holomorphic functions
non zero hollow functions x

Consider exponent map

exp Ex 57
then Ker exp constant sheaf I II

But Coker is not a sheaf

Take И QI о
и 4,04 010

42 61 0

Take f Z in Flu Then
Fe Coker exp и but
Coker exp U 0 because log exists

so exp is surjective on Й



let Let y Fsb be a morphismofsheaves
Then the sheaf colonel image
is the shatitication of the freshest
co kernel image

A morphism у is injective surjective
if Ker 4 0 Ing y

sheaf
Ex The sequence

LIE Fx А 0
is exact as a sequence of sheaves

фх manifold

dL FEE a subsheaf.ie FLU EG U V4

compatible with restrictions
The quotient sheaf is the sheafification.at

ин law FU

Exercise 1 stalks of Her and Im are

the kernel and image of the stalk maps

2 Infectivity and suujectivityar.ee
stalk local properties
can be checked on stalled

but the maps you don't have to be surjective



Moving between spaces

Say we're given f У map of topspaces
with F sheaf on X в sheaf on Y

also called direct image
def Thepushforwardffonyisthepresha.finsF ftu

реп
PEELE GF is a sheaf

def The inverse image

presheafisftsrg.sigf su.nl f vlEUfn sutGl4l

where identifies pairs that agree
in an open uld of flu

The inverse image ft is its sheafifieati.cn

Rem The shatitication is necessary
like for a constant pushed
consider 414 Iff и EY open

then f 6ᵗʰ ИДИ 614 but

f G И 4 G ц Cally by sheaf axioms
Exercise If 6 Gg Kxtx



Ex г i SAX open subset
JESUS if ns FINS
Esh x i U ns Glut restriction61

ex open of в
2 i GX point

FE SUK I'F Fsc
3 П pt

FELIX IF FIX MX F Skelton
functor

Prop ft is left adjoint to
There is a natural Isom

Mor f IG.FI Mor 6 15
Sketch proof

given colimG.lu FLU for VEXopen
useful

take for any to EY open

Glu slim Glu FLU FLAW IF W
uzf.LU pile V f W

given 6 6 5 f W consider
assume Wlsand take

LEE climb и skilful
nemesis't


