B5.6 Nonlinear Dynamics, Bifurcations and Chaos
Sheet 3 — HT 2024

Solutions to all problems in Sections A and C

Section A: Problems 1, 2 and 3

1. Consider the ODE system

dx

d_tl = pr(l—2y) + 28 — 2% — 22,29
d$2

— = I1Ty — U

dt 122 T2

where p € (0,1) is a parameter.
(a) Find and classify all bifurcations of the ODE system for 0 < p < 1.

(b) Sketch the phase plane for 4 =1/2 and p = 1/4.

Solution:

(a) The equilibrium points satisfy

0 = poy (1 —mxp) + 27 — 23 — 21129

0 = 2129 — o

Consequently, the second equation implies x1 = p or x5 = 0. Substituting into the

first equation, we obtain the critical points
Xe1 = |:/’L7/’l’ - /’LZ} ) Xe2 = [07 0] ’ Xe3 = [17 O] and Xe4 = [_,ua 0]

The Jacobian matrix is

DE(x) = <,u +2(1 — p)xy — 322 — 229 —214 > |

T Ty — M

— 3.2 -2
Df(x.) = a H H , Df(x.) = po 0 ,
2
= [ 0 0 —u

—p—1 =2 =22
—p —2p

giving

Consequently, x., and x.3 are saddles and x.4 is a stable node for all considered

values of parameter u, i.e. for 0 < u < 1. The eigenvalues corresponding to matrix

Df(x.1) satisty
N+ (Bu? =) A+ 2p (p—p®) =0
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giving

p— 32 % p/? +2u — 7
Ay = 5 .

If u < 7/9, then we have two complex conjugate eigenvalues

B 012 20— 7
Ai:uzﬂiiu\ﬂu;u |

The real part is positive for g < 1/3 and negative for u > 1/3. We have a pair of

purely imaginary eigenvalues at the bifurcation point g = 1/3, when

A + 2,
=+——1
+ 33
and the stability of the critical point x.; changes at the bifurcation point y = 1/3.

We introduce new variables

1
m=wi—p, p=V3(moptpt),  m=p- g
Then the ODE system transforms to

dyl o _9 6ﬁ+2 2 o 1 2 3
(g —3 e, -2 _ (4 - _
U ( K M)y1 33 Y2 \/§y13/2 H‘i‘g Y1 — Y
dy,  2+3p—97° N
dr 33 Y1 T Y1 Y2

which can be written in the form

_ 2 — (47 + L) 42 — 3
d — M) Y1 n 7YY ( (s 3) Yi — Y ’ (1)
dt Y2 Y2 Y1 Y2

where matrix M (fz) is

2+ 397> 0

M () = ( 3V3
3V3

Close to the bifurcation point 7 = 0, matrix M (fi) has eigenvalues

A7) = () + iw(T)
where g
M M

am) = -2

and

2 27 2T 378E0 2437
w(i) = —=\/1 + - - -
3.3 6 16 16 16

2 1 V3
a(0) =0, w(0) = —, o (0) = —=, and W'(0) = —.
(0) 0)=3 7 0)=-3 0) =
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Substituting 77 = 0 into equation (1), the system reduces to

d 0 —w(0)\ (v ha(y1,y2)

_ — +

dt\ w(0) 0 Y2 ha(y1, y2)

2 1

h1(y1,y2) = —ﬁmyz - §yf - Z/f

where

and
h2(y1;yz) = Y1 Y2.

Evaluating the partial derivatives at the origin 0 = [0, 0], we get

(0) 1 63h1+ Phy . P hy +83h2 1 9%h, 62h1+62h1
¢ 16\ 0y ~ Op0ys  Oyidys  Oys 16w(0) [ Oy10ys \ Oy? — Oy3

0%hy 0%hy  0?%hs 0%hy 0%hy  O?hq O%hsy
- 2 + 2 - 2 2 + 2 2
0y10y> \ Oy;  Oy; Oyt Oyi  Oy; 0Oy,
—i(—6+0+0+0)+;—i —2+0 —1(0+0)—-0+0
16 16w(0)| V3 3
_ 1
=-7

Since a(0) < 0, we have a supercritical Hopf bifurcation at @ = 0, i.e. the original

system has a supercritical Hopf bifurcation at = 1/3. The normal form is

dr 1_ 13+
— =——qr — -r
a 2P T

o _ 2 V3,
dt_3\/§ 5 o+ ...

Origin 0 is stable for 7 > 0, i.e for 1 > 1/3 and unstable for 7 < 0, i.e for p < 1/3.
A stable limit cycle is born with amplitude

5 1
3 M
and period 37+/3 at the bifurcation point for g < 1/3. The limit cycle can be

approximated by
1
vityy =2 <§—u>

which corresponds to an ellipse in z; and x, variables.

The bifurcation diagram can be drawn in the py—z; plane as follows:
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0 0.2 0.4 0.6 0.8 1

We can also draw the bifurcation diagram in the p—x;—xo space, when we can also
add the (stable) limit cycles for p < 1/3. This plot (from two different viewing

angles) is visualized below:
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(b) If = 1/2, then the fixed point x.; = [p, u — p?] = [1/2,1/4] is a stable spiral and
trajectories approach this stable critical point as shown below, where we plot eight

trajectories starting at the right boundary of the square [0, 1] x [0, 1]:

p=1/2
1 l/// T T
| /S S e e e e s T ST T T T T T T T T T
| /S S e =~ =T T T T T T T T T
| ) S s e T T T
O-8’¢//// \\\\\\\\\\\\\
| S S s = T T T T T T
P P A =t
i e e T T~~~
0-67¢/ J e e === T T T T T T T T
o~ J ) o — =~ T T T T —_— = =]
) J J/ o e ———— =~ ==
I} J s e e T T T T T TS T T T
04, A S
/ A e = — —
) Y A —_— ~— — ~— = ==
| VoY N \ N () S e~ — =]
O.2’L NN ~ === N e
\ e i —— NS .
\ N = o eS———— > NN
o - - = — 5
0 0.2 0.4 0.6 0.8 1
L1

If 1 = 1/4, then the fixed point x. = [y, u — p?] = [1/4,3/16] is unstable and the
system has a limit cycle as illustrated below, where we observe that trajectories
(starting at the right boundary of the square [0, 1] x [0, 1]) approach the limit cycle
which is plotted using the black solid line:

- - - =

e = = =~~~

081/ Z-———==~
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2. Consider the system of n = 2 chemical species X; and X, which are subject to the

following ¢ = 4 chemical reactions:
XX, 02 X, X, 220 2X; + X, 23X,
Let x1(t) and z5(t) be the concentrations of the chemical species X; and X, respectively.

(a) Assuming mass action kinetics, write a system of ODEs (reaction rate equations)

describing the time evolution of z(t) and xo(t).

(b) Assume the problem has already been non-dimensionalized and choose the values

of dimensionless rate constants as
/{?1:/JJ and k2:k3:k4:1,

where i1 > 0 is a single parameter that we will vary.

Show that a supercritical Hopf bifurcation occurs at some parameter value p = p..,

where you should determine the value of y = . at the bifurcation point.

(c) Find an approximation of the amplitude and the period of the limit cycle close to

the bifurcation value u = ..

(d) Sketch the phase plane for u close to u = ...

Solution:

(a) Using the definition of mass action kinetics (covered in Lecture 1), we have:

d

% = kQ—(k1+k’3)$1+l€4fU%$2
dx

d_tz = kﬁll'l—k4{['%l'2

(b) Using our values of parameters k; = p, ky = k3 = ky = 1, we have

de‘l

E = 1- (u+1)x1+xfx2
dZEQ 2

— = pum — xjT

dt e

This system only has one critical point

x. = [1, .
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The Jacobian matrix is

DE(x) — (29:1332 —p—1 i ) |

2
W — 21179 -7

Df(x,) = (“__Ml _11> .

The eigenvalues solve the quadratic equation

giving

M+ 2-mArA+1=0,

which implies

VLo HmZEVupe—4)
+ — 2 .

If € (0,4), then we have two complex conjugate eigenvalues
Cp=2 4 —p)
)\i = +1 .
2 2
The real part is positive for u > 2 and negative for < 2. We have a pair of purely

imaginary eigenvalues at the bifurcation point p = 2, when
P

and the stability of the critical point x. changes at the bifurcation point u = 2.

Introducing new variables

_ _ . pu—2
ZL‘1:ZL‘1—1, Ty =Ty — WU, M:T,

the ODE system transforms to

dz

d—tl = QU+ DT+ T + 25T + 2(A+ 1) + T,
dfg . — _ _ — - — —2 =2 =
prl —2(m+1)Ty — Tg — 27172 — 2(m+ 1)T] — T7 To

which can be written in the form
d (7, N _ N T
— =M@ ||+ QT+ 2E+1)T] + T 1) : (2)
dt i) i) —1

where matrix M (@) is
B 2n +1 1
M(m) = _
-2(pm+1) -1

Close to the bifurcation point 7z = 0, matrix M (zz) has eigenvalues

Ae(7) = (1) £ iw(B)
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where

which implies
a(0) =0, w(0)=1, a'(0) =1, and  «'(0)=0.

Matrix M (0) has eigenvalues Ay = +i with eigenvectors

-()0)

We introduce change of variables
T -1 1\ (wn o (7 L{0 1\ [&
= with inverse == .
fg 2 0 Y2 Y2 2 21 fg
Using (2) at the bifurcation point r = 0, we get
dfy)y _ 1(0 1) d(m
dt Yo 2\92 1/ dt Ta
1 (0 1 -1 1
_ 1 M(0) 1
2 Y2
1
< > 2$1$2+2x1+x1x2)< 1)
2 oy [ 1
= ( )( ) _y1+y1 23/1yz+ylyz)<1)>

which is in the form
U1 I h1(y17 y2)
Y2 hz(y1, ?JQ)

i) (

ho(yr,y2) = —ha(y1,y2) =5 —yi + Ui — 2912 + v1 05 .

where

Evaluating the partial derivatives at the origin 0 = [0, 0], we get
1 (03h, Phy DPhsy 83h2> 1 [ 0?hy (@2111 02h1)
a(0) = — + + + +
W (5y§’ Or0ys ~ Oyidy>  0Oy3)  16w(0) [0y10y2 \ Oyi ~ Oy3
0?hy (82h2 N 82h2> B 0?hy 8hy N 0?hy 82h2}

OBy \ B2 Oy oy Oy = Oy3 Oy
1 1
= (-6-2-4+0)+ mT(())[O<2_2>_O(_2+2)_2(_2)_2(2)]
_ 3
- -5

Since a(0) < 0, we have a supercritical Hopf bifurcation at w = 0, i.e. the original

system has a supercritical Hopf bifurcation at y = 2.
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(¢) The normal form is

ﬁ—_r— §7’3+
a Mg
do
-~ -1
dt i

Origin 0 is stable for @ < 0, 7.e for © < 2 and unstable for @ > 0, 7.e for pu > 2.
A stable limit cycle is born with amplitude

2(p —2)
3
and period 27 at the bifurcation point for g > 2. The limit cycle can be approxi-
mated by
2(p—2)

which corresponds to an ellipse in z; and x5 variables.

(d) If u < 2, then the fixed point x. = [1, ] is a stable spiral and trajectories approach
this stable critical point as shown below for 1 = 1.9, where we plot a trajectory

starting at [1.4, 3] as the green line. Nullclines are visualized as blue lines:

—_
=
=
—_
2 =~
=
=
—_
—_
1 =
= _
=
=
=

—nullclines
~| .
—trajectory

3

7 = =

If 1 > 2, then the fixed point x. = [1, u| is unstable and the system has a limit
cycle as illustrated on the next page, where we observe that the green trajectory
approaches the red limit cycle. The approximating ellipse is visualized as the black
dashed line. The bifurcation diagram can also be visualized in the p—x,—x, space,

as shown on the next page, with (stable) limit cycles included for p > 2.
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3. Consider the second-order ODE describing an ‘asymmetric spring’ in the form
d*z

@:—.114‘81’2

(a) Rewrite the ODE as a planar system of autonomous ODEs.
(b) Find and classify all critical points.

(c) Consider the periodic orbit satisfying

dz
7
Use the Poincaré-Lindstedt method to find the expansion of the frequency of this

2(0) = A, 0) = 0.

orbit up to [and including] terms of O(£?).

Solution:

(a) Denoting

dx

dt’

we can rewrite this second order equation as the following planar system of au-

hW=x and Yo =

tonomous ODEs

dy,
dt
dye
dt

= —uy + eyl

(b) The critical points are obtained by solving 0 = —y; + ey? and yo = 0. We get
ye1 = [0,0] which exists for all e € R and y.o = [¢7!, 0] which exists for € # 0. The

Jacobian matrix is
0 1
-1 + 25y1 0

Df(Ycl) = (_01 (1)> and Df(yc2) = (? (1]) :

The eigenvalues are Ay = 4+ at y. and Ay = 1 at y.. Consequently, y.; is a

giving

center and y., is a saddle whenever it exists.

(c) We transform the time variable as 7 = w(e) ¢ where 27/w(e) is the period of the

periodic solution. We obtain

wz(a)P = -z +ex (3)
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where we denote the solution by z(7;¢). We have x(7 + 2m;¢) = x(7;¢) and, by

translating time if necessary, we also have

d
d—i(O; e)=0 and  z(0;e) = A,

where A is the amplitude. We expand
x(Ti€) = 2o(7) + e21(7) + % 22(7) + ... and w(e) =wy + cwy + 2wy + ...

Substituting into (3) and equating coefficients of & gives
0 dr2
Thus wy = 1 and

= — with xo(T + 2m) = 20(7) .

xo(7) = A cos(T).
Equating coefficients of ¢! gives

dzl'l d21‘0
“o dr2 T 2wow dr2

Substituting wy = 1 and zo(7) = A cos(7), we get

d? A2
d_x; + 21 = 2w Acos(T) + A?cos?(1) = 2w, Acos(t) + - (14 cos(27)).
-
Eliminating the secular term gives w; = 0. Solving the resulting equation, we get
2 A2
x1(T) = ¢1 cos(T) + cosin(7) + > "6 cos(27) . (4)

=—x, + 12 with  z(7 4+ 271) = 21(7) .

Using the initial conditions, we get ¢; = —A?/3 and ¢ = 0. Consequently, we have
A% A2 A?

x(7;e) = A cos(T) + ¢ <7 iy cos(T) — 3 cos(27')> + O(£).

Equating coefficients of £2 gives

2 dQZEQ dzl‘l dzIo

0 d-2 + 2&)0 w1 a2 + (2 Wo wo + wf) a2 = — X9 + 21’0 I .
Substituting wy = 1, wy; = 0, x¢(7) = A cos(7) and equation (4) for z1(7), we get
d? A? A2 A?
2 re = 2woAcos(tT) + 2A cos(T) | — — — cos(T) — — cos(27)
dr? 2 3 6

A3 A3
= <2sz + 57) cos(T) — rs (24 2cos(27) + cos(37)) .

Eliminating the secular term gives

5A3
2 0% A + T = 0
which implies
5A?
Wy = ——.
12
Thus, we conclude that
5e2A?
=1- O(e*
w D + (6 )
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Section C: Problem 7

7. Hilbert’s 16th problem considers planar ODEs which can be written as
dl’l

E = f1($1,$2),
dzy (*)
E = f2($1,$2),

where fi(z1,x9) and fy(x1,z5) are real polynomials of degree at most n. In its classic
formulation, Hilbert’s 16th problem asks questions about the number and positions of
limit cycles that such a system of ODEs can have. Denoting H(n) the maximum number
of limit cycles for such ODE systems, neither the value of H(n) (for n > 2) nor any
upper bound on H(n) have yet been found.

(a) Show that H(2) > 1 by finding quadratic polynomials fi(z1,z9) and fo(x1, z2) such
that the ODE system (x) has a limit cycle.

(b) Show that H(n) > 2 by finding polynomials fi(z1,zs) and fo(z1,x5) of degree n
such that the ODE system (x) has two limit cycles. Choose the degree n of the

polynomials in your example as small as you can.

(¢) Show that H(n) > 4 by finding polynomials fi(z1,x2) and fo(zq,x2) of degree n
such that the ODE system (%) has four limit cycles. Choose the degree n of the

polynomials in your example as small as you can.

(d) Some ODEs in the form (x) describe chemical reaction networks with two chemical
species (for example, we have seen examples of such ODEs in Questions 2 and 5
on this Problem Sheet). Are your answers to parts (b) and (c) describing some
chemical systems, i.e. could you find a chemical reaction network described by
your ODEs? If not, can you solve parts (b) and (c) to find ODEs that describe

chemical reaction systems and have the corresponding number of limit cycles?

Solution:

(a) An example was presented in our Lecture 11, when we discussed the homoclinic

(saddle-loop) bifurcation. It was given as follows:

dl‘l 2
E:M$1+$2—$2—$1$2
d.TQ
N — —
dt '
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To analyze this system, we observed that there are two critical points at
X1 = [0, 0] and  x. =[0,1].

The Jacobian matrix is

— 1 — 27, —
Df(x) = <”_1932 ”;2 1

Df(x.1) = ( _“ : é) and  Df(xp) = (’“‘__11 _01>

We considered the eigenvalues of Df(x), i.e.

2 _
N B v —d

2 2

N——

giving

to deduce that there is a supercritical Hopf bifurcation at u = 0. The limit cycle
then exists in interval

1 € (0,0.135454802155 . .. ).

It is created at g = 0 using the supercritical Hopf bifurcation and it disappears
at ;= 0.135454802155 ... using the homoclinic (saddle-loop) bifurcation. Conse-
quently, we can choose p = 0.1 to get an example showing that H(2) > 1. The
phase plane is plotted here:

Z2
o —h
o o —_ o
N/ 7 =~ NN\ O\ N

o
o

’ = T T — = /‘—limit cycle
-1 0 1

1
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(b) There are different constructions which can lead to planar polynomial systems with

two limit cycles. For example, you can start in polar coordinates with

o _
dt

g = 7"(7“2 — 1)(7“2 —4) and

dt ! (5)

which has two limit cycles with radius » = 1 and » = 2 and transform it to the

ODE system () with n = 5 given by

dx
5 = “Ptmtta - D))+ el - 4)
dx
4 = Dtmt e - D)+ ad - 4)

The value n = 5 is not optimal and it can be decreased to n = 2, as discussed in
Lecture 13.

(¢) As in part (b), we could start in polar coordinates where system (5) would be

replaced by

dr 9 2 2 2
T =r(r*=1)(r" —4)(r* —9)(r* —16) and

dé

pri 1
giving us a polynomial system with four limit cycles (at r = 1, r = 2, r = 3
and r = 4) which transforms to the ODE system (x) with n = 9. As discussed
in Lecture 13, you could construct systems with smaller values of n. In fact,
quadratic systems with four limit cycles have been found in the literature, so the

optimal answer to this question would again be n = 2.

(d) The polynomial systems discussed in parts (a), (b) and (c) are not representing any
chemical systems. To construct chemical systems, we could first shift the dynamics
to positive quadrant (by translation) and then multiply the right hand side of the
first ODE in (x) by x; and the second ODE in (%) by x5, which would increase the
degree n by one. In fact, one can prove that chemical systems require at least one
cubic nonlinearity on the right hand side (all chemical systems with limit cycles in
our problem sheets and lectures included a trimolecular reaction leading to such a
cubic nonlinearity). For further discussion and constructions of chemical systems

with limit cycles, see:

R. Erban and H-W. Kang, “Chemical Systems with Limit Cycles”, Bulletin of
Mathematical Biology 85, article 76 (2023)
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