
 

Chapter 9
Divisors

more details Hartshorne Chapter 1.6
Moral codim1subscheme.is are the easiest
closed subschemes.to study because height 1
ideals in good cases are principal
Recall Z EX closed codimension of Z ink
is cadiz sup a Z 7 9th EX

closed irreducible subsets
Weil divisors

Assume Noetherian integral separated
and that all Ох of dim 1 are dur's

lie X is regular in Colin 1 е g smooth or normal

dL A prime divisor on X is a closed integral
subsume of colin 1

A Weil divisor is an element of
Dirty

FEELS
A Weil divisor is effective if it has positivecod

Construction divisor of a function
few ns dir f Lord f У where only f

ptfe is thevaluation offinQ.myОн



sum of zeroes minus poles with multiplicities
Prop diff is in fact a divisor ie

the sum is finite use acomp.at

def A principal divisor is diff
They form a subgroup of Div X
because diff div д dir f д
The class group of is

eecy bivlhlprii.sk

interesting invariant hard to compute
easiest of Chow groups of
for X Spec R it's the CI from number theory

Calculations

X Speed A URD СЕИ 0

because every prime divisor is principal
if is normal 7 0 A is a UFO

К Tallest Iterated by H

hyperplane
Proof consider degree map

deg DIVINE Ж
gdegree

of a hypersurface
Eng У hy deg.ly



Let's extend dirt to all functions on WI

д Ekta xD hong of deg d

д g 9in g iv red of deg di ns

each g defines a hypersurface Yi of deg di
define dir д En У E Div IPI deg d

ĸ Р consists of fu g h hong ofsame degree
die E dirty dirty has deg

so deg factors as deg Clink
surjectivityid.CH d for 4 say 4 0 03
infectivity let deg D d for DEDUCE

write D D D for D D effective ofdegdi.de
Then Dis div gi for some hong gi because
imed hypersurface in MY hong prime idealof height 1 inkeco n.snand such an ideal isprincipal
Taking powers andproducts get any Di as dirty
Now D d H divlflwheref 91gs.EUPIzDEd4Propn ZasX closed 4 X Z

easy Мх Celal givenby intersectionwith и
2 colin 73 2 it's an isom
3 codimt.si Z tried 7

737,1404 0 is exact excision

И Ill deg d
sequence

Cor hypersurface

cells 7 я



Cartier divisors

Closely related notion
harder to define
easier to compute

Assume X Noetherian integral separated
recall D principal D diff feklxlikf.isdefined up to Futile functions

so D gives a section of KYO
pL

def A Cartier divisor on is a global section
of the sheaf KYO it's given by

Ui field sit

Ё lung 4inch
and we identify Cartier divisors given by
refining the open cover and also
hi fi Ui piti for bed И

They form a group Cartier via of fi's
A Cartier divisor is principal if
it is given by a rational function fell

Ui f.pe for pied Ui

Call x Cartier
principal
divisors



Cartier to Weil X integral North sep
regular in colin 1

fix D ui.fi
у EX codim.se integral Ji h Elli ns

take val fi hey and define
0m

DE Carthy h У E DIVA
reading by invertible function doesn't changed

Thin DX as above all buildings.it Ebsss
Cartier x Dir X and

principal Cartier principal Weil

Key A is UTD height 1 primes are principalidea
Moral Cartier divisors are tilde divisors

that are locally principal

Non Ex X singular Isom can fail

Spec htogy.tl uy z2 AI

Call x o but cl 7h

where Elr is generated by 2 у 7 03
At Et we need 2 equations to cut out 2
1 equation is not enough not locally principal



Connection to line bundles

def The Picard group of Is
pick lineup ish invertible by

There's a canonical map last chapter
Call x Pick

D ui.fi NOCDYTUINCfi.MU xij fIEoYu
principal hi f 860 20
Claim Call x Pick is an isom integral

we'll see later why

Example do check for и 1

4 4203 Uta fi 011
т Н Kitt fi хд Um

icon calling pic 1nF

I I I
subschemes sheafsections line bundles

1
cool comparison

Next week use scheme cohomology to interpret
Cartier divisors line bundles


