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EULER EQUATIONS

Op + div(pv) =0,
O (pv) +div(pv ®v) + Vp=0,
Bu(pE) + div{(E + pyv) = 0,

p density, v € R? velocity field, p = p(p, S) pressure, S entropy,
E = e+ 1|v|? total energy, e = e(p, S) internal energy.
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EULER EQUATIONS

Symmetrizable in terms of (p,v,.S) under the hyperbolicity conditions

’p>0, pp>0,‘

%(atp—i—v-Vp)—l—V-v:O,
p{Ow + (v- V)v} + Vp =0,
8tS+U'VS:0,

that is
(Pp/P)(Or +v - V) V- 0 P
\V4 p(0: +v-V)I3 0 v | =0.
0 o7 O+v-V/) \S

If d = 3 the size of the matrices is N = 5.
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EULER EQUATIONS

Boundary matrix:

(pp/p)o-v VT 0
A, = v pv-vlz 0
0 QT V-V

If v.-v =0, then

rank A, = 2 (characteristic bdry),

p=1 (one b.c.),

ker A, ={U' = (p',v',S") : p =0,v" - v =0}
C kerM ={U" : v -v=0} (reflexivity),
Projection onto (ker A,)*

1 0of o
P=|0 v®vr 0
o of o

P has the regularity of v.
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IDEAL COMPRESSIBLE MAGNETO-HYDRODYNAMICS

Op +div(pv) =0,

Ot(pv) +div(pv®v— H® H)+Vqg=0, (1)
O0H -V x(vxH)=0,

Bu(pE + LIHI?) + div(pF +p)o + H x (v x H)) =0,

p density, v € R® plasma velocity, H € R® magnetic field, p = p(p, S) pressure,
q=p+ %|H\2 total pressure, S entropy, £ = e + %|v|2 total energy, e = e(p, S)
internal energy.

Under a state equation p = p(p, S) and the 1st principle of thermodynamics, (1)
becomes a closed system for the unknown U = (p,v, H, S).

(1) is supplemented by the divergence constraint on the initial data

divH =0. (2)
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Symmetrizable in terms of (p,v, H, S) under the hyperbolicity conditions

’p>0, pp>0,‘

pp(Or +v - V)p+ pdive =0,

p{0w+ (v-V)v} +Vp+ H x (Vx H) =0,
OH+ (v-V)H — (H-V)v+ Hdive =0,
oS +v-VS =0,

that is
pp/p 07 0" 0 P
0 pI3 03 O v
o 0, 1 o|%|m|T
o of of 1 S
(po/p)v -V V- 0f 0 P
\Y pv - VI3 V()-H—-H- VI3 0 v
0 HV -—H VI v-Vis 0 H
0 oT oT vV S
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A different symmetrization with the total pressure ¢ = p + |H|?/2 instead of p:

2 (@ +v-V)g—H @+ (- V)H) +V v =0,

PO+ (v-V))v+Vqg— (H-V)H =0,

@+ (v V) H — (H - V)o—
_%H((atJrv-V)q—H-(8t+(v~V))H) =0,

S +v-VS =0,

that we rewrite as

pp/p 0" —(pp/p)H" 0 q
0 p13 03 0 v
= ol
—(pp/p)H 03 ag 0 ‘| ' +
0 o7 o7 1 S
) 3)
(pp/p)v -V V- —(pp/p)H v-V 0 q
V pv-Vlg —H~VI3 Q v —0
—(pp/p)Hv-V —H - VI3 aov - V 0 H|
0 07 0T v-V/) \S

where ap = I3 + (pp/p)H & H.
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If d = 3 the size of the matrices is N = 8.
Boundary matrix:

(oo/oyo-v VT —(pp/p)H vy 0

A — v pv - vis —H -vi; 0

Y7 | =(pp/p)Hv-v —H -vis apv - v 0
0 o o vV

@ Ifv-v=0, H- v =0 (perfectly conducting wall b.c.), then

rank A, =2 (characteristic bdry), p=1 (one b.c.),

ker A, ={U' = (¢',v',H',S") : ¢ =0,v -v=0}

C ker M ={U" : } (reflexivity)

(H' - v = 0 restriction on the initial data),

Projection onto (ker A,)™:

1 of of o
|0 v®v 03 0O
P=10 0, 05 0
o of of o
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° IfH-z/:Oandv-u;é(),v-u;é%:tc(p),then

ker A, = {0}, P =Id.

(Non-characteristic boundary)




EXAMPLES: EULER EQUATIONS, MHD

CHARACTERISTIC IBVP FOR HYPERBOLIC SYSTEMS y
- y ANISOTROPIC SOBOLEV SPACES AND MHD

@ Ifv-v=0and H-v #0, then

ker A, ={v'=0,vq¢ — (H -v)H' = 0},
rank A, = 6.

Projection onto (ker A,)™:

A of —AH-v)VT 0

P = Q I3 03 Q
—AH-v)y 03 Iz—Av®v 0

0 0" 0" 0

where A := [1 + (H -v)?] 7.
P has the (finite) regularity of H - v (for 9Q € C*°).
Well-posedness in H™ (full regularity) [Yanagisawa Hokkaido MJ 1987, Shirota].
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CHARACTERISTIC HYPERBOLIC IBVP

Consider the problem

Lu=F in Qr,
Mu=G on X, (4)
Ujg=0 = Uo in Q,

where
@ QCR",Qr=0x(0,T),2r =002 x (0,T)
@ L:=Ao(t,z)0 + 37, Aj(z,1)0z; + B(t,z), Aj, B € Mnxn
@ M = M(z,t) € Maxn, rank(M) = d (maximal rank)
@ u(z,t) € RN, F(x,t) € RN, uo(x) € RN, G(x,t) € R?
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CHARACTERISTIC BOUNDARY

The boundary 02 is characteristic if the boundary matrix

AV = zn: Ajl/j
j=1

is singular at 9 (not invertible). (v = v(z) outward normal vector to 9%2).

The boundary 92 is characteristic of constant multiplicity if

dim A, = const at  09.

Full regularity (existence in usual Sobolev spaces H™(£2)) can't be expected, in
general, because of the possible loss of normal regularity at 0f2.

[Tsuji, Proc. Japan Acad. 1972]

MHD [Ohno & Shirota, ARMA 1998], ill-posedness for the MHD eqn.s (with
perfectly conducting wall b.c.) in H™ () for m > 2
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ANISOTROPIC SOBOLE

Generally speaking, one normal derivative (w.r.t. 952) is controlled by
two tangential derivatives. Natural function space is the

weighted anisotropic Sobolev space

HM(Q) :={ue L*(Q): Z2°0% ue L*(Q), |a| + 2k < m},
where
Z1 =0(x1)0z, and Z; =0,; forj=2,...,n,
if @ = {z1 > 0}, where 0 € C°°(R.) such that o(x1) = x1 in a neighborhood of

the origin and o(z1) =1 for z1 large.

[Chen Shuxing, Chinese Ann. Math. 1982],
[Yanagisawa & Matsumura, CMP 1991].
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RESULTS

Most of results have been proved for

Symmetric hyperbolic systems

maximal non-negative boundary conditions on the characteristic boundary
of constant multiplicity:

@ Linear L? theory [Rauch, Trans. AMS 1985],

@ Existence theory in H;"(Q2) [Gues, CPDE '90], [Ohno-Shizuta-Yanagisawa, JM
Kyoto U '95], [Secchi, DIE '95, ARMA '96, Arch. Math. 2000], [Shizuta,
Proc. Japan Acad. MS 2000], [Casella-S.-Trebeschi, [JPAM 2005, DIE 2006],

@ Application to MHD: [Secchi, Arch. Math. 1995, NoDEA 2002]
Current-vortex sheets: [Chen-Wang, ARMA 2008], [Trakhinin, ARMA 2009],
[Morando-S.-Trebeschi-Yuan ARMA 2023]

Plasma—vacuum: [S.-Trakhinin, Nonlinearity 2014],
[Morando-S.-Trakhinin-Trebeschi-Yuan 2023]
FBP [Lindblad-Zhang, ARMA 2023]
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Consider (3) with perfectly conducting wall b.c.s

"U'V:O, H~l/:0.‘ (5)

The corresponding i.b.v.p. has the form (4) (F = 0,G = 0) for u = (q,v, H)".
Assume

‘Q:Ri:{w€R3:m1>0}.‘

(so that 9Q = {z1 = 0}, v = (—1,0,0)).
We write the operator L in (3) in the form
3
L:=Aodi + > (Aj + C;)ba;,
j=1

where
Aj=Aj(w) j=0,1,2,3,

Cj are constant symmetric matrices,

AV = Z?:l Ajl/j = —A1 =0 on ET,
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The boundary matrix is —A; — C1, where

0 1 0 0
1 0 O 0
Ci=|(0 0 O 0
0 0

(rank Cy = 2). Accordingly, decompose

Al AT .
A = <AHI AHU) ) ©=0,1,2,3,

(AT € Maye, Al € Mays, AFT € Msya, AP € Msys),

u = (’LLI,’U,H)T,
u! = (g,01)" (non-characteristic part)
u" = (va,vs, Hi, Ha, H3)" (characteristic part).
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Then

0 1 I
Byl = — <1 O) (Aoatu + A8y u+ X0 (A + cj)azju) (6)

where A10;,u behaves like Z1u = o(21)0z,, because A1 =0 on .

I

Therefore 0, u" is equal to tangential derivatives only.

It suggests the introduction of a second weighted anisotropic Sobolev space with
some more regularity:

HZ(Q) :={u € L*(Q): Z*0F ue L*(Q), |a| +2k <m+1,|a| <m}.

In fact:
H(Q) = {ue H™Q): d,u € H ' (Q)}.

(Here 9, = 01)
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CHARACTERISTIC IBVP FOR HYPERBOLIC SYSTEMS

To prove the apriori estimates of the solution to (3), (5) we use

LEMMA (1)

Let U = (Q,V,W) (with Q € R and V,W € R?) be a sufficiently smooth solution
of

Ag0:U + Z;L:I(Aj —+ Cj)ajU =F
be such that
either @ =0 or Vi=0 on Xr.

Then?

t
wllUOI2 ) < a3 IUO ey + [ (2 [Fvass \DwA|Loo|\U||i2(m) a
0

for all t € [0, T), where DivA = d; Ao + > 0i4;.

we assume ag < Ag < 1/ag for a given constant 0 < ag < 1.
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@ We apply Lemma 1 for the estimate of the tangential derivatives U =
(Jo] € m), because Vi = Z%v; = 0 at 99 (by tangential differentiation of
v1 = 0 along the boundary). (Also true for time derivatives)

LEMMA

Assume m > 5. Let u be a sufficiently smooth solution to (3), (5) such that

[ullls,ex < K in Q. (@)

Let‘ DY = 980001 95293

for o = (aw, . .., as) with |a| < m. Then Dgu satisfies

aoIID%U(t)IIQ < ag || Dgu(0)]*+
+C/ {@UONIDSwll + (1Al e el 7+ el s 181l 1, s
0

for all t € [0,T].

@ = i 105 u@) ks O = 35 10F0(E) 7w
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@ The alternative possibility 2 = 0 suggests that we can exploit the property
01q=—p(Ow1+v-Vu)+H-VHi =0 at Xp

(because of v1 = H; = 0 at X7) for the estimate of one normal derivative.

@ Again, we use Lemma 1 for the estimate of tangential and one normal

derivatives U = (18] < m — 1), with Q = ZP81q = 0 at IR (by

tangential differentiation of 91¢ = 0 along the boundary).

@ The better estimate allows to solve the problem for u in H[;(€2) (instead of
HI'(9).
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CHARACTERISTIC IBVP FOR HYPERBOLIC SYSTEMS

LEMMA

Assume m > 6. Let u be a sufficiently smooth solution to (3), (5) satisfying (7).
Let B = (Bo,...,PBs) a multi-index with |3| < m — 1. Then DY d:u satisfies

aol| D} dru(®)|* < ag || Dy d1u(0)|*+

/{<I> NIDG 10> + 1| Al el | | 11810111, 1111 [|m—1, }els

for all t € [0,T].

The norm in the requires more regularity than u € H,(Q).

PAOLO SECCHI CHARACTERISTIC IBVP’s AND MHD



y . . - IXAMPLES: EULER
CHARACTERISTIC IBVP FOR HYPERBOLIC SYSTEMS DXARTILESE L

ANISOTROPIC SOBOLE

@ To complete the estimate of d1u’” in H"~!(Q) we need to estimate

for |y| + 2k < m + 1,k > 2. This is obtained from rows 3 to 7 of

(3) that we write as

(A5 00+ 355, A Mot = G (8)
with s
G=- <(Aé”8t + ZAj-”aj)uf> :
Jj=1
that is
H - Vm
G 0
GZ(G;)’ G1:—(8§Z>, ng%”H(@tq—&—v-Vq)—&— 0 ,
0

where (8) is a transport-type equation because the boundary matrix AT =
at 99, and no boundary condition is required.
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CHARACTERISTIC IBVP FOR HYPERBOLIC SYSTEMS

LEMMA

Assume m > 6. Let u be a sufficiently smooth solution to (3), (5) satisfying (7)

and decomposed in the form uw = (u’,u™). Then u™ satisfies

t

aol| D38k ()|I® < a5 Dy 8ku (0 >||2+c/{ (K)|IDL 0% |2+
) el o, e s

for all t € [0,T], and for any multi-index v and integer k > 2 such that
|v| + 2k <m + 1.

Q
(L4 (1Al ) (IHUIIIm,** +\ 1191gll[m—1,5x + [[|0101]][m—1,5x

The norms in the require more regularity than u € H[; ().

We introduce a third function space:

H%,(RY) = {u € H(RY) : 81w € H2 M (RY)}.
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@ At last, the estimate of (]v] + 2k <m+ 1,k > 2) is obtained by a
direct estimate of (6):

1 I
Bpytsd = — (2 0) (Aoatu + ArBayu+ X2, (4; + cj)amju) :

LEMMA

Let u be a sufficiently smooth solution to (3), (5) satisfying (7). Then for all
t€0,T):
(i) the pressure q satisfies the estimate

1101 [lm—1, < CK) ([l x4 [[[01; Ha|[lm, )
(ii) the first component of v satisfies
0101 [m—1,x < PO [l [0

(iii) the non-characteristic part (q1,v1) and H, satisfy

g1, v1, Ha|lm,ene < @K |r]] |-
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SOME TECHNICAL TOOLS:

@ Imbeddings:
HIHDAFY () < 02(0)

HI(Q) — C%(Q) for m >n/2.

@ Product of 2 functions:

n—+1
[[wv||am @y < Cllullam @ llvllar @) m > 1, r = max{m, [T]Jr?}:
lluv||gm @) < Cllullam @ llvllaz, @) m>1,1,r = max {m,2 5] +2},
llwv|[am ) < Cllullam @ llvll a7, (@) m > 1,17 =max{m,2[§] +2}.

@ Compactness:

Q C R™ open bounded set with C°° boundary. The imbedding
H™(Q) — H™ (Q) is compact.
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HARDY-TYPE INEQUALITIES:

@ If A=0o0n 9Q = {x1 = 0}, let’s define U(z1,2') = A(z1,2")/0o(z1).

Then
HUHH;"—?(]RLL_) < CHAHH;”(]Ri)v
1O g2 gny < CllAllzz @y),
10N g1y < CllAlz @y,
Ul g1 @y < CllAlaz, @z,
where

H%,(RY) = {u € HL(RY) : diu € HI (R}
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EXAMPLES OF APPLICATION

Estimate of Adiu, given u € H;(R’}) and A € H,(R"}) such that A =0 at 9Q.

o
A o e HIRY) - HIRY) C HR®Y),  m>2([2]+2,
A-due HRRY)-HPURY) C HPU®Y),  m>2[2] 42,
o
" ) ) - 1
=-obw € HI'I(RY)-HIT(RY) € H'TURY),  m-12 [n; }”’
@ If Aec H, (R%):
A m—1 n m—1 n m—1 n e
= o 0'61'11/ € H** (R+) . H** (R"r) c H** (R+)’ =L =2 |:§j| 2
g
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THEOREM (NODEA 2002; 2024)

Let m > 6 be an integer. Let p € C™"! and up = (qo,vo, Ho) € H™(Q), let

Po = qo — |Ho|?/2 be such that p(po) > 0, pp(po) > 0in Q, V- Ho =0 in Q.

The data satisfy the compatibility conditions 8511“:0 cv=0fork=0,....,m—1,
Hp-v =0 on 09.

Then there exists T > 0 such that the mixed problem (3), (5), ujt=o = uo, has a
unique solution on [0, T

u = (g,v, H) € N{ZoC* ([0, T]; H™"())
with p(p) > 0, pp(p) > 0, forp =q — |H|*/2, and V - H = 0 in Q.

Moreover 9 v(t)jo0 € H™ *~1/2(0Q) fork =0,..., m — 1,
H(t)joq - v € H™"Y2(0Q), for each t € [0,T).
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