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1. Let © = (0,1) and b, f € C(Q) be given functions and uy,ur € R be given nonnegative
constants. Consider the elliptic partial differential equation

(a)

—u"(z) + b(z)u (z) + u(z) = f(x), x €, (1a)
u(0) = ur, (1b)
u(l) = ug, (1c)

[3 marks] On the uniform finite difference mesh
Qp = {x;:=ih, i=0,...,N}

of spacing h := 1/N, where N > 2, formulate a finite difference approximation {U; : 0 <
i < N} to (1) of the form

LyU; = fi, I1<i<N-—-1,

using the three-point stencil for the second-order term —u” and the two-point central
difference operator for the first order term '

[6 marks] Show that if f < 0 on Q and [bllc:@yh < 2, then U satisfies

max U; = max{ur,ug}.
OSIiEN i {La R}

[6 marks] Suppose that there exists § > 0 such that [[b]@)h < 2 —J. Show that there
exists A\ > 0 such that the mesh function W; := e i satisfies

LyW; <0 1<i<N-1.
Then, under the same assumptions, show that if f < 0, then U satisfies

max U; = max{uy,up}.
O<iEN 7 { ; R}

[4 marks] Suppose that uy, = ug = 0. Show that if [|b]|¢cq)h < 2, then U satisfies

| < ATl
(Joax Uil < max |f(zi)]

[Hint: Do not use parts (b) or (c).]

[6 marks] Define the consistency error ¢; of your scheme in (a) at the mesh-point x;,
i=1,2,...,N — 1. Assuming that u € C*(Q), show that

max (il < O% (Blleylle”lo@ + 1" low))

1<iKN-1

where C is a positive constant that you should specify. Conclude that if ||b][cqyh < 2,
then

max fu(@) = Uil < O (Ibllcqay e oy + 10" leqw))
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2. Let Q:= (0,1)%, b € R be a given constant, and c, f € C(Q2) be given functions. Consider the
elliptic partial differential equation

—Au + bgz +c(z,y)u = f, in Q, (2a)
u =0, on 0. (2b)

(a) [7 marks] Suppose that u € C%(Q). Show that

/IVU(w,y)Idedyz/{f(w,y)U(fﬁ,y)—C(m,y)uQ(w,y)}dwdy-
Q Q

Hint: The identity 062) _ 20 2 may be helpful.
oy Jy

Then, find a positive constant My > 0 such that if

lelle@) < Mo, (3)
then any solution u € C?(f2) to the partial differential equation (2) satisfies

[ull ) < Coll fllz2(0)s
where Cp is a constant you should specify. Conclude that if (3) holds, then C?(Q) solutions
to (2) are unique.
[You may use the Poincaré-Friedrichs inequality without proof.]

(b) [3 marks] On the uniform finite difference mesh

Qh = {(:El7yj) L Xy = 'Lh, y] ::jh, Z,] :0,,N}

of spacing h := 1/N in both coordinate directions, where N > 2, formulate a finite

difference approximation to (2) using the five-point stencil for the second-order term

—Awu and the two-point central difference operator for the first-order term %‘

(¢) [7 marks] Find a positive constant M; > 0 independent of h such that if
lelle@) < M, (4)
then any solution U to the finite difference scheme in (b) satisfies

1Ull1,n < C1ll flns

where C) is a constant you should specify and || - |15 is a discrete H! norm that you
should specify.

Conclude that your finite difference scheme has a solution and that the solution is unique.
[You may use the discrete Poincaré-Friedrichs inequality without proof.]

(d) [8 marks] Define the consistency error ¢; ; of your scheme in (b) at the mesh-point (z;, y;),
i,7=1,2,...,N — 1. Assuming that v € C*(Q), show that
cm)) ’

where Cs is a positive constant that you should specify. Then, show that there exists
a positive constant Cj, that you should specify in terms of C and Cy, such that if (4)

holds, then
c<m> '
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3. Consider the initial value problem

ou ou 0u
- g — t<T,
0t+a0$+u Ko o< <oo, 0< (5a)
u(z,0) = up(z), — 00 < x < 00, (5b)

where a, k, and T are strictly positive real numbers, and ug is a real-valued, bounded, and
continuous function of z € (—o0, 00).

(a) [5 marks| Suppose that 6 € [0, 1]. Formulate the #-scheme, with § = 1 corresponding to
the backward Euler scheme, for the numerical solution of (5) on a mesh with uniform
spacings Ax = 1/N and At = T/M in the z and ¢ coordinate directions, respectively,
where N > 2 and M > 1 are integers. Use the two-point backward difference operator
for the first order spatial derivative and denote the solution by UJ™.

(b) [10 marks] Suppose that

- 1/2
U2 = | Az Y (U

j=—00
is finite. Find a complex valued function A such that
U™ (k) = AR)"U°(k), k€ [-n/Aw,7/Ax],

for all m = 0,1,..., M, where U™ is the semi-discrete Fourier transform of {U ]m}

U™ (k) := Az Z U;-"e*”“cj7 ke |-n/Ax,m/Ax].

j=—o0

Then, show that the backward Euler scheme (6 = 1) satisfies

1 m
U™ |2 < <1+At> U2, 1<m< M,

for any choice of Az and At.

[ You may use the discrete version of Parseval’s identity for the semidiscrete Fourier trans-
form without proof.]

(c¢) [10 marks] Suppose that u is smooth in space and time. Define the consistency error
17" for the O-scheme in (a) and show that that the backward Euler scheme (¢ = 1) has
consistency error

T?ZO(At+Ax), j€Z, m=0,1,...,M — 1.

Modify the finite difference scheme in (a) so that the Crank-Nicolson scheme (6 = 1/2)
has consistency error
T/" = O((At)* + (Az)?), j€Z, m=0,1,...,M—1

Prove that your modification has the above consistency error.
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4. Consider the advection equation

ou ou
—_— = — <
({)t—l-a(9$ 0, o<zr<oo, 0<tLT, (6a)
u(z,0) = up(z), —00 < x < 00, (6b)

where a and T be a positive constants and ug is a real-valued, bounded, continuous function
of x € (—o0,00).

We discretize space-time (—o0,00) x [0,7] with uniform spacings Az = 1/N and At =T/M
in the x and ¢ coordinate directions, respectively, where N > 2 and M > 1 are integers. The
so-called Beam-Warming scheme for (6) is

urtt —um a a’At
4 ! U —4U™  + Uy) = o5 (U =207, + U 7
At T oAz (30 ot U) 2(Az)? ( 1+ U) (7a)
U? = up(jA), (7b)
where j € Zand m=0,1,...,M — 1.
(a) [10 marks] Show that
m (aAt)? 8u
uj — STONSE 5 (U —2u ) +uly) u— — j + O((At)? + (A1) (Ax)), (8)
where u" := u(jAz,mAt), j € Z, and 0 < m < M — 1. You may assume that u has as
many bounded derivatives as necessary for your arguments.
[Hint: You may want to relate %té‘ to 8 2]

(b) [5 marks|] Define the consistency error T]m, jE€Z,0<m<M-—1, for the scheme (7)
and show that it satisfies

T/ = O((At)* + (Ax)® + (At)(Az)), j€Z,0<m<M-—1 (9)

You may assume that u has as many bounded derivatives as necessary for your arguments
and that (8) holds regardless of your answer for part (a).

(c¢) [10 marks] Find a complex valued function A of the form
Ak) = o+ e~ hAT | =2k,
such that
U™ (k) = [AK)]™U°(k),  ke[-n/Az,m/Az],

for all m = 0,1,..., M, where «, 3, and v are constants that you should specify. Here,
U™ is the semi-discrete Fourier transform of {U;"}:

U™(k):=Az > UPe ™, kel-n/Ax,n/Ax].

j=—o00
Show that
INK)|? = a® + B2 + 42 + 26(a + 7) cos(kAz) + 2ay cos(2kAz),
and
d 9 9 . aAt
%\)\(k)] =2(Az)p(p — 2)(p — 1)“sin(kAz)(1 — cos(kAx)), where p= Ar

Conclude that the Beam-Warming scheme is practically stable if 0 < p < A, where A is
a positive constant you should specify.

[You may use without proof the result that if |\(k)| < 1 for k € [—n/Ax,m/Ax], then the
scheme is practically stable.]
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