
 

Chapter 4
Affine schemes
Structure sheaf

Reminder A ring 51A multiplicativelyclosed

subffs.SKa s ses neath
where a s a s iff Is fast a's 01nA

Ex 1 571,1 ft denoted Af
2 5 Alp p prime ideal

denoted Ap

de Them The structure sheaf OpecR
is the sheaf of rings on Spee ns.t
1 GRID Rg HIER

Speer х Rp respects
tilt

stalks

Moral reason

1 Dlf x Ex flu о ns

Ox ALL Rf
we allow to invert powers of t

because they do not vanish on Dlf



2 Ох х 4,1 ХЕИ EX open
µ

и
Even

Ох х Rpr
germs of functions encode local
behaviour around х hence we

allow to invent all functions
that don't vanish at so i e R pre

Ех 1 X sp.ec

Ox A p1 s.Ox SpeeT p ZZTFI ffi
Oxy Ер I р в

0,10 Ж Q

2 X Spee D D a dur malt K FrauD
Denote х 23

closed Genericpt
We have

910 0 Ох X D 3 GLIDE K

Ох D D Ох г D о K



Proof

define О as a presheafon.LA fJfergivenbyODCfI Rf
Since different f ER may give the same Dlf

you define OLDIE T R

where Susi SER septpeblfyikeptn.liElin
and check that Rf Sign is also

t t

The restriction maps are localizations
Dlg EDIE Spit Espy Shy R Sigh
check that О satisfies sheaf

conditions on the open sets ALFIE
this is called being a sheaf on a basis
instead of any opens И take only
open sets from the basis

The sheaf conditions on f.PHJ can

be algebraically reformulated as follows

Let DCA Effi be any open cover

There are localization maps

Pi Rf Rfi Pij Rf Rf fi



Then О being a sheaf on D f Is

equivalent to the following sequence being exact

Rf Rf 1.7Rfi.gg shellfish
where 2 а p a and plait gs pijCai pji 9
That means by definition that

α is injective locality
sections agree locally agree globally

Ker β In α gluing
sections agreeing on overlaps can be glued

Locality Want α perf 2ft β α p

By replacing X R with 1 find Rf
can assume 7 1 Rf R D f X

2 β 0 E Rf f.MX β 0 for someNEN
Ni depends on i but Spee R is quasi compact
so we can pick a finite subcover.by Plf
and let N max Ni

We get fi x p to bi
call f.MS α β 0 1 2 β о x p

because Speer IDLE UDAY



Gluing We have sit Rf t.sk j9kgfy
Want find self R can assume f 1

sit She Si ti

Can assume X Speer IT Dlf finite cover

Si ftp and we can assume his
because fi DIET

sits in Reif fifi fig fig 0

for some NEN

pick same big N for all

pairs i finitely many
Rewrite ft ft g f.MY fj.ua 0

67 4 I I
Notice Si Д D fi D bi so

we can assume N 0 and fjgisg.fi
Spec R IV Dlf 1 Erik
1 98 erifigjleerfjgi.fi rigi

9 If Englert у we globalized

sjERfj.to rig ER X



Define Open to be the unique sheaf
extending О from the basis Dlf fer
it's a general construction
sheaf on abasis и sheaf on the whole space

Ospeep.LU lineOLDIE lim Rf
D8 EU DCI EY

1st If fig 9 EDIE EU

compatible families of local sections on basicopens

II д nightfall
lecture notes by Alex Ritter

Intuition
him generalizes a colin generalizes w̅

to the situation when Rf Rg are not injective
Chim and colin are defined via universal properties



We compute the stalks bydefinition

Speer a 471911545,04 ftp.RfRp.inEEINoRem.HUESpecR
open

Open U is an R algebra
Indeed for aer we define

a Rf Rf on Dlf
and that indices an R module structure tu

which gives a map of sheaves
a Open OpecR



Affine schemes

Unlike varieties we heed ringed spaces
in a more general context when
Ox can't be thought of as some

k valued functions for a fixed field k

deft A ringed space is a pair
x Ох where X is a top space and

Ox a sheaf of rings on X
A morphism of ringed spaces is a pair
f ft where f У is continuous

and ft Оу 1,9 is a map of
sheaves of rings on Y or equivalently

f 740g Ох

That means HEY open
we have extra data of a ring how
f U 0,14 914

sit for NEW ring hours 1 are

compatible with restrictions pun
0g 4 140 6 6

ЁЙ Emilia
is commutative



In particular f t is an isom if
f is a homo and HEY open
174 9 и 9 144 is an Isom

rem 1ft generalizes pullback of regular fulfills
hyuk

ns hot fill k

but we need extra data of f
because unlike with kvarieties we

don't have such pullback maps for free

2 хех у flu there's an inducedmap
ft Оуу Ох а

that sends s V YEW EY open
to Its f V where reef V EX open
the map respects because f commutes withpun

Since the definition of f is more general
we have too much freedom
on the choice of ft
so we'll introduce a restriction



deft A locally ringed space is a

ringed space x 9 such that point хех
the stalk Ox is a local ring
A morphism of locally ringed spaces
is a morphism of ringed spaces
ns.t.txex у floe the induced map

ft Vy Ох х
is a local hom i e.tt my Emse
or equivalently IIMma my

For kvarieti.es this condition was automatically
satisfied because

my LEG I fly o Amy Ema

Main Ex Spec R Speer is a locally ringedspace
Rem ft local induced ham on residuefields
ft O.tw

mg
Ox.simjkle field extension

Prop A ring how y R S induces
a map of locally ringed spaces
Specф Ф ф SpecsGpas spear Epoch
that satisfies



1 on distinguished opens AGER

Rs Speer'll Fly sees
DФСА Spy

is the localization off at f I ftp
2 on stalks ftp.especs the induced map
ф Rpg Sp

is the localization of ф
Proof sketch
define ф on Dlf as in 1

check compatibility with pun
compute ф on stalks as in 2

def An affine scheme is a

locally ringed space x 9 isomorphic to SpeakOf
Affine schemes form a subcategory AffSch
of locally ringed spaces

We get a functor Spee Ringo Affs.ch
We also have a functor in the other direction
which sends Ох to x Ох

global sections
and f 4,01 4,05 to f 41 04 9 Ох X



Then The functor

Spec Ring Affs.ch

is an equivalence with inverse functor Г

In particular f Specs Spec R is an isom

of locally ringed spaces iff ft RTS is an Isom

Proof enough to show that for X Specs УSpeck
f X у Affsch.us Spee ref
Let ф г 8 softly R S let xexmg.es this or

Want f Specф k ft 9pct
We have a commutative diagrams

R 4s
Ellis
Rp 7

Hence ф R р 5 9 so ФК Ep фдрHowever fat is local so ф 4 Ер
so Speeget as maps of top spaces

From the diagram we also get that
х the stalk map ft equals the localization

of ф i е Speciale because the map
К Ssg factors uniquely through Rp

Similarly f Deh Ru Saw is the localization of ther

Hence maps of sheaves spec.pt andftoineide



Examples of some rings affine schemes
which naturally occur in alg geon
1 varieties kt in mn

2 hypersurfaces see xD f
3 invariant rings RG or keen 4

these give quotients of varieties
under group action

4 Artinian rings k.CA tzorktt.sI a.sb
thickening appear as deformations

5 monoid rings Else у Zloty у etc
fix the allowed powers

take a free abelian group on them


