
 

Chapter 5
Schemes

of A scheme is a locally ringed space 4,06
which is locally isomorphic to an affine scheme
i e X Elli open cover 5.4

ring Ri Ui 0 14 Speck peer

Ex the stalk of is the local ring at х
If seen Spec REX open then

Она Й Кр рра
Residue field at se

и с Ох и ĸ х 9 se m 0xIRP p.Rp
A morphism or a map of schemes is a

map 1,17 of locally ringed spaces
Schemes form a category Sch Affsch.IE

valued points

Schematicpoints any field XII Spect X set

scexussc.eu их affine open и
stuff Ift

Them X scheme R ring
Maps son Speer Mapping

R 0 1 1

Hence giving a map Speer is equivalent.to
giving an R algebra structure to Ox



Proof sketch X Spec S proved before

general we'll define a map

Given R 90 X consider

LITTLE
Define SpgR

4 ы prime ideal

The map g
is continuous because

one can check that д Dlf D 41ft
Further define

Oswalt 7 0 1 11 76 61 11 0 414

because4 bills gilt
Cor Maps X A Ох X functions on

since ЖЕ 0 0 is determined by
the image of х



Ex open subsumes

X Ox scheme И EX два_
4 0 is also a scheme

Because well has a distinguished open
и ин эм so Иж Of is

an affine scheme

closed subsche.ws
are more complicated

later

Ex non affine scheme

Consider U A 10,0 с At Specter у
Exercise Slay 7914 is an Isom

ЖЕ
but И sat is not an Isom

because 7ha у in И

in m

hence И Alston cannot be affine



Gluing how to get non affine schemes
Idea schemes that

agree on intersections

ax wxiisaschem.ee

Roughly speaking on Xing you
should specify gluing isms

see exercises
lying Xing

Ex projective line

to и target
charts

в variable

Ио Spec IDEA 4 Spec TUT A

L и Spectra D И SPEECH
We glue И and И along Но Но
and get the projective line

Indeed for a О I д 1

coordinates in different charts
More generally projective space PI IPL VR
see exercises PEN is the variety R overt

Rem If can also be defined using Pry Halftime



Integral schemes
dL A scheme 4,6 is reduced if
all local rings are reduced to nilpotent
Exercise Ox reduced х ex

Я U reduced affine open И EX
In particular Spec R is reduced iff R is reduced
Associated reduced scheme

Spec Red Speck where Raed R
Nier

ddimmers.in
same top spaces different structure sheaves

Ex R hit µ Speckled Speck Speck

For any scheme X one can glue
red and it is universal

fora reduced scheme У any map
у factors through red

def A scheme is integral if it is
reduced and irreducible

Prop 0 is integral iff
Ox U is an int domain affine open hex
Proof for Speck
Spec R integral Nier 0

Nil R isprime
0 is prime



Structure sheaf of an integral scheme

We can think of sections of Ox as

of certain rational functions

date integral scheme hex thegenericpt
The function field of is because

irreduciblex Ох 2
It is a field because Speck EX open

9.2 Ospeer.netRio Frankintegral domain

Prop x integral И open hex genericpt
1 The canonical map
Ох И Ox k x is injective

2 EU open the restriction map
Pur 0 14 0 10 ЕКА is injective

3 хех Ох Еĸ X and

И эх 0 14 EOX.se
4 Ох и Дж х ĸа
It Speck Ox и fеĸ х

xeheapickdmreettie.SE ET



Proof 1 Let few assume fly 0

Then affine open V Specs EU
we have puff 0 because

S is an integral domain scsfra.es Кх

Take И Ifi affine open cover

Puri 1 D f о because Ox is asheaf

2 The inclusions 0 16 ask.LK
are compatible with restriction mapsPur
0 14 0 0

0,42
commutes Pur is injective

3 we have a canonical map
Ox On
U F Usf opennbhd.tt'sinjective Ox.se О for EV SpecA

Ox.se Ap Fact Ох
for A an integral domain

For И эх the шар 4 ĸ Х

factors through Ox.se
и Ох х



4 ву 3 0 14 1 Ох х

Let ferox а k X

Then Use open nbhdx.EU x 4
f Ох х

Since И Use we can glue
a function TEDx и because
the values agree on all x n a

since they coincide inside ĸв

The last equality follows because
Speck OX.se Apse


