
 

Chapter 8
Sheaves of modules

90х modules

def Ox ringed space A sheaf of 9 modules

is a sheaf F of ab groups at for Lex open
there is a multiplication

Ох И Flu Flat
compatible with restriction maps
A sheaf of algebras similar def

groups rings

Fact Sheaves of Ox modules 9 algebras
form an abelian category Ox Mod
Нет Дт Совет П Mom

aptpeyoneac.hu
Denote Нот I И наша Flu.at su4tthmdRemFOx module Fse an Ox module
and 5 F induces Frente map of Olinda

Example тоже later
IPE the variety

rational homogeneous
apud unflfithtgissig.tlof и



in particular Gpu d N homog.polyofdegd.in
ĸо 2h

Since Vpn и consists of ratios of polynomials
of same degree we have multiplication

Opala Guld U Guld U

Rem do Guld has no global sections
but still makes sense and is interesting

Moving between spaces
f У ringed spaces

F sheaf of Ox modules abbreviate Я module
SF is an 1,0 module

F is an Oy module via ft fill
Conversely

в an Oy module

L an f y module

16 1
494 ди

Ox module

Claim ft are adjoint functors
for modules over ringed spaces
i.e Hamill 5 Holla 45 life



Rem f X У flat ft Oy Mod Ox Mod is exact

preserves s.es because so do and gff.int
nasi coherent sheaves

defy R ring M R module X Spare
The sheaf associated to M is

w̅ 7 нMf
extended to a sheaf on Spee R in

the same way as we defined Ox
In particular

Т х м Тр тр I Ох
and Т is the shatitication of

Удддддин мда и
schemeУ Speck

let now X be any scheme

def A quasi coherent sheaf F on is

and module sit affine open cover

Thi cohere F EM for some
M modules over 0 47 and 4 41749,4

F is coherent if Mi are finger modules
this notion behaves well for Noetherian X
for non Noetherian the right def is more technical

Ex 09 is coherent for North



Rethinking closed immersion

Recall I 7 их home onto a closed sub
and it It is surjective
Denote I her it

Lemma easy
1 Tax is a sheaf of ideals on

i.e I и is an ideal in 0141 и open

2 I is got cob when Xis Noetherian

3 there's a bijection between goh sheaves
of ideals of and closed subsumes of X
3 can be used for an alternativedefofdosedsubschem.es

Criterion An Ox module F is gal
iff И spec R Ex open

Flu is a sheaf assoc to an R module M

If X Noetherian then F is coherent
iff M's are fin generated
Quasi coherence is a local property
Con affine

Alok MaddyFTII



Ex not every Ox module is quasi coherent

although in practice they often are

1 x Spec kt m ч

F X 0 Fly ых it's a sheaf of
9754761Element
otherwise we'dhave
FIX о Fly 0

2 X Speckles Flu
0 14 I 103 И

if 103GW
it's not gon because FIX 0

3
scyscrapersheatisnotgeohx.AEFLU Iit on

F Т because KID 0 IF

Properties of
9 ooh sheaves

Prop 1 Noetherian f F G glad Of modules
Then her f cokert.im f are also д ooh

2 f X У Esch F д oh Oy module
AF is also 9 ooh for Con need North

because Оу Ох



3 в дooh on IG дooh any in general
although f doux Ooh 4 when X quasicompact

separated
Mon Ex 1 f mA A let FITTS
if t.EE lol A then LF MEI becauseA isaffine
But fluff 10th SEAN yet ftp.fffHence LF is not good

2 f At Speck
toOak kiss EModk notaf.ge k module

so not coherent
Then without proof
f X у proper morphism X У Noth

f Chex Col Y

Ex У I Oy is coherent

Speer i Oy RI for 4 Speer

Gabriel Rosenberg then
Cool theorem Got examined
gamepad and separated e.g variety
ache determines up to isom

considered as an abelian cat



Vector bundles

def A sheaf of Ox modules F is a
vector bundle if it is locally free
Ахах 74 Е Ex open FLEE rally constant
F is a line bundle ifn 1 FI

tlslN3not enough to ask for БОЙ x

Fact for coherent sheaves E that's enough
Construction

F can beencoded by thedata X V4 and

Mug 41
S dig transitionmaps that satisfy

djhodij t.it
Fly IT Vit 44 on 4in

Big picture
vertex Coих EACH Ox Mod

nicest objects but not an abelian category
Кет Coker may be not loc free



TatЕх 1 X Spec R
F M where м is a t.ge projective R module

2 p loc free

use the gluing description
A where A Spect Ё A

017 line bundle with
tj 7g transition maps

Old Gull
α ᵈ dez ttletihjtl.si

Global sections Г mn old
Жж xD falls

Pokdegd

God exercise
0 else

Lemma I У f Letty Vertex
Proofsketch ftOy

A commutes with coproduet.in 9 Mod
can check locally

Than f у finite flat f Vert 4 neatly
for affine f M П considered as a

module over Oyly
and that's when scalar restriction preserves figprimed
Rem in general f does not preserve vectorbunk
e g when is a closed immersion



Why vector bundles
are called so

Construction
E locally free Ox module of rank и

E Нато Е 0 also loc free of rank и

Sym a locally freesheaf of Ox algebras
generalizing V kt symV ktxn.sn
Namely Sym F Hot ios for all localsections

Speyer E
Tot total spaceof E
Т

relative Spec

is an X scheme s.LT st AItxEX
and locally T.tk looks like A И И

In particular SpecSym 09 As
we bring a topological construction togeometry

More precisely A sheaf ofOxalg good as an Ox modelers
Define a set seats with w̅ p SpeeАрĸу
hex affine open bijection 14 Spect 4 define

topology and ring of functions on feet tomake a ftp.e
sections of E correspond to sections s VITAL

дедуĸри milliliter нац умён 1

hex Sch
НотмолодЕН и V14 Else



def An Ox module I is invertible if

FEQCohlxls.t.EE Ox

they form a group cart the operation

Then ZE Ox Mod is invertible iff 2 is a line bundle

Elif 2 line bundle и

consider its dual bundle 2 Home 2,0

Claim
297 Ox canonical pairing

over affine basis where 2,27 are trivial
this is the canonical map RqHome R R

R

2 invertible
locally on affine opens 20510 becomes

Mq NTR
Claim such M and N are projective of finite rank
Texerciseincowm.org nothing fancy

Then M N are locally free and

Мрррр Rp implies M N are

loc free of tank 2 so 2 is a the bundle


