
 

Chapter 7
Properties flatness

We have already seen a bunch of
types of morphisms

open immersion closed immersion separated

we will now learn few more properties
of morphisms some techniques to prove them

Properties

In topology compact V5 Ххуву
sends closed sets toclosed sets

delta map of schemes f X is
closed if z x closed subset FLIES is closed

2 A map is universally closed if
base change of it is closed boo

dld I
relative compactness

Non example A Spect is closed but
its base change A A A is not 2 ху 1 A 0

a в tub closed notclosed



Rem Many properties of morphisms are

preserved under base change leg separated
and we tend to prefer such properties

def A map of schemes fix 9 is proper
if it is universally closed separated and
finite type A scheme is proper if speak is proper

We have seen finite type k schemes ingeneral
it means gluing from spectra of fog algebras

date f x у is of finite type if

open cover 9 Ovi V SpecBi
sit f v1 has a finite open cover bySpeedy
where each Aig is a fig B algebra

Rem Propermess is stable under base change
f X У proper 7 У ZYX 7

proper

Ex Ak Speer not proper
Кр Speck proper

more on that below 451414
These 3 conditions together seem tedious tocheck
But luckily there's a coed criterion
which works when you add
an extra mild condition on noetherianily



Valentine criterion

def A scheme X is Noetherian if

Elsecar Ai Noetherian rings
all ideals of Ai are fin gem

Then Valentine criterion of proneness
Let f У map of schemes Noetherian
Then F is proper iff dur A with Fractal К

given spec К

Spec A
If

arithmetic criterion for germ top property

We won't prove it but
we will see how to use it in examples

Reminder on dur's

examples Zip Ip KCET local rings of pointson smooth curves

it's a PID with one non zero wax ideal m

it has a uniformize.ru т А

and
any ideal is ПК KEN A mn

Hae A can be written as a u.tk ne

V tekist u.tk UEA he



Applications

Why is proper hence Whisperer VR is proper
by base change

pick A a dur Franc A K I

unformiterwaut.PLК PILA bijection
hogfspecA.PL
A points of Pf

A K point of hi is titlist
Let z IF pick mensothat.ie A
then to its ti A point

Airspeed is not proper tu
take A LEFT k k IT
consider Spec К AL givenby 1,1 1
It cannot be extended to an A point
Веселье 14 4A

a b closed Spec E proper

bijectilfAEPFIbijeati.ve
К P K



Iginla morphism 1 X У is projective
it can be factored as

7 15
Fact У Noetherian such f is proper
and most proper map arise this way

2 fix У is quasi projective if
it can be factored as

Тинт plate
Fact у Noetherian it's equivalent to

being finite type separated
most maps are quasi projective



Flatness

Spoiler paperless flatness are important
properties for later chapters

sheaves of modules
morally flat maps encode continuously varying families

def A map of schemes f X У
is flat it all Vy.fi Ox are

flat ring hows i e Ox is a flat

Oy.fi module sends injections

to injections

Basic facts about flat modules
М free R module M is flat
Z module is flat iff torsionfree

1 21 sends IIE to 71 7h Not injection

R local mfinit.gsylge
sMflatifffree

localizations of flat morphisms are flat
Exercisey A в flat ring how SpeeВ Spect isflat
Ex 1 open immersion are flat closed immersing

2 Speckle Speck is not flat



Intuition not obvious sorry
f X у that means that
fibers of f vary in a controlled way
That is flatness is a weaker property
than requiring all fibers to be
but it allows to control the differences

Them X y loc Noetherian I У flat

dim y dim dingy y the
fiber over у

wax lengthof chainsof tried closed subsets
x EZ.GE Gta EU

minimising over open EU EX
Ex dim m 22 Use because

point e line с plane

ЕЁ milk up in a closed point is not flat
because it is a map that has one

fiber of different dimensions than others

that fiber gets blown up into a propspace
while on the open complement the map is ison



Non examined
flatness is part of further interesting
properties of morphisms such as

f X У is smooth Jacobins don't varnish
f is flat

f У is e'tale smooth.krelat.ve dimensionof
off flat www.itiedo

ns e'tale cohomology which gave the proof
of Weil conjectures


