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Inspirational quotations

Henri Poincaré: “If nature were not beautiful, it would not be worth
knowing, and if nature were not worth knowing, life would not be worth
living.”

Jean-le-Rond D'Alembert, to his students (quoted by Florian Cajori in “A
history of mathematics”): “Allez en avant et la foi vous viendra.”

“Keep going and faith will come later.”
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Algorithmic problems for infinite groups

Proposition
Q@ Every u € F(X) is conjugate to a cyclically reduced word.

@ Ifu,v € F(X) are cyclically reduced then they are conjugate if and
only if they are cyclic permutations of each other.

Corollary

All non-trivial elements in F(X) have infinite order.

Corollary (unique root property)

If g, h € F(X) are such that gk = h* for some k then g = h.

Question: Find a torsion-free group G for which there exist g # h such
that gk = h* for some k.
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Corollary (unique root property)

If g, h € F(X) are such that gk = h* for some k then g = h.

Proof.
If both g, h are cyclically reduced then this is obvious.

Assume that g is not cyclically reduced and g = xg1x ! with gy cyclically
reduced. Then glk = hi‘ where hy is the reduced word ~ x~Lhx.

g1 cyclically reduced < glk cyclically reduced

Since hX = g{‘ we must also have that hy is cyclically reduced. So h; = gi.
Hence h = g. O
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Finitely generated, finitely presented groups

Isomorphism problem: Given G = (X) and G’ = (Y), determine if
G ~ G'. For free groups, F(X), F(Y), this is settled.

We now define a general class of groups for which the three problems can
be formulated, i.e. groups that are describable by finite data, i.e. finitely
presented.

Suppose G = (X), | X]| < oo (G finitely generated).

Remark
o G finitely generated = G countable.

@ There exist uncountably many non-isomorphic f.g. groups.
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Algorithmic problems for infinite groups

Proposition

Suppose G = (X) with |X| < oo, and suppose also that G = (Y'). Then
there exists some finite Yo C Y such that G = (Yp).

Proposition
© If G finitely generated and N < G, then G/N is finitely generated.

@ Finite generation is not inherited by subgroups (see Ex 2(iii) on Sheet
1: F(N) < R).
© Finite generation is inherited by finite index subgroups (Ex.).

©Q Suppose we have a short exact sequence

1-N—-GC—-Q—1

and N, Q are finitely generated. Then G is finitely generated.
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-
Presentations of groups

How to fully describe a group?

@ Table of multiplication if G is finite;

o Free groups.

Answer in general case: by generators and relations.
Example

72 is the group generated by two elements a, b satisfying the relation

ab=ba < [a, b] =1.

We write 72 = (a, b | [a, b] = 1) or simply Z? = (a, b | [a, b]).
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Presentations of groups 2

In general, let G = (S). By Universal property, 3 an onto homomorphism
ws: F(S)— G
whence G isomorphic to F(S)/ ker(7s).

The elements of ker(ws) are called relators or relations for G and the
generating set S.

We are interested in minimal subsets R of ker(ms) such that ker(7s) is
normally generated by R.

N <1 G is normally generated by R C N or N normal closure of R,
N = ((R)), if one of the following equivalent properties is satisfied:

@ NN is the smallest normal subgroup of G containing R;

° N'={Nrckac K:
o N={n"---r|neN,, e RUR x; € G}U{l}.

Notation

aP = bab™1, AB ={ab|ac A bec B}. Then N = ((R)) & N = (R®) }
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Presentation of groups 3

Let R C ker(7s) be such that ker(7ws) = ((R)).

We say that the elements r € R are defining relators.
The pair (S, R) defines a presentation of G.

We write G = (S| r=1,Yr € R) or simply G = (5| R).
Formally, it means G is isomorphic to F(S)/((R)).
Equivalently:

eVge G, g=-51---5y forsomeneNandse SUS;
e w € F(S) satisfies w =¢ 1 if and only if in F(S)

m

w = Hrf”, for some me N, r; € R, x; € F(S).
i=1
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Examples of group presentations

Q (a1,...,an|[ai,aj],1 < i,j < n)is a finite presentation of Z";
@ (x,y | y?, yxyx) is a presentation of the infinite dihedral group D ;

Q (x1,...,%n-1 | X%, [xi,xj] for |j — i| > 2, (xixi4+1)3) is a presentation of
the permutation group S,
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Generalization of the Universal Property

Proposition
Let G = (S|R). Let H be a group and ¢ : S — H be a map s.t. for every

r=si--sp €R, p(s1) - (sp) = 1.
Then v has an unique extension to a group homomorphism ® : G — H.

Proof: Exercise.
We are interested in groups with finite presentation.

Remark
Finitely presented groups compose a countable family of finitely generated
groups.

It is important to understand if being finitely presented is an intrinsic
feature of the group, or if it depends on a “good choice” of generating set.
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(Finite) presentations of groups

Proposition

If G = (S|R) is finitely presented and (X|Q) is an arbitrary presentation
with | X| finite, then there exists some finite Qo C Q such that

G = (X| Qo).

Proof: We have an isomorphism
¢ F(S)/((R)) — F(X)/((Q)
Write ¢(s) = 0. Then ¥x € X,
x = wye({os :s€5})  (with equality in F(X)/((Q)))

So x = wy(os)ux, ux € ((Q)), with the equality being in F(X). Let
r € R, and write v, = r({os : s € S}) € ((Q)).

Let To C ((Q)) be the finite set {uy, v, : x € X, r € R}.
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(Finite) presentations of groups

Let To C ((Q)) be the finite set {uy, v, : x € X, r € R}.
Claim: ((To)) = ((Q))

Proof of claim: Define
f o F(S)/{(R)) = F(X)/{{To)), f(s)=os

Then f is an onto homomorphism.

Also, given m: F(X)/{{To)) — F(X)/{(Q)), mof = ¢ is an isomorphism
and hence f is injective.

This proves the claim. Whence G = (X | Tp). But Ty is not a subset of Q.
Every p € To C ((Q)) can be written as p = [[,cf r in F(X), where

F, C Q finite. Take Q = UpeTO F, finite subset of Q.

Then ((To)) C ((Qo)) C ((Q)), whence ((Qp)) = ((Q)). It follows that

G =(X| Qo). O
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Tietze transformations

How do we recognise when two finite presentations give the same group?

There are two types of transformations.

(T1) Given (S|R) and r € ((R)), change the presentation to (S|R U {r})
(or do the inverse operation).

(T2) Given (S|R), a new symbol a ¢ S and w € F(S), change the
presentation to (S U {a}|R U {a"tw}) (or do the inverse operation).

Theorem
Two finite presentations define isomorphic groups if and only if they are
related by a finite sequence of Tietze transformations.
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