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1 Standard integrals, integration by substitution and by parts

In this first section we review some basic techniques for evaluating integrals, such as integration by
substitution and integration by parts.

1.1 Integration by substitution

We introduce this by example:

dx

1
Example 1.1 Evaluate 1 :/ _.
0o V4 —2x — x2

dx

The integral is close to the integral / ———— which equals sin ! z+¢, where here, and throughout
V1— a2

these notes, c is a constant. So we attempt to use this known integral. By completing the square

we may write

4—2x—2°> = 5— (x4 1)?
o (-6))

as follows:

and so we make the substitution ¢ =

<
<+
+

1.2 Integration by parts

Now let us recall the technique of integration by parts. This is the integral form of the product rule
for derivatives, that is (fg)' = f'g + f¢’, where f and g are functions of x, and the prime denotes
the derivative with respect to x. Thus we have

f(2)g(x) = / g(2) f'(x) d + / (@) (z) da
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and we rearrange the terms to obtain

/ﬂ@d@%m=fWM@%i/m@fmym

Similarly, for definite integrals we have

b b
[ 1@ @ ar = @@l - [ o@)@) d.

Example 1.2 Determine I = [ ze®dz.

I = /:cexdx—xex —/exdac

We have

= (z—De*+ec.
O
Sometimes we need to repeat the process:
Example 1.3 Determine [2?sinz dz.
With two applications of integration by parts we have:
/mQ sinz de = z%(—cosz) — /2w(—cosa:) dz = —x*(cos ) + /237 cosz dx
= —z?cosz 4 2zsing — /2sinx dx
= —z?cosz 4 2zsine —2(—cosz) + ¢
= (2—2%) cosx +2zsinz +c.
O

Sometimes we can choose to integrate the polynomial factor if it is easier to differentiate the other
factor:

Example 1.4 Determine [(2z —1)In(z? + 1) dz.

Here we note that the second factor looks rather daunting, certainly to integrate, but it differentiates
nicely so that we can write

2x

— dux.
241 .

/(256 —DIn(z® 4+ 1) dz = (2* —2)In(z* + 1) — /(a:2 — )
The remaining integrand can be simplified by noting that

223 — 227 = (22 — 2) (2 + 1) + (—22 + 2)



(this result may be obtained by inspection, or by long division) so that

223 — 222 2 2
e 2 — 2 — d
/ 221 /(3: a:2+1+:c2+1) v

= 22 -2z —In(2* + 1)+ 2tan" 'z +c.

Hence finally we have
/(2:5 —DIn(z? 4+ 1) dz = (2* —z)In(z? + 1) — 2> + 22 + In(z? + 1) — 2tan" ' 2 + ¢,

where the constant ¢ has been rewritten as —c. O

Sometimes, after two applications of the ‘by parts’ formula, we almost get back to where we started:
Example 1.5 Determine [ e*sinz du.

In this case it doesn’t matter which factor we integrate and which we differentiate; here we choose
to integrate the e¢* and we proceed as follows:

/e“”sin:c dor = exsinx—/excosx dx

= e"sinx — <ewcosx—/e’”(—sinx) dw)

= €"(sinx — cosx) —/exsinm dz.

Now we see that we have returned to our original integral, so that we can rearrange this equation
to obtain

1
/ex sinz dz = iex(sinx —cosz) + c.

Finally in this section we look at an example of a reduction formula.

Example 1.6 Consider I, = [cos™x dx where n is a non-negative integer. Find a reduction
formula for I, and then use this formula to evaluate fcos7x dz.

The aim here is to write I, in terms of other I where k < n, so that eventually we are reduced to
calculating Iy or I, say, both of which are easily found. Using integration by parts we have:

I, = /cos"1 z X cosx dx
= cos" tasing — /(n —1)cos" 2 z(—sinz)sinz dz

= cos" tasinz+ (n—1) /cosn_2 z(1 — cos? ) dz

= cos" tasinz + (n — 1)(I—a — I,).



Rearranging this to make I,, the subject we obtain

1 n—1

I,=—cos" “xsinx+ ——1I,_9, n>2.
n

n
With this reduction formula, I, can be rewritten in terms of simpler and simpler integrals until we
are left only needing to calculate Iy if n is even, or I if n is odd.

Therefore, I7 can be found as follows:

1 6
I; = ?cos6msinx+?l5
1 6 /1 4
= 7cos6xsinx—|—7(5cos4msinx+513>
1 6 . +6 4 +24 1 9 . —|—2I
= —cos'zsinx + —cos xsinx + — | —cos“xsinx + —
7 35 35 \ 3 31
= 1(:osfsnr,’sinzr:—i—Ecos‘*azcsinav—i——1—%(:os2gvsina:—i—ﬁsinm—i—c
T 35 105 105 '

2 First order differential equations

An ordinary' differential equation (ODE) is an equation relating a variable, say z, a function,
say y, of the variable x, and finitely many of the derivatives of y with respect to x. That is, an
ODE can be written in the form

dy d%y dky
f<x7y7dflf7d$2,'”7dl‘k =0

for some function f and some natural number k. Here z is the independent variable and the
ODE governs how the dependent variable y varies with z. The equation may have no, one or
many functions y(z) which satisfy it; the problem is usually to find the most general solution y(z),
a function which satisfies the differential equation.

We will present various methods to solve ODEs. We will usually consider to have solved an
ODE when we will have reduced the problem to that of finding the anti-derivative of some function
(in the old days they would say that we have reduced the problem to a quadrature). But one has
to keep in mind that this is the exception rather than the rule: most of the time ODEs cannot be
solved explicitly. Yet it is important to discuss the classical settings in which they can be solved.
In a second course on differential equations, you will find that there are general theorems that
guarantee the existence and sometimes the uniqueness of solutions to very general ODEs under
some mild technical conditions. Given that we are often not in a position to find explicit solutions,
this is something reassuring to be aware of, even if it is outside the scope of these lectures.

!The word ‘ordinary’ is often dropped when the meaning is clear. An ODE contrasts with a PDE, which is a
partial differential equation.



Solutions to an ODE are rarely unique. For instance the ODE 3’ = f(z) admits all the anti-
derivatives of f(x) as solutions and any two differ by an arbitrary constant. When we ask for the
general solution to an ODE we mean that we want to find all possible solutions. This involves
a description of the domain of the solution. The domain is the largest interval of R where the
solution can be defined. At the end-points of the domain, the solution can typically blow up, or
oscillate wildly or cease to be differentiable. Sometimes we will only consider a restricted set of
solutions where we ask that they satisfy the additional constraint of having a definite value at a
given point, say y(zo) = yo. In that case, we will talk about initial value problems. Even
though the word initial refers to time as a variable and seem to suggest that the domain ought to
be restricted to positive values of the variable, we will disregard this and always ask to find the
solution y with y(z¢) = yo on its largest interval of definition containing xg.

The derivative d¥y/da* is said to be of order k and we say that an ODE has order k if it
involves derivatives of order k and less. This chapter involves first order differential equations.

These take the form
Y fa,y)
—= = f(z,vy).
dr Y

There are several standard methods for solving first order ODEs and we look at some of these now.

2.1 Direct integration

If the ODE takes the form d
Yy _
Y= @),
in other words the derivative is a function of = only, then we can integrate directly as shown in the
following example.
Example 2.1 Find the general solution of

dy_ 2
— =z“sinz.

dx

From Example 1.3 we see immediately that

y=(2—2%)cosz + 2zsinz + c.

2.2 Separation of variables

This method is applicable when the first order ODE takes the form
d
= a@)b(y).

where a is just a function of z and b is just a function of y. Such an equation is called separable.
These equations can, in principle, be rearranged and solved as follows. First

L dy—a:c
@@— (),
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and then integrating with respect to x we find

dy—amx
b(y)—/()d.

Here we have assumed that b(y) # 0; if b(y) = 0 then the solution is y = ¢, for ¢ a constant, as
usual.

Example 2.2 Find the general solution to the separable differential equation

d
x(y2—1)+y(1‘2—1)£:0, (0<x<1).
We rearrange to obtain
y dy = —x
y2—1dez 22-1

After integration we obtain

1 1
§ln|y2 -1 = —5111|9U2 — 1| +e,
where c is a constant. This can be arranged to give
(@ =D -1) =c

(renaming c¢). Note that the constant functions y = 1 and y = —1 are also solutions of the
differential equation, but are already included in the given general solution, for ¢ = 0. U

Example 2.3 Find the particular solution of

dy
1 TVy T
(4 eyt =
satisfying the initial condition y(0) = 1.
Separating the variables we find
dy e*
Y~V =7 =
dr 1+4e€*
and integrating gives
L,

Qv = In(1+¢€") +c.

To satisfy the initial condition, we set z = 0 and y = 1 to obtain ¢ = % — In2. Hence we have
1 1
§y2 =In(l+¢€") + 3 In2,

which rearranges to

e

y> =1In [4(1 + ex)z] .

The explicit solution is
y=4/In E(l + ew)ﬂ,

taking the positive root in order to satisfy the given initial condition. O



2.3 Reduction to separable form by substitution

Some first order differential equations can be transformed by a suitable substitution into separable
form, as illustrated by the following examples.

Example 2.4 Find the general solution of

d
% =sin(zx +y +1).

Let u(z) = x +y(z) + 1 so that du/dz = 1+ dy/dz. Then the original equation can be written as
du/dxz =1 + sinu, which is separable. We have

1 du
1+sinudz

/ du
—— =z +ec
1+ sinu

Let us evaluate the integral on the left hand side.
/ du / (1 —sinu) d
= u
1+sinu (I +sinu)(1l —sinw)
_ /(1 —s‘inQu) du — / (1 —S2inu) du
1 —sin“u cos® U
d .
_ / u / sinu du
cos? u cos? u
1

= tanu —

which integrates to

COSu

Therefore

tanu — =x+c

COoSu

(renaming c) or, in terms of y and x, the solution is given by

1
tan(x—i—y—f—l)—m:x—i—c

or
sinfr+y+1)—1=(x+c)cos(z+y+1).

This solution, where we have not found y in terms of «, is called an implicit solution.
We also have solutions x + y + 1 = 2n7m — 7/2 where n is an integer. U
A special group of first order differential equations is those of the form

dv _ g <9> (2.1)

dr T



These differential equations are called homogeneous? and they can be solved with a substitution
of the form

y(z) = zo(z)

to get a new equation in terms of x and the new dependent variable v. This new equation will be
separable, because

dy_ .4
dr dz
and so (2.1) becomes
d
x£ = f(v)—v

Example 2.5 Find the general solution of

dy x+4y
de 22z +3y

At first glance this may not look like a homogeneous differential equation, but to see that it is, note
that we can write the right hand side as

1+4y/x
2+ 3y/x’

Hence we make the substitution y(x) = zv(x) to obtain

. dv 1+ 4v

v+ r— =

de 2430’

so that
dv 1+ 4v 1+ 2v — 302
rT— = —_— =
dr 2+ 3v 2+ 3v

Separating the variables we have

/ 2+ 3v d dz
2T o= [ &
14 20 — 302 x’

and the use of partial fractions enables the left hand side to be rewritten, so that we obtain

1/ > + 3 dv = d—x
4 1—v 143w N x

Integrating and then substituting back for y gives

1
—§ln’1—g‘—|—fln 1+3—y =In|z|+In|c|.
4 ! 4 x

This can be simplified to

+3y = c(z —y)°,

where the constant ¢ has been renamed. OJ

2The word ‘homogeneous’ can mean several different things in maths - beware!
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2.4 First order linear differential equations
In general, a kth order inhomogeneous linear ODE takes the form
dk dkfl

a(@) T + ara (@)

Y

py 4+t al(:z)@ +ap(x)y = f(x),

dx

where ag(z) # 0. The equation is called homogeneous if f(z) = 0. Looking specifically at first
order linear ODEs, which take the general form

Y+ plaly = ala), (22)

we see that the homogeneous form, that is when g(x) = 0, is separable. The inhomogeneous form
can be solved using an integrating factor I(x) given by

To see how this works, multiply (2.2) through by I to obtain
d
Using the product rule for derivatives, we see that this gives

% (efp(a:)drcy> _ oJ Py

and we can now integrate directly and rearrange, to obtain
y = e [ p(@)dz [/ efp(w)qu(x) dz +e¢l| .

This is easiest seen with an example.

d
Example 2.6 Solve the linear differential equation d—y + 2zy = 2ae "
x
First find the integrating factor:
I(z) = e 2 4o = ¢¥*
Multiplying the given differential equation through by this gives
d
et Y + 2m6x2y =2z,
dx
that is J
4 () =2
dx ( y a
After integration we obtain ,
e y=122+c,
so that y = (:U2 + c) e~ is the general solution. O

11



Example 2.7 Solve the initial value problem

d
y% +sinz = y?, y(0) = 1.

This ODE is neither linear nor separable. However, if we note that

dy 1d
y= =5,
de 2dx
then we see that the substitution z = y? turns the equation into

dz 9
o % sinz,  z(0)

—2

This is linear, and so can be solved by an integrating factor. In this case I(z) = e~**, and we get

d
1 (ze_%) = —2¢ Psinz.

x
Integrating the right hand side by parts as in Example 1.5 gives us

6—2x
ze 2 = g (4sinx + 2cosx) + c.

Since z = 1 when = 0 we have ¢ = 3/5 and so, recalling that z = y2, we have

\/4sinx + 2cosx + 3e*
Y= )
5
where we have taken the positive root because y(0) = 1 > 0. The solution is valid on the interval
containing 0 for which 4sinz + 2cosz 4 3e?* > 0. g

3 Second order linear differential equations

The main subject of this section is linear ODEs with constant coefficients, but before we look at
these we give two theorems that are valid in the more general case.

3.1 Two theorems

Recall that a homogeneous linear ODE of order k takes the form

dky dk—l

ag(x) e +ak_1(z)

¢y
dF—1

As you will see, here and in other courses, the space of solutions to this ODE has some nice algebraic
properties.

d
+---+a1(x)£ + ap(x)y = 0.

Theorem 3.1 Let y; and yo be solutions of a homogeneous linear ODE and let oy and oy be real
numbers. Then a1y + asys is also a solution of the ODE. Note also that the zero function is always
a solution. This means that the space of solutions of the ODE is a real vector space.

12



Proof. We know that

dky dk—ly dy

an(@) o a1 (@) ey o a) @y = 0, (3.1)
dFyy dF 1y, dy

ak(l‘)w + ak,1($)W + -4 al(.’E)a =+ ao(x)yg = 0 (32)

If we add «; times (3.1) to as times (3.2) and rearrange we find that

dFlaqyr + o dFHagyr + o d(ayyr + «
ag() ( ﬂgxk 2y2)+ak,1(x) (dlj,i_l 2y2)+---+a1(x)—( 1y1dx 2y2)+ao(x)(a1y1+a2y2)zo,

which shows that aqy1 + aoyo is also a solution of the ODE. m
The above holds simply due to differentiation being a linear map.

In the case where the ODE is linear but inhomogeneous, solving the inhomogeneous equation still
strongly relates to the solution of the associated homogeneous equation.

Theorem 3.2 Let y,(z) be a solution, known as a particular integral, of the inhomogeneous

ODE N -
d%y "y dy
ak(ﬂf)@ + ak—l(ﬁ)m +ot al(ﬁ)a +ao(z)y = f(z), (3.3)
that is, y = y, satisfies (3.3). Then a function y(x) is a solution of the inhomogeneous linear ODE
if and only if y(x) can be written as

y(@) = ye(z) + yp(2),
where ye(z) is a solution of the corresponding homogeneous linear ODE, that is
k dk—l

d%ye
ar(x) Lok + ag—1(x) s

dye
% + ao(z)ye = 0. (3.4)

+ -t ai(x)

The solution y.(z) to the corresponding homogeneous ODE is called the complementary func-
tion.

Proof. If y(x) = y.(x) + yp(x) is a solution of (3.3) then

k k—1
() DI ) gy () S ) ) )0+ ) = f)

Rearranging the brackets we get

<ak(az) i];ic ot ao(x)yc> + <ak(x)i?,f ot ao(»”'?)?/p) = f(z).

Now, the second bracket equals f(x) as y,(x) is a solution of (3.3). Hence the first bracket must
equal zero, that is y.(z) is a solution of the corresponding homogeneous ODE (3.4). m

In practise, and as you’ll see in some examples in the next section, we can usually find a particular
integral by educated guesswork combined with trial and error with functions that are roughly of

13



the same type as f(z).

You should note that the space of solutions of (3.3) is not a vector space. They form what is known
as an affine space. A homogeneous linear ODE always has 0 as a solution, whereas this is not the
case for the inhomogeneous equation. Compare this with 3D geometry; a plane through the origin
is a vector space, and if vectors a and b span it then every point will have a position vector Aa+ ub;
points on a plane parallel to it will have position vectors p 4+ Aa+ pub where p is some point on the
plane. The point p acts as a choice of origin in the plane, playing the same role as y, above.

3.2 Second order homogeneous linear ODEs

This short section introduces a method for finding a second solution to a second order homogeneous
linear ODE, when one solution has already been found. This method will be very important in the
next section, in proving Theorem 3.4.

Suppose z(z) # 0 is a non-trivial solution to the second order homogeneous linear differential
equation

p(x)— + q(x)fx +r(x)y = 0. (3.5)

We can make the substitution

so that
dy du N % and dZy_dzu +2%%+ d?z
Y MY a2 T a2’ dede " az

dr d:cz

Substituting these into (3.5) and using the prime to denote the derivative with respect to z we
obtain

p(@) (u'z + 202 +u2") + q(z) (W'z + uz') + r(z)uz = 0.

If we now rearrange the above equation and use the fact that z is a solution to (3.5) then we get
p(x)zu" + (2p(x)2' + q(z)z) v’ =0,

which is a homogenous differential equation of first order for u/. In theory this can be solved, to
obtain the general solution to (3.5). The following example illustrates this technique.

Example 3.3 Verify that z(x) = 1/x is a solution to

d?y dy
x@—{—Z(l—x)a —2y =0, (3.6)

and hence find its general solution.

Since 2/ = —z~2 and 2"’ = 2273

(3.6):

we can easily see, by direct substitution, that z is a solution of

d?z

d
Ty +2(1— x)—z — 22 =2(2073) +2(1 —z)(—z 3 — 221 =0,

dx

14



1
as required. We now substitute y(z) = —u(z) into (3.6) to obtain a differential equation for u:
x

1 1
r—u" + (—2x2x +2(1 - :1:)) u' =0.
T

x

Now let w = u'; the above equation simplifies to
w' — 2w = 0.

This equation is separable, and has the general solution w(z) = C1e?*, where Cj is a constant. We
integrate again to obtain

u(x) = /w(z:) dz = C1e** + Oy,

where (5 is another constant and C has been renamed. Hence
1 2z
y(x) = - (C1e** 4 Cs)

is the required general solution. O

3.3 Linear ODEs with constant coefficients

In this section we turn our attention to solving linear ODEs of the form

dky dk—ly dy
a3 +ap—1~—7 + - +ar— +ay = f(x),
kdxk k 1dl'k_1 ldx oY f( )
where the ag,aq,...,ar are constants. We will concentrate on second order equations, i.e. where
k=2.

We have already seen that the difference between solving the inhomogeneous and homogeneous
equations is in finding a particular integral, so for now we will concentrate on the homogeneous
case.

3.3.1 The homogeneous case

Theorem 3.4 Consider the homogenous linear equation

d?y  dy

where q and r are real numbers. The auxiliary equation®

m2+qgm+r=0

has two roots mi and ms.

3The auxiliary equation can be obtained from (3.7) by letting y = e™*.

15



1 If my # my are real, then the general solution of (3.7) is given by
y(x) = C1e™® + Ce™?* |
2 If m = mq = ma is a repeated real root, then the general solution is
y(x) = (Crz + Cy) ™.

3 If my = a+1if is a complex root (a and [ real, B # 0) so that my = o — i3, then the general

solution 1s
y(x) = e (C} cos Bz + Cysin fx) .

In each case, C1 and Cy are constants.

Proof.
Cases 1 and 2 Note that (3.7) can be written as
d?y dy

Note also that e™* is a solution of (3.8) — and hence of (3.7) — you can check this by direct
substitution. So let us try y(z) = u(z)e™* as a potential second solution to (3.8), and hence to
(3.7), where u(x) is to be determined. Since

dx dx
and &2 &2 4
Yy _ U U 2 mi1T
@ <d$2 mla + m1u> e’
we can write (3.8) as
d?u du 9 du
@+2m1@+mlu — (m1 + ma) £+m1u + mimau = 0,
so that 2 4
u u
Gz (m2—m) =0, (3.9)

Thus, if mo — my # 0, we have, by inspection, that

du _ ke(mgfml)x

i

where k is a constant. This integrates again to obtain
u(w) = Coelm=miz 4 ¢y

where C and Cy are constants. Since y(x) = u(x)e™*, this proves Case 1.

16



2

If mgy —my = 0 then (3.9) becomes d—g = 0 which integrates twice to give
x

u(z) = Crz + Co,

which proves Case 2.

Case 3 Suppose now that the roots of the auxiliary equation are conjugate complex numbers a+ig,
a and ( real, 8 # 0. A simple proof which relies on complex number theory uses Euler’s identity

e = cosf +isind

as follows. Allow C7 and Cs in Case 1 to be complex numbers; then the required general solution
takes the form

y(z) = Crel @t 4 oyela—if)z — gaw (a cos fz + Cy sin Bx) )

where 6’1 and ZJZ are constants, forced to be real if we let C'y be the complex conjugate of C;. These
can be renamed as C7 and Cs, respectively, to complete the proof.

An alternative proof, which does not involve complex numbers and which is left as an exercise, is
to make the substitution y(z) = u(z)e™” in (3.7). Even though e®* is not a solution to (3.7), the
given substitution will transform the ODE into something whose general solution you can either
write down, or verify easily by direct substitution. m

Example 3.5 Solve the differential equation

d?y dy
— —6—=+4+9y =0.
dz? dz Ty

The auxiliary equation m? — 6m + 9 = 0 has a repeated real root m = 3, so the general solution is

y(x) = (Crz + Cy)e™.

Example 3.6 Solve the differential equation

d?y  _dy
Yo 5y =o.
dz? dz +oy

The auxiliary equation m? —2m 45 = 0 has complex roots m1 2 = 14 2i, so the general solution is

y(z) = € (Cy cos 2z + Cysin 2x) .

17



Example 3.7 Solve the initial value problem
d’y . dy :
_ J— 2 = = 1 == .
o2 S T=0 y0)=14(0)=0
The auxiliary equation m? — 3m + 2 = 0 has roots 1 and 2. So the general solution is
y(x) = Cre” + Cye.

The initial conditions imply that we need

1 = y(0)=C1+Cy,
0 = y'(O):C'lJrQCQ,

from which we obtain C; = 2 and Co = —1. Hence the unique solution of the given ODE with its
initial conditions is

y(z) = 2% — &%,

3.3.2 The inhomogeneous case

In the previous section we discussed homogeneous linear ODEs with constant coefficients — that is,

equations of the form
dkFy dF1y dy
gk T gkt T T Mg, T Ay = 0-

We concentrated on second order ODEs, where k& = 2, although the theory does extend to all
orders, with suitable adjustments. In this section we look at the inhomogeneous counterpart of the
above equation, namely
dky dk;—ly dy
ak@ + Qk_lm + -+ ala + agy = f(:L’)
Again we will concentrate on second order ODEs, but we note that the following statement applies
to all orders. Recall from Theorem 3.2 that

The solutions y(z) of an inhomogeneous linear differential equation are of the form
ye(z) + yp(z), where y.(z) is a complementary function, i.e. a solution of the corre-
sponding homogeneous equation, and y,(x) is a particular solution of the inhomoge-
neous equation.

The particular solution y,(z) is usually found by a mixture of educated guesswork combined with
trial and error; the first step is to mimic the form of f(z).

Example 3.8 Find the general solution of

d?y dy
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The complementary function, ie the solution to the homogeneous equation, was found in Example
3.7 to be
ye(x) = Cre® + Coe?™.

We now find a particular integral. Since the function on the right hand side of (3.10) is f(x) = =,
it would seem sensible to try a function of the form

yp(x) = ax + b,

where a and b are constants to be determined. Note that there is no presumption that such a
solution exists, but this is a sensible starting point. We have

2
R )

=0.
dx da?

Since yp(x) should be a solution of the given inhomogeneous ODE (3.10), we can substitute in to
obtain
0—3a+2(ax +b) =z,

and this identity must hold for all . Hence we can equate coefficients of x on both sides, and the
constant terms on both sides, to obtain

2a = 1,
—3a+2b =
Hence we have a = 1/2 and b = 3/4, so that
z 3
Yp(x) = 5171

is a particular solution of (3.10). Then, by Theorem 3.2 we know that the general solution of (3.10)
is

x 3

y(z) = ye(x) + yp(x) = Cre” + Coe®* + 5 + T
Note that € and Cy are constants which can only be determined if we are given some specific
information about y, such as the values it must take at two particular points, or the values of y

and 3/ at a particular point. ]

Example 3.9 Find the general solution of

d?y  dy .
122 + 4£ + 4y = sin 3z.

The auxiliary equation m? + 4m + 4 = 0 has a repeated root —2 so the complementary function is
yc(ac) = (C1$ + Cg)efzx.

We can see by inspection that there is no particular solution of the form asin 3z, so instead we
look for a more general particular solution

yp(x) = acos 3z + bsin 3.
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Then, differentiating twice and substituting into the given ODE, we can equate coefficients of cos 3x
and sin 3x separately to obtain

—9a+12b+4a = 0,
-9 —12a+4b = 1.

Thus

and the general solution is

12
y(x) = (Crz + Cy) e 2® — —— cos 3z — o sin 3z.

169 169
O
Example 3.10 Let us consider the inhomogeneous linear equation
d’y  ,dy
—J 32 L9y = 3.11
o2 Sqp T =) (3.11)

where f(x) is a given function. We will consider various forms for f(x), to illustrate specific points.
The complementary function has already been found, in Example 3.7, and is
Yo = Cre” + Cye®”.

It is important to find the complementary function first, before the particular integral, as we will
now see.

e Suppose f(z) =sinz + 2cosz. Then we proceed as in Example 3.9 and try
Yp = asinx + bcosx.

The general solution is given by

1 1
y = Cre® 4+ Coe®™ + 5008% — 5 sin .

e Suppose f(x) = 3. We try
Yp = ae’®.
Feeding this into the given differential equation (3.11) gives

(9a — 9a + 2a) €3% = 37,

1
from which we obtain a particular solution y, = 56336 . The general solution is then

1
y = Cie® + Cye®® + 5639”.
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e Suppose now that f(z) = €?*. The problem here is that our first ‘guess’ for the particular

integral, namely y, = ae®®, is a part of the solution to the corresponding homogeneous ODE,
and so substituting y = ae®® into the LHS of (3.11) will simply yield 0. Try it! Hence we
‘guess’ a particular integral of the form y,, = axe®® — that is, we multiply our initial ‘guess’ by
x, and try again. This works (the proof is left as an exercise) and gives the general solution

y = C1e” 4+ Coe® + ze®®.

e Now consider f(z) = ze?*. As ae?® is part of the solution to the homogeneous ODE, and
since, as with the previous function, we can see that aze?* would only help us with an e%* on
the right hand side of (3.11), we need to move up another power. Hence we try a particular

integral of the form
yp(2) = (az? + bx)e®.

See if you can carry on!

e Suppose f(z) = e*sinx. Although this might look complicated, a particular solution of the
form
yp(x) = e*(asinz + beosx)

can be found.

2z = % - %cos 2z, we try a particular solution of the

e Now suppose f(x) = sin®z. Since sin
form

yp(x) = a + bcos 2z + csin 2x.

O

We end this section with a full example of finding the solution to an initial value problem.
Example 3.11 Solve the initial value problem

d’y dy 3

— —6—+9y =¢" 0)=y(0)=1

o2 Oqp T =e" y(0)=y(0)
From Example 3.10 we know that

ye(x) = (Crz + Cy)e”.

This means that trying neither y, = e3* nor Yp = ze3® as a particular solution will work, as

substituting either of them into the left hand side of the ODE will yield 0. So instead we try a

particular solution of the form

Yp(r) = az?ed”.

Substituting this into the ODE gives a = 1/2 and so the general solution is

— 1:2 3z
y(z) = C1x+02+? e,
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Now, y(0) = Cy =1, and as

3 2
Yy () = (ca +z+ % +3Cz + 302> 3

we have y/(0) = C1 + 3C3 = 1, and so C; = —2. Hence the initial value problem has solution

x2
y(z) = (2 -2z + 1) 3,

4 Partial differentiation

From this section onwards, we will be studying functions of several variables.

4.1 Computation of partial derivatives

Definition 4.1 Let f : R® — R be a function of n variables x1,x2,...,x,. Then the partial
derivative
of

aﬂfi (p17 o 7pn)

is the rate of change of f, at (p1,...,pn), when we vary only the variable x; about p; and keep all
of the other variables constant. Precisely, we have

af T f(pl,"'vpiflapi+h,pi+17"',pn)_f(plv"'apn)
8$'(p1,...,pn) = lim

) 4.1
h—0 h (4.1)

There are several remarks to make about this:
e By contrast, derivatives such as d—f are sometimes referred to as full derivatives.
x

e If f(z) is a function of a single variable, then

df of

de Oz’
e We shall occasionally write f, for df/dx, etc.

e Some texts emphasize what is being kept constant; for example, if f is a function of x and y,
and we vary y and hold z constant, then they write

(50).

We will always make clear which coordinate system we are in, and so there should be no
need for this extra notation.
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e Derivatives such as (4.1), where f has been differentiated once, are called first order partial
derivatives. We will look at higher orders in a moment.

Example 4.2 Find all the first order derivatives of f(x,y,z) = 22 + ye* + z.
Yy

We have of of of 1
z
L —9 9 2a¢7 7:233777 h—
Ox T 2ye Oy ¢ 32 0z y
O
Example 4.3 Find the first order partial derivatives for u(z,y,z) = m
The derivatives are
ou 202 N 1 oy —a?
0r (224924222 2?+yP 422 (224924 22)2 )
@ B 2y gu B 2xz
Oy  (a24+¢2+22)° 7 0z (a4 924227
O

Definition 4.4 We define second and higher order partial derivatives in a similar manner to how
we define them for full derivatives. So, in the case of second order partial derivatives of a function
f(z,y) we have

gijzc _ aax (gi)’ also written as fiq,
;;éfy _ ;;5 (gjyc)’ also written as fyﬂza
8?;(;; _ ;y (gi)7 also written as fyy,
?)ZJ; _ ;y (85)7 also written as fyy.

Example 4.5 Find all the (nine!) second order partial derivatives of the function f(x,y,z) =
2 + ye?® + z defined in Example 4.2.
Yy

Recall that the first order derivatives are

8—f:2a:+2y62‘”, 8—26 - — - =
ox Y



Hence we have

82f 2x 62f 2x a2f
ox2 2+ dye™, oyoxr 2, 0z0x 0
a2f _262x 827f_2£ a2f __i
0xdy ’ oyz T3’ 0z0y  y?’
#f o5 1 P
0rdz ’ oydz  y?’ 022

Remark 4.6 Note that in the previous example we had

R2f  f  2f  2f  f  9°f

oyoxr  O0xdy’ 0z0x  0xdz’ 020y Oydz’

This will typically be the case in the examples we will see in this course, but it is not guaranteed
unless the derivatives in question are continuous. (You will learn more about this in your Analysis
courses this year.)

The following example illustrates how the mixed partial derivatives may not be equal.

Example 4.7 Define f : R? - R by

xy(z? —y?
f(z,y) = M (2,) # (0,0),
0 (z,y) = (0,0).

2f P
oyox an dxdy

Show that exist but are unequal at (0,0).

We have, for (z,y) # (0,0),

_ @+ yP)yBe® —y?) —ay(a® —y?)2e

ai(xvy) - (x2+y2)2 .

We now want to differentiate this result with respect to y, and then evaluate that in the limit as
(z,y) — (0,0). Since we are now holding = constant, we can in fact set x = 0 in df/dx before
differentiating with respect to y; this just makes the differentiation easier. So we have, for y # 0,

Qf(o ) = (2> +y*)yBa® —y*) —ay(@® —y*)2z|  _ y>
ax 7y - (.T2 +y2)2 o0 - y4 - y7
from which we obtain
0% f
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Hence, in the limit as y — 0,

0% f
0,0) = —1.
ayax( ,0)
Similarly, for « # 0,
2 2 2 _ 9,2y _ 2 _,2)9 5
(lf(xjo) G G 23y )2 Zfﬂy(:v y~)2y L
ay (‘IIj +y ) y=0 €r
so that, differentiating again and letting z — 0,
0> f
0,0) =1.
awy( ,0)
Hence o f o f
——(0,0)=—1#1= 0,0).
8y8$( ,0) # axay( ,0)

4.2 The chain rule
Recall the chain rule for one variable, which states that

af _asdu
dr  dudz’

The rule arises when we want to find the derivative of the composition of two functions f(u(z))
with respect to .

Likewise, we might have a function f(u,v) of two variables u and v, each of which is itself a function
of x and y. We can make the composition

F(z,y) = f(u(z,y),v(z,y))
which is a function of z and y, and we might then want to calculate the partial derivatives

oF 4 9F
or oy’

The chain rule (which we will prove in a moment) states that

OF  9fdu _0f o

9 Ouds  dvoz
oF _ 90w oo
dy  Oudy Ovoy

Example 4.8 Let
flu,0) = (u—v)sinu+e’,  u(z,y)=2"+y, vzy) =y- 2z,

and let F(z,y) = f(u(z,y),v(x,y)). Calculate OF /0x and OF/dy by (i) direct calculation, (ii) the
chain rule.
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(i) Writing F directly as a function of x and y we have

F(z,y) = (2 + 2x) sin(2? + y) + exp(y — 22).

Hence
oF . 2 2 2
% = (2z + 2) sin(z” 4+ y) + (27 + 2x)2z cos(z” + y) — 2exp(y — 2);
oF
i = (22 +2z) cos(a? +y) + exp(y — 2z).

(ii) Using the chain rule instead, we have

oF _ ofou oo
ox Oudx  Ov Oz

= (sinu+ (u—v)cosu)2x + (—sinu + €")(—2)

= (2z+2)sin(z® + y) + (2 + 22)22 cos(z® + y) — 2exp(y — 2z);
oF _ ofou ofow
y Oudy Ovdy

= (sinu+ (u—wv)cosu)(1l) 4+ (—sinu + €")(1)

= (2% 4 2z)cos(z® + y) + exp(y — 2z).

([l

Now that you have a feel for the chain rule, we state it for the case of f a function of two variables,
and then we prove it formally.

Theorem 4.9 Chain Rule Let F(t) = f(u(t),v(t)) with u and v differentiable and f being con-
tinuously differentiable in each variable. Then

dF _9fdu  0f dv
dt  Oudt Odvdt’

Proof. Note that this proof is not examinable, and uses material that you will cover in your Hilary
Term Analysis course.
Change t to t 4 0t and let Ju and dv be the corresponding changes in u and v respectively. Then

du dv
ou = (dt + €1> 0t and dv = (dt + 62) ot,

where €1, — 0 as 6t — 0.
Now,

OF = f(u+du,v+dv)— f(u,v)
= [f(u+du,v+dv) — f(u,v+ dv)] + [f(u,v+ év) — f(u,v)].
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By the Mean-Value Theorem (HT Analysis) we have

flu+du,v+6v) — f(u,v+dv) = 5ugf(u+915u,v+5v),
u

flu,v+6v) — f(u,v) = 5@?(%@ + 026v),
v
for some 61,05 € (0,1).
By the continuity of f, and f, we have
of _ of
5u%(u + 016u, v+ dv) = du <8u(u’ v) + 771> ,

of _ of
51)%(%@ + 620v) = v <(%(u, v) + n2> ,

where 11,12 — 0 as du, dv — 0.
Putting all this together we end up with

5F  ou (Of v (f
St 5t <au(uﬂf) +771> 5t (&;(u’v) +772>

= (G ra) (Grworem)+ (G +a) (Fwom).

Letting 6t — 0 we get the required result. m

Corollary 4.10 Let F(z,y) = f(u(z,y),v(z,y)) with w and v differentiable in each variable and
f being continuously differentiable in each variable. Then

OF _0fou 0fov  OF _0fou 0fov

dr  Oudxr Ovox’ oy Oudy Ovody
Proof. This follows from the previous theorem by treating first x and then y as constants when
differentiating. =

(4.2)

Example 4.11 A particle P moves in three dimensional space on a helix so that at time t
x(t) = cost, y(t) =sint, z(t) =t.
The temperature T at (x,y,z) equals xy + yz + zx. Use the chain rule to calculate dT'/dt.

The chain rule in this case says that

AT _ 0Tde  OTdy  OTd:
dt Ordt Oydt Oz dt

= (y+2)(—sint) + (x + 2) cost + (y + z)(1)
= (sint+t)(—sint) + (cost + t)cost + (cost + sint)

= —sin?t+ cos®t+sint + cost + tcost — tsint.
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In the next two examples we look at using the chain rule to differentiate arbitrary differentiable
functions.

Example 4.12 Let z = f(xy), where f is an arbitrary differentiable function in one wvariable.

Show that
0z 0z 0

rT— —Yy— =
Oz yay
By the chain rule,
0z , 0z y
— = T and — =zf' (zy),
5 = v/ (@) 9y f(zy)
where the prime denotes the derivative with respect to xy. Hence we have

0z 0z B , B y B
"5 Yoy = zy f'(zy) —ya f' (zy) = 0.

0

Example 4.13 Let z = e“cosv and y = €“sinv and let f(x,y) = g(u,v) be continuously differen-
tiable functions of two variables. Show that

(x2 + y2>(f1‘m + fyy) = Guu T G-

We have
Gu = [z€"cosv + fyesinv  and g, = —fre"sinv + fye" cosv.

Hence
Guu = [z€" cosv + e cosv( frpe” cosv + frye”sinv) + fye¥sinv + e sinv(fye" cosv + fyye”sinv)
and
Gy = — foe" cosv—e" sinv(— frye" sinv+ fre" cosv)— fye® sinv+e" cos v(— fyge" sinv+ fy e" cos v).
Adding these last two expressions, and using f, = fyz, gives

Guu + Goo = [rz€?(cos® v + sin® v) + fyye*(sin® v + cos® v) = (2% + ¥*) (fuz + fuy)
as required. O
Finally in this section we look at partial differentiation of implicit functions.

Example 4.14 Let u= 2% —y? and v = 2> —y for all z,y € R, and let f(z,y) = x> + y°.

(a) Find the partial derivatives g, uy, Ty, Yy in terms of x and y. For which values of x and y are
your results valid?

(b) Find f, and f,. Hence show that f, + f, = 1.

(¢) Evaluate fy,, in terms of x and y.
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(a) Clearly u, = 2z and u, = —2y. We can also differentiate the expressions for u and v implicitly
with respect to u to obtain

1 =2xzy — 2yyy, 0 =223y — You-

Solving these equations simultaneously for x, and ¥, gives

1 1
T a2y MT 12y
These expressions are clearly valid when x # 0,y # 1/2.
(b) By the chain rule, we have
2x 2y 142y
+ = :
2¢(1—-2y) 1-2y 1-2y

If we calculate x, and y, in a similar manner to the above calculations for x, and ¥,, we obtain

fu = fmwu + fyyu =

Y 1
Ty = —— = .
Y2y — 1) Yo 2y — 1
So, by the chain rule again, we have
_ 2wy 2y 4y
fv—fxxv_'_fyyv— x(2y—1) +2y_1 = 23/_1'
Hence L4204
Yy — 4y
= ——=1.
fut fo= =2
(c) To find fy, we can use the chain rule again as follows:
0 (1+2y 1 4
fuu (fu)mxu + (fU)yyu Ty + Ay (1 _ 2y> 1-2y (1 _ 2y)3

4.3 Partial differential equations

An equation involving several variables, functions and their partial derivatives is called a partial
differential equation (PDE). In this first course in multivariate calculus, we will just touch on
a few simple examples. You will return to this subject in far more detail next term.

Example 4.15 Show that z = y — 22 is a solution of the following PDE:

x% + (y + x2)% =z
ar VY oy
We have 5 9
z z
— = -2 d —=1
oz voan dy
so that 9 9
xa—;+(y+x2)a—; =2 ty+at=y—a’=z,
as required. ]
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Example 4.16 Show that f(x,y) = tan~!(y/z) satisfies Laplace’s equation in the plane:

82 2
>f L P
ox?  Oy?
The first order partial derivatives are
of . __ 1 (%)= -2
ox 14 (y/x)2 \ a2 x2 + 2

and

of 1 1y =

Hence we have

0% f 2xy 0% f 2zy
0w R M op T T g
from which we see that
I A
ox?  Oy? ’
as required. O

In the previous two examples we verified that a given solution satisfied a given PDE. We now look
at how to find solutions to simple PDEs.

Example 4.17 Find all the solutions of the form f(x,y) of the PDEs

L0 O
0 500 =% ) 3z

9 (9F\ _
oy \ox )
Those functions g(x,y) which satisfy dg/dy = 0 are functions which solely depend on z. So we

have
L~ o)
8x_p$7

=0.

(i) We have

where p is an arbitrary function of x. We can now integrate again, but this time with respect to x
rather than y. Now, 0/0x sends to zero any function which solely depends on y. The solution to
the PDE is therefore

f(z,y) = P(x) + Q(y),
where Q(y) is an arbitrary function of y and P(x) is an anti-derivative of p(z), i.e. P'(z) = p(z).

(ii) We can integrate in a similar fashion to obtain first 0f/0x = p(y) and then

f(z,y) = 2p(y) +q(v),

where p and ¢ are arbitrary functions of y. O
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Note how the solutions to Example 4.17 include two arbitrary functions rather than the two ar-
bitrary constants that we would expect for a second order ODE. This makes sense when we note
that partially differentiating with respect to x annihilates functions that are solely in the variable
y, and not just constants.

If a PDE involves derivatives with respect to one variable only, we can treat it like an ODE in that
variable, holding all other variables constant. The difference, as noted above, is that our arbitrary
‘constants’ will now be arbitrary functions of the variables that we have held constant.

Example 4.18 Find solutions u(x,y) of the PDE  uy, —u = 0.
Since there are no derivatives with respect to y, we can solve the associated ODE

d?u

a2z v=0

where u is treated as being a function of z only. This ODE has solution u(z) = Cie* + Cae™,
where C1 and Cy are constants, and so the solution to the original PDE is

u(z,y) = A(y)e” + B(y)e ™,

where A and B are arbitrary functions of y only. O

Finally in this section, we look at one specific method for solving PDEs, that of separating the
variables.

Example 4.19 Find all solutions of the form T'(x,t) = A(x)B(t) to the one-dimensional heat/diffusion
equation
or  9°T
ot 922
where K is a positive constant, called the thermal diffusivity.
Solutions of the form A(x)B(t) are known as separable solutions, and you should note that most

solutions of a PDE will not be of this form. However, separable solutions do have an important
role in solving the PDE generally, as you will see next term. If we substitute

T(z,t) = A(x)B(t)
into the heat equation we find
A(z)B'(t) = kA" (z)B(t).

Be very careful with the prime here; it denotes the derivative with respect to the independent
variable in question, so that A’(z) denotes dA/dx and B’'(t) denotes dB/dt, etc.
If we separate the variables we obtain

A'z) _ B'(t)
A(z) ~ kB(t)

=c, (4.3)
where we assume A # 0 and B # 0, i.e. we exclude trivial solutions. It may be obvious to you
that, since the left hand side of (4.3) only depends on z and the right hand side only depends on ¢,

then ¢ must be a constant. If that is not clear, then initially take ¢ = ¢(z,t). However, note that
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¢(x,t) is both a function of x only, from the LHS of (4.3), and a function of ¢ only, from the RHS.
So it follows that, for any (x1,?1) and (z2,t2) in the domain of the question, we have

c(x1,t1) = c(x1,t2) (as ¢ depends only on x)

= c¢(w2,t2) (as ¢ depends only on t).

Hence, ¢ must indeed be a constant. Therefore we can find solutions for A(x) from (4.3), depending
on whether c is positive, zero or negative:

C1 exp(y/cx) + Dy exp(—y/cx) c>0,

A(z) = Cox + Do c=0,
C5 cos(v/—cz) + D3sin(y/—cx) ¢ <0,
where the C; and D; are constants. We can also solve (4.3) for B(t) to obtain
B(t) = ae™,

for some constant «, and this can be multiplied by the A(x) found above to give the final solution
for T'(x,t) = A(z)B(t). O

5 Coordinate systems and Jacobians

In the examples we have seen so far, we have usually considered f(z,y) or g(z,y,z), where we
have been thinking of (z,y, z) as Cartesian coordinates. f and g are then functions defined on a 2-
dimensional plane or in a 3-dimensional space. There are other natural ways to place coordinates on
a plane or in a space. Indeed, depending on the nature of a problem and any underlying symmetry,
it may be very natural to use other coordinates.

In this section we introduce the main coordinate systems that you will need, and we define the
Jacobian in each case. You will revisit this theory in much more detail later on, in Hilary Term,
so this is just a taster of things to come. For the moment, to set the scene, suppose that we have
x = z(u,v) and y = y(u,v) and a transformation of coordinates, or a change of variables, given
by the mapping (z,y) — (u,v). We only consider those transformations which have continuous
partial derivatives. According to the chain rule (4.2), if f(x,y) is a function with continuous partial
derivatives then we can write

Jr Oz
(2 oy (o ony[aw |, o
ou Ov or Oy dy Oy
ou v
The matrix
or O
ou v
9y Oy
ou v
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9(z,y)
O(u,v)

is called the Jacobian matrix and its determinant, denoted by , is called the Jacobian,

so that
ox 0
A(z,y) ou v | _ 0xdy Oxdy

d(u,v) dy 9y ~ Oudv  Ovou
ou Ov

The Jacobian, or rather its modulus, is a measure of how a map stretches space locally, near
a particular point, when this stretching effect varies from point to point. That is to say, un-
der the transformation (z,y) — (u,v), the area element dz dy in the zy-plane is equivalent to
O(z,y)
‘3(%?))

mapped one to one and onto a domain B in the uv-plane then

/Af(:n,y) dz dyz/Bf(m(u,v),y(u,v))‘gg:g;

you will see more of integrals like this in Section 6.

’ du dv, where du dv is the area element in uv-plane. If A is a domain in the xy-plane

du dw;

5.1 Plane polar coordinates

If P = (x,y) € R? and (x,y) # (0,0) then we can determine the position of (x,%) by its distance r
from (0,0) and the anti-clockwise angle 6 that O? makes with the z-axis. That is,

x =rcosb, y = rsinb. (5.2)
Note that r takes values in the range [0,00) and 0 € [0, 27), for example, or equally (—7,7]. Note
also that € is undefined at the origin.

The Jacobian matrix for this transformation is

or Oz
or 00 :(6080 —rsin&)

oy Oy sinf rcosf
or 90

and its Jacobian is
d(x,y) | cosf —rsinb .
o(r,0) | sin@ rcos® |

On the other hand, if we want to work the other way then we have

r=+/x2+y2, tanéz%

The Jacobian matrix of this transformation is given by

or or z y

9 Oy | _ | Var+y? a2 +y?

00 00 __ Y z ’
aix aiy 12 + y2 12 + y2
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so that its Jacobian is

Note that

This result holds more generally, as you will see now.

Proposition 5.1 Let r and s be functions of variables uw and v which in turn are functions of x
and y. Then

z,y)  O(u,v) O(z,y)
Proof.
or Or
a(r,s) ox 0Oy
oz,y) | s Os
oxr Oy
orou orov orou orov
B Oudr Ovdxr Oudy Ovdy
= | 0sou, dsov dsou oson
Oudr Ovdxr Oudy 0Ovdy
or Or Ou  Ou
_ du v or Oy
N 0s Os @ @
du v dz  dy
or Or % @
_ du v dr Oy
B Os Os v v
u v dr Oy

d(r,s) O(u,v)
O(u,v) O(x,y)

(The penultimate line here comes from the fact that, for any square matrices A and B, det(AB) =
det(A) det(B) = det(BA).) m

Corollary 5.2

Proof. Take r = x and s = y in Proposition 5.1. =
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Indeed, the stronger result

or Ox ou Ou
ou ov |0z ay | _[1 0
oy Oy v v 0 1
ou Ov or Oy

also holds true. Although we do not prove this result here, we illustrate a use of it in the next
exercise, before we continue with plane polar coordinates.

Example 5.3 Cualculate uz,uy, v, and vy in terms of u and v given that
x =acoshucosv, y=asinhusinuv.

We have

Ty Ty asinhwuwcosv —acoshusinv

Yu Yo acoshusinv asinhwucosv

Hence
) . -1
Uy Uy asinhwucosv —acoshusinv

Vg Uy acoshusinv asinhwucosv

1 sinhwucosv  coshwusinv

12 2, o2
a(sinh” ucos® v + cosh”usin®v) \ _ coshusinu sinhucosv

0

Going back to plane polar coordinates, we now make an important point about notation. The
definition of the partial derivative 0f/0x very much depends on the coordinate system that z is
part of. It is important to know which other coordinates are being kept fixed. For example, we
could have two different coordinate systems, one with the standard Cartesian coordinates x and y
and the other being x and the polar coordinate #. Consider now what 0r/0x means in each system.
In Cartesian coordinates, we have

or x
r=+z?+y? and so a—:ﬁ :
z ety
we have held y constant.
However, when we write r in terms of 2 and 6 then we have
x or 1 \/m )

and so — = =
cosf Oxr  cosf x ’

r =

here we have held 6 constant.
The answers are certainly different! The reason is that the two derivatives that we have calculated

Y (P
axyan ox ),
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and so we are measuring the change in x along curves y = constant or along § = constant, which
are very different directions.

Note also the role of the Jacobian matrix if we want to change the direction of the transformation.
For example, if f(x,y) is a function with continuous partial derivatives, and x = r cosf, y = rsiné,
then we have, from the chain rule,

of of . of
o cos 0 s + sin 6 —ay,
of _ . ,0f of
0 rsin 6 —ax+rcose—8y,

which can be written as

<(9f (9f> _ (6]” (9f> cos@ —rsinf | 53)
or o0 Ox Ay sinf rcos@

If we want to express 0f/0x and 0f /0y in terms of df/Or and 0f /00, this can be achieved from
(5.3) as follows:

of of

or 00

of Of
(5 @) (
1 <8f (9f> < rcosf rsiné >

. -1
cos@ —rsinf
sin@ rcos6

r\or 0 —sinf cosf
T TR S T VRS A
= (cos@ ar—rsm@ 20 sin 6 ar—I—rcos 20 )
that is,
g B eg_sinﬁg
ox — o v a0
g B in&g COSQ%
oy W ar T T ae

We finish this section on plane polar coordinates by revisiting Laplace’s equation, which you were
introduced to in Example 4.16.

Example 5.4 Recall that Laplace’s equation in the plane is given by

oF
ox2 " oy?
Show that this equation in plane polar coordinates is
0? 10 102
of 10f 10
or2  ror  r2062

Hence find all circularly symmetric solutions to Laplace’s equation in the plane.

= 0. (5.4)
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Recall that r = /22 4+ y2 and 6 = tan~!(y/x). Hence we have
re = 2@+ 02 V2, e = (22 4 y?) V2 - (0 4 y?) Y2 = g2 0,

0. = (—y/z?) /(1 +y°/2%) = —y/(&® +9°),  Oue = 22y(a® + 7).

and similarly
Ty = y(x2 + y2)71/27 Tyy = (:132 + y2)71/2 _ y2($2 + y2)73/2 — .732 7”‘73,

Oy = (1/2)/(1+y°/2) = 2/(2® + ), Oy = —2ay(a® +y*) 2.

So, for any twice differentiable f defined on the plane,
foo + fyy = (frre + fo02)s + (frry + foby)y
= [r(rae + ryy) + fo(Oez + Oyy) + frr(r +15) + 2fr0(rabe + ry0y) + foo(67 + 65)
= £ +2) r 4+ fo(0) + frr (2 +y2) 172 4+ 2£,0(0) + fap(z® +y7) 77t

= fr 7'71 + frr +f99 7472;

giving (5.4) as required.

We are now interested in finding the circular symmetric solutions, that is, solutions that are inde-
pendent of #. In this case, (5.4) becomes

d2f 1df

e tre 70

This linear ODE has integrating factor r and so we have

a (A,
dr \"dr) 7

giving
df
Fr
and hence
f(T’) = Cl Inr + CQ,
where C7 and C5 are the usual arbitrary constants of integration. O
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5.2 Parabolic coordinates
Parabolic coordinates u and v are given in terms of z and y by

1
x = §(u2 —v?), y=uw.

Note that, in Cartesian coordinates, the curve u = ¢ is 2zc®> = ¢* — y?, and the curve v = k in
Cartesian coordinates is 2xk? = y? — k* (both ¢ and k are constants). Both of these curves are
parabolas.

For this transformation, the Jacobian is given by

or o
8(13;?/): ou Ov _ wo =v :u2—i—v2.
o(u,v) dy 9y —

ou Ov

If we now want the Jacobian for the transformation the other way, we see from Corollary 5.2 that

0(u,v) 1

o(z,y) u+0v?

To write this in terms of x and y, we note that although it is somewhat messy to calculate u and
v in terms of x and y, we can easily find u? 4 v:

Example 5.5 Find u? +v? in terms of © and y.

We have
(u® +vH)? = u' 4 2u%0? + 0!
= (u® —0v?)? + duPo?
422 + 492
Hence

u? 4+ v% = 2¢/22 + 2.

From this result we can see that

0
a(x,y) 2\/(1724‘1/2.

5.3 Cylindrical polar coordinates

We can naturally extend plane polar coordinates into three dimensions by adding a z coordinate.
That is,
r=rcosf, y=rsinf, z==z.
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The Jacobian matrix is given by

gr g@ gz cos —rsinf O
9% 9y 9 = sinf rcosf 0 |,
or 00 0z 0 0 1
or 00 0z
and hence the Jacobian is* 5
8((?’ Z: j)) =rcos’f +rsin0 = r.

The inverse transformation is given by
r=\/x%+y2, tan@zg, z=z.
x

5.4 Spherical polar coordinates

Let (z,v,2) be the Cartesian coordinates for a general point P € R3, where P # (0,0,0). Let r be
the distance between P and O so that r = \/z2 + y2 + 22, and let 6 be the angle from the z-axis to

the position vector O?, so that z = r cosf, where 0 < # < 7. Change (x,y) to its polar coordinates
(pcos @, psin @), where p and ¢ replace the previous r and 6 in (5.2), so that p = rsin § for the new
r and 6. In terms of the spherical coordinates (r, 6, ¢) we therefore have

xr=rsinflcos¢p, y=rsinfsing, z=rcosd,

where 7 > 0,0 <6 <7 and 0 < ¢ < 27.

The Jacobian matrix for this transformation is given by

gr g@ g¢ sinfcos¢ rcosfcos¢p —rsinfsing
87y 67?; a—y = | sinflsing rcosfsing rsinfcos¢
" ¢ cos —rsinf 0

or 00 0¢

4We have not defined determinants for 3 x 3 matrices in these notes; you will cover these in your Linear Algebra
course.
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Hence the Jacobian is given by®

sinfcos¢ rcosfcos¢p —rsinfsing
= sinfsing rcosfsing rsinfcoso
cosf —rsin6 0

sinfcos¢ cosfcos¢p —sing
= r2sinf| sinfsing cosfsing  coso
cos —sinf 0

cosfcos¢p —sing .
cosfsing cos¢ +sind

_ 2
= r 81n9<CO89 sinfsing cos¢

sinfcos¢p —sing )

cos¢p —sing 29

= r2?sinf | cos?0| . + sin
sing cos¢

cos¢ —sing >

sing cos¢

= r2siné.

The inverse transformation is given by

22 1 02
r=va?+y?+ 22, tan@zi—i_y, tang = 2.
z

X

6 Double Integrals

In this section we give a brief introduction to double integrals, and we revisit the Jacobian.
To motivate the ideas, we give two examples of calculating areas.

Example 6.1 Calculate the area of the triangle with vertices (0,0), (B,0) and (X, H), where B >
0, H>0and0< X < B.

You are strongly advised to draw a diagram first! Then you should see easily that the answer is
%BH , which we will now show by means of a double integral.
The three bounding lines of the triangle are

H H
x" YT Xx_ B

In order to ‘capture’ all of the triangle’s area we need to let x range from 0 to B and y range from
0 up to the bounding lines above y = 0. Note that the equations for these lines change at z = X
which is why we have to split the integral up into two in the calculation below. As x and y vary
over the triangle we need to pick up an infinitesimal piece of area dz dy at each point. We can

®Don’t worry about the detail here until after you have covered such determinants in your Linear Algebra lectures.
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then calculate the area of the triangle as

=X py=Hz/X z=B py=H(z—B)/(X—B)
A = / / dy dx +/ / dy dx
=0 y=0 =X Jy=0

=X =B .
_ / Hz / Hx-B)
=0 X =X X—-B

2

x5, s[5,

H X2 H (X-B)? BH
X2 X-B 2 2

An alternative approach is first to let y range from 0 to H and then let & range over the interior of
the triangle at height y. This method is slightly better as we only need one integral:

y=H ra=B+y(X—-B)/
A = / / dxdy
Xy/H
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Example 6.2 Calculate the area of the disc 2% + y? < a?.

Again, we know the answer, namely wa?. If we wish to capture all of the disc’s area then we can
let z vary from —a to a and, at each x, we let y vary from —v/a2 — z2 to Va? — z2. So we have

y=va®—z2
A = / / dy dx

a2

= /ff:a 2v/a? — 22 dx

=—a

0=m/2
= / 2V a2 — a%sin? 6 acosf df [ = asin 6]

0=—m/2

0=m/2
= a2/ 2cos2 6 df = wa’.
0=—m/2
O

In the first example, with the triangle, integrating x first and then y meant that we had a slightly
easier calculation to perform. In the second example, the area of the disc is just as complicated
to find whether we integrate x first or y first. However, we can simplify things considerably if we
use the more natural polar coordinates, as you will see in a moment. First we revisit the Jacobian,
after giving a more formal definition of area.

Definition 6.3 Let R C R%. Then we define the area of R to be

:// dz dy.
(z,y)ER

Quite what this definition formally means (given that integrals will not be formally defined until
Trinity Term analysis) and for what regions R it makes sense to talk of area, are actually very
complicated questions and not ones we will be concerned with here. For the simple cases we will
come across, the definition will be clear, and the area will be unambiguous.

Theorem 6.4 Let f: R — S be a bijection between two regions of R?, and write (u,v) = f(z,y).
Suppose that

1s defined and non-zero everywhere. Then

) dz dy.

A(S):// dudv:// Ou, v)
(up)es (@y)er |0z

Equivalently, for the transformation the other way, we have

W[ ] =)
(z,y)ER (u,w)eS
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Proof. (Sketch proof) Consider the small element of area that is bounded by the coordinate lines
u = wup and u = ug + du and v = vy and v = vg + dv. Let f(xo,y0) = (up,vp) and consider small
changes dx and dy in x and y respectively. We have a slightly distorted parallelogram with sides

g(x()v yO) 6$7

a = f(x0+5w>y0)—f($0,yo)%ax

0
b = f(x(]v Yo + 6y) - f(x()a yO) ~ 85([1307 yO) 53/7

ignoring higher order terms in éx and dy. As f takes values in R? then the above are vectors in
R2. The area of a parallelogram in R? with sides a and b is |a A b| where A denotes the vector
product. So the element of area we are considering is (ignoring higher order terms)

a1,

L - o

Now, f = (u,v), 50 fm = (umaU$)7 fy = (uy7vy) and

0F 01 _ (u o (0w v\ _ (udv oudn)
or Oy Ox’ Ox oy’ 0y) \oxdy Oyox

Finally,

Oudv  Oudv

A bl
0 oz 8y 8y oz z 0y
9(u,v)
= oz dy.

'3(90, y) Y

[ |

Now let’s revisit Example 6.2 but use polar coordinates instead.
Example 6.5 Use polar coordinates to calculate the area of the disc x2 4+ y? < a?.

The interior of the disc, in polar coordinates, is given by

0<r<a, 0<0<2m.
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So

Iz, y)
a(r,0)

0=27
1’2+y2<a2 r=0 6=0

0=2m
= / / r df dr
r=0 6
_ / [0 ]0 27rd
r=0

‘d@ dr

= 27 [r
2 r=0

[N}
_
-
Il
IS
|
3
IS

Here is one more example to illustrate this method.
Example 6.6 Calculate the area in the upper half-plane bounded by the curves
20=1-y% 22=y°—1, 8xr=16—y° 8x=y*—16.

2

We see, if we change to parabolic coordinates x = (u? — v?)/2, y = uv, that the region in question

is1<u<2, 1<v<2. Hence the area is given by

a= L]
u=2

:/ / u—i—’v ) dv du
u=1
u=2

:/ [u%—i— ] du

dv du

O

Finally in this section we use a change of coordinates to evaluate a special integral known as the
Gaussian integral.
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Example 6.7 Calculate the double integral

y=00 =00 5 o
/ / e 7Y do dy
Yy=—00 =—00

via a change to polar coordinates.

Deduce that

We have, on changing coordinates,

Yy=00 T=0Q 9 2 r=00 92271' 2
/ / eV dedy = / / e rdfdr
y=—o00 Jrx=—00 r=0 6=0

Hence we can write

Yy=00 =00
T o= / / e g dy
y=—00 J x=—00
Y=00 =00
= / / e eV dx dy
Yy=00 9 =00 9
= </ eV dy) (/ e ” dx) [see below™]
Yy=—00 rT=—00
s=00 ) 2
= </ e ? ds) ,

from which the final result follows.

* This step comes from the fact that the double integral in the preceding line is separable - do not
worry about this at this stage, as you will cover these integrals next term. ([l

7 Parametric representation of curves and surfaces

7.1 Standard curves and surfaces

In this first section we introduce a few standard examples of curves and surfaces.
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7.1.1 Conics

The standard forms of equations of the conics are:

e Circle: 22 + 3% = a*:
parametrisation (z,y) = (acos#, asinf); area Ta?.
2 2
. T )
e Ellipse: ST p = 1(b<a):

parametrisation (x,y) = (acosf, bsin f); eccentricity e = /1 — b?/a?; foci (+ae, 0);

directrices x = +a/e; area mab.

e Parabola: y? = 4ax:

parametrisation (z,y) = (at?,2at); eccentricity e = 1; focus (a,0); directrix = —a.
2 2
L Y
e Hyperbola: e i 1:

parametrisation (x,y) = (asect,btant); eccentricity e = 1/1 + b2/a?; foci (+ae, 0);
directrices © = +a/e; asymptotes y = +bz/a.

2 2
Example 7.1 Find the tangent and normal to the ellipse % + L at the point (X,Y).
a

v
One method of solution is to differentiate the equation of the ellipse implicitly, with respect to z.

We obtain
2v  2ydy

a2 " pdr
giving dy/dz = —b?>X/(a®Y) at the point in question. Then the normal has gradient a?Y/(b*>X).
Hence the two required equations are:

0,

v’ X
y—Y :—W(x—X) (tangent),
2
Y
y—-Y = ZQ—X(QU—X) (normal).

An alternative method is as follows. We know that a parametrisation of the ellipse is given by%
r(t) = (acost,bsint).
So, a tangent vector to the ellipse at r(t) equals

r'(t) = (—asint,bcost).

SHere, and from now on, we use the ordered duple (vz,vy) to denote the vector v = vzi+ vyj, which extends to
the ordered triple (vs,vy,v.) in three dimensions. Note that this notation for a vector is identical to that for the
coordinates of a point, but the context should make the meaning clear.
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This is a vector in the direction of the tangent. Hence a vector in the normal direction is

(b t 't)_gg_bﬂ %g
cost,asint) = o b =5 202 )

Quite why the last term has been written in that way will become clearer once we have met the

gradient vector in Section 8. (|

7.1.2 Quadrics

The standard forms of equations of the quadrics are:

Sphere: 22 + y? + 22 = a?;

2 2 2

. .4 T Yy z
e Ellipsoid: 2 + 72 + 2= 1;
22y 2
e Hyperboloid of one sheet: — + -5 — — =1;
a b c
2?2 2 22
e Hyperboloid of two sheets: — — & — — = 1;
a2 b2 2

Paraboloid: z = 22 + y?;

Hyperbolic paraboloid: z = 22 — y?;

e Cone: 22 = 22 + 42

All of these, with the exception of the cone at (z,y, z) = (0,0,0), are examples of smooth surfaces.
We probably all feel we know a smooth surface in R? when we see one, and this instinct for what
a surface is will be satisfactory for the purposes of this course. For those seeking a more rigorous
treatment of the topic, we provide the following working definition:

Definition 7.2 A smooth parametrised surface is a map r, given by the parametrisation
r:U — R : (u,v) — (x(u,v),y(u,v), 2(u,v)),
from an open subset U C R? to R? such that
e x,y,z have continuous partial derivatives with respect to u and v of all orders;

e 1 is a bijection, with both r and r~' being continuous;
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e at each point the vectors

@ cmdg

ou ov

are linearly independent (i.e. are not scalar multiples of each other).

We will not focus on this definition. Our aim here is just to parametrise some of the standard
surfaces previously described, and to calculate some tangents and normals. In order to do this, we
need two more definitions:

Definition 7.3 Let r : U — R3 be a smooth parametrised surface and let p be a point on the
surface. The plane containing p and which is parallel to the vectors

or or
%(p) and %(p)

is called the tangent plane to r(U) at p. Since these vectors are linearly independent, the tangent
plane is well defined.

Definition 7.4 Any vector in the direction

™ o)A 2 (p)

is said to be normal to the surface at p. There are two unit normals of length one, pointing in
opposite directions to each other.

Example 7.5 Consider the sphere 2 +y? + 2% = a®. Verify that the outward-pointing unit normal
on the surface at (0, ¢) is r(0,)/a.

A parametrisation given by spherical polar coordinates is

r(6,¢) = (asinf cos ¢, asin @ sin ¢, a cos ).

We have
or : .
% = (acos B cos ¢, acosfsin ¢, —asinb),
Or (—asinfsin ¢, asinf cos ¢, 0)
R — — 1 .
a¢ ) )
Hence we have
i j k
gg/\gé; = acosfcos¢p acosfsing —asind
—asinfsin¢ asindcos ¢ 0
i j k
= a’sinf| cos@cos¢ cosfsing —sinh
—sin ¢ cos ¢ 0
= a?sinf (sinf cos ¢, sin O sin ¢, cos 6) .
Hence the outward unit normal is (sin 6 cos ¢, sin 0 sin ¢, cos §) = r(6, ¢)/a, as expected. O
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Example 7.6 Find the normal and tangent plane to the point (X,Y, Z) on the hyperbolic paraboloid

z=a% — 2

This surface has a simple choice of parametrisation as there is exactly one point lying above, or
below, the point (z,y,0). So we can use the parametrisation

I'(.%,y) = (:U,y,x2 - y2)

We then have

or or
ax ( 70) x) a‘n ay (07 ) y)7
from which we obtain
i j k
or Or
— A—=]1 0 2 = (—2z,2y,1).
9z "\ oy x (—22,2y,1)
0 1 —2y

The normal vector to the surface at (X, Y, Z) is then (—2X,2Y, 1) and we see that the equation for
the points (z,y, z) of the tangent plane (all points whose vector from the point on the surface are
orthogonal to the normal vector) is

(z,y,2) — (X,Y, X2 -Y?) (-2X,2Y,1) =0
or
(z,y,2) - (—2X,2Y,1) = (X,Y,X?-Y?) (-2X,2Y,1)
= —2X*+2vP4 XP-Y?
= Y’-X*=-7,

which gives
2Xx —-2Yy—z2= 2.

7.2 Scalar line integrals

In this section we will introduce the idea of the scalar line integral of a vector field. The
physical interpretation of such integrals depends on the nature of the particular vector field under
consideration. In the case of force fields, the scalar line integral represents the work done by the
force.

Definition 7.7 The scalar line integral of a vector field F(r) along a path C given by r = r(t),
from r(tg) to r(t1), is
dr

/CF(r)-dr: /tle(t) S (7.1)
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The path C in the integral is a directed curve, with start point A and end point B, and indeed we
often write the integral as
B
/ F(r) - dr,
A

where the order AB indicates the direction of travel along the path. Note that traversing the same
path in the opposite direction, ie with start point B and end point A, changes the sign of the scalar

line integral, so that
A B
/ F(r)-dr = —/ F(r) - dr.
B A

In practise, when evaluating scalar line integrals, we usually use the right-hand side form of (7.1),
as illustrated in the following example.

Example 7.8 Evaluate the scalar line integral of F(r) = 2zi + (zz — 2)j + xyk along the path C
from the point (0,0,0) to the point (1,1,1) defined by the parametrisation

r=t, y=t>, z=t, (0<t<1).

We have d
r=(t,1%,3), so d{; = (1,2t,3t%),

and
F(t) = (2t,t* — 2,63).

(AF@ym-:

Hence we have

(2t + (t* — 2)(2t) + t3(3t?)) dt

(5t° — 2t)

i
I

|
o=

Example 7.9 Fvaluate the scalar line integral of the vector field

u(r) = 1

22 (zi+ yj)

around the closed circular path C of radius a centre the origin starting at (a,0) and going counter-
clockwise to (a,0).

A suitable parametrisation for C' is

xr=acost, y=asint, 0<t<27.

2 ;
t t
/Cu(r) ~dr = /0 <a(;(;s (—asint) + CLZIQH (acost)) dt = 0.

50
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You might be wondering whether the answer to Example 7.9 is ‘obvious’. It is certainly the case
that some scalar line integrals can be evaluated without explicitly having to integrate, so it is
worth giving a little thought to what is happening in a particular case. For the integral in Example
7.9, the tangential component of the vector field is zero everywhere on the circle, because u(r)
points in the same direction as r. So the scalar line integral is indeed zero. Note that the result is
independent of where on the curve we start or which direction we traverse the curve.

7.3 The length of a curve
Consider the scalar line integral (7.1) of the vector field F(r) along the curve C' given by r = r(t),

from r(tp) to r(¢1), namely
t dr
/ F(r)-dr = / F(t) - — dt,
c ¢ dt

0
and let ¢ represent time. Then r(¢) represents the point on the curve C' corresponding to time ¢, and
r(t) represents the velocity of the point as it moves along the curve. Now consider what happens
when we let

then F(t) represents a unit vector in the direction of the velocity vector ¥(t). We have

P G = gy 50 = O,

so that the scalar line integral becomes

AF@yu_ﬁfﬁ@Mﬂ_A?¢C¥Y+<$>aw (7.2)

This expression gives the length of the curve C' between the two points r(tp) and r(¢1). To see this
intuitively, consider what happens to the point that is currently at r(¢) during a small interval of
time 0t. During this time, the point will move along the curve by an approximate distance | (¢)| 0t,
and hence the length of the curve is approximated by

Z |ti ()] ot;.

In the limit as the 0t; tend to zero, we obtain (7.2).

We can verify this with a simple example.
Example 7.10 Find the length of a semicircle of radius 1.

Take the centre of the circle to be the origin, and consider the semicircle as lying in the upper
half-plane given by y > 0. Then a suitable parametrisation for C' is

r(t) =costi+sintj, 0<t<m.

Therefore the length of the semicircle, as given by (7.2), is

/ﬁmnmz/1w:m
0 0

as expected. n
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8 The gradient vector

In practice, for the curves and surfaces that we met in the last section, there is no need to go
through the rather laborious task of parametrising in order to find normals. This is because all the
curves and surfaces that we have seen are examples of what are called level sets, defined later on in
Definition 8.12. The gradient vector is a simple way of finding normals to such curves and surfaces.

Definition 8.1 Given a scalar function f := R™ — R, whose partial derivatives all exist, the
gradient vector V[ or gradf is defined as

Vf:<8f of af>_

R
The symbol V is usually pronounced “grad”, but also “del” or “nabla”.
Example 8.2 Find Vf for f(z,y,z) = 2y + ze® + yz.
We have
V= (2024 2%, dxy + 2, +y) = (2> + ze%)i + (day + 2)j + (e* + )k
(either notation is fine). O
Example 8.3 Find Vg for g(x,y,2) = 2> + y* + 22

Here,
Vg =2zi+ 2yj + 2zk.

Note that Vg is normal to the spheres g = constant. ([l
Example 8.4 Consider the vector field

v(z,y,2) = (2zy 4+ zcos(zz), 22 + €Y7, x cos(xz) — ¥ 7).
Find all the scalar functions f(z,y,z) such that v=Vf.

For any such f we have

of
L _9
o xy + zcos(zz)
and hence
f(a,y,2) = 2y +sin(z2) + g(y, 2), (8.1)
for some function g of ¥ and z. Now, from the given expression for v we have
0
a‘;j =22 eV,
and differentiating (8.1) gives
0
oy oy
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so that

0
99 _ 42 + V7%,

2
+
X 83/

Integrating, we obtain
9(y,z) = eV 77 4+ h(z),
for some function i of z. Finally, we have

or _ xcos(zz) — eV % = zcos(xz) — eV % + 1/ (2),

0z

so that h'(z) = 0, i.e. h is a constant. Putting all this together, the required function f has the
form

f(z,y,2) = 2%y + sin(z2) + €V + ¢,
where ¢ is a constant. _

In Example 8.4 we were able to find a scalar function f such that, for the given v, we had v = V f.
You should note that this is not always possible - try finding such an f for v = (2y,3x,4z), for
example. However, if such an f can be found, then we have the following result:

Theorem 8.5 Consider a given vector field v for which there exists a scalar function f such that
v =V f. Then the following result holds:

B
/A Vf-dr = f(B) - f(4),
where A and B are the start and end points, respectively, of the curve along which we are integrating.
Proof. We have

B Brofde Ofdy Ofdz
/A Vf'dI‘ = / <6xdt+8ydt+8zdt> dt

A

Bdf
-
= f(B) = f(A).

Note that this result is independent of the curve itself — the scalar line integrals for which this result
holds are path-independent.

Example 8.6 Consider the vector field
v(z,y,2) = (2zy + z cos(xz),2” + €%, w cos(xz) — ! %)

which was introduced in Example 8.4. Evaluate

/v-dr,
c

where C' is any curve starting at (0,0,0) and ending at (1,1,1).
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Using the result of Example 8.4 we have v = V f, where
f(z,y,2) = 2y +sin(zz) + ¥ % + ¢,

where c is a constant. Let A be the point (0,0,0) and B be the point (1,1,1). Then, from Theorem
8.5 we can write

/ v.dr= f(B)— f(A) =1+sinl.
C
Note how the constant ¢ cancels in the calculation. OJ

If you would like to, try to verify the result of Example 8.6 for a couple of curves of your choice!

Definition 8.7 Let f : R™ — R be a differentiable scalar function and let u be a unit vector. Then
the directional derivative of f at a in the direction u equals

oy (L2000 S

t—0 t

This is the rate of change of the function f at a in the direction u.
This is best illustrated with an example.

Example 8.8 Let f(x,y,2) = 2%y — 22 and let a = (1,1,1). Calculate the directional derivative of
f at a in the direction of the unit vector u = (uy,us,us). In what direction does f increase most
rapidly?

We have

fla+tu) — f(a) [(1 +tup)?(1 + tug) — (1 + tu3)2] — (121 - 1?)
t t

= (2u1 + up — 2u3) + (u} + 2ugug — ud)t + utugt?

—  2u1 + us — 2ug

as t — 0. This is the requested directional derivative.
What is the largest that this can be as we vary u over all possible unit vectors? Well,

2uy + uz — 2uz = (2,1, —2).u = 3|ufcos§ = 3 cos¥b,

because u is a unit vector, where 6 is the angle between u and (2,1, —2). This expression takes a
maximum of 3 when 6 = 0, and this means that u is parallel to (2,1, —2), i.e. u=(2/3,1/3.-2/3).
O

Proposition 8.9 The directional derivative of a function f at the point a in the direction u equals
Vf(a)-u.

Proof. Let
F(t) = f(a+tu) = f(al +tu1,...,an—|—tun).

lim (f(a+tu) - f(a)) ~ im <w> — F(0).

t—0 t t—0

Then
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Now, by the chain rule,

dF
F/(O) - E o
t—
_Of , . dx of dx,
= Tm(a)g ""FT%(a)E
0 0
= ax‘i(a) up + - - +(‘9ai(a) n
= Vf(a)-u

Corollary 8.10 The rate of change of f is greatest in the direction V f, that is when u =
Vf/IVfl, and the mazimum rate of change is given by |V f|.

Example 8.11 Consider the function f(x,y, z) = > +y? + 22 — 2xy + 3yz. What is the mazimum
rate of change of f at the point (1,—2,3) and in what direction does it occur?

We have
Vi(x,y,2) = 2z - 2y,2y — 2z + 32,22 + 3y),
so that Vf(1,-2,3) = (6,3,0).
Hence the maximum rate of change of f at the point (1, —2,3) is v/62 + 32 = 31/5, in the direction

1
2=(6,3,0). O

Definition 8.12 A level set of a function f : R3 — R is a set of points
{(z,y,2) €R?: f(z,y,2) = c},

where ¢ is a constant. For suitably well behaved functions f and constants c, the level set is a
surface in R3. Note that all the quadrics in Section 7.1.2 are level sets.

Proposition 8.13 Given a surface S C R3 with equation f(x,y,z) = ¢ and a point p € S, then
V f(p) is normal to S at p.

Proof. Let u and v be coordinates near p and let r : (u,v) — r(u,v) be a parametrisation of part
of S. Recall that the normal to S at p is in the direction

o, or
ou  Ov’
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Note also that f(r(u,v)) = ¢, andso f/0u = 9f /0v = 0. If we write r(u,v) = (z(u,v),y(u,v), z(u,v))

then we see that
v O _ (9007 OF\ (0r Oy 0z
ou  \0z’ 0y’ 0z ou’ Ou’ Ou
0f0x 90y 00
Jrdu Oyodu 9Jzdu
of

= —= by the chain rule
ou

= 0.

Similarly, V f - Or/0v = 0, and hence V f is in the direction of dr/0u A Or/0v, and so is normal to
the surface S. m

Example 8.14 In Example 7.6 we determined the normal at (X,Y, Z) to the hyperbolic paraboloid

2z =2 — y%. We now find the normal using the gradient vector.

Let

X z :.132* 2*2.
f(z,y,2) Yy

Then the normal is given by
Vi(X,Y,Z)=(2X,-2Y,-1),

which is the same normal vector that we found previously (albeit in the opposite direction). O
We now look at two more examples illustrating the use of the gradient function.

Example 8.15 The temperature T in R® is given by

T(z,y,2) =z +1y* — 2°

Given that heat flows in the direction of —V'T', describe the curve along which heat moves from the
point (1,1,1).
We have
—VT(z,y,z)=(—1,-2y,2z),
which is the direction in which heat flows. If we parametrise the flow of heat (by arc length s, say)
as r(s) = (x(s),y(s), z(s)) then we have
/ /

V) g, 20

y(s) z(s)
because (2, vy, 2’) and (—1, —2y, 22) are parallel vectors. Integrating these two equations and noting
that the path must go through (1,1, 1) gives us

Iny(s) = 2z(s)—2,

= _2$/(S)a

Inz(s) = —2z(s)+2.
Hence the equation of the heat’s path from (1,1,1) in the direction of (—1,—2,2) is
2c=lny+2=2—-1Inz.
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Example 8.16 Find the points on the ellipsoid
2 2
T Yy 2
4 =1
1 + 9 +z

which are closest to, and farthest away from, the plane x + 2y 4+ z = 10.
The normal to the plane is parallel to (1,2, 1) everywhere. The required points on the ellipsoid will
also have normal (1,2, 1). If we set

72

yz 2
= — — —1
fay.2) =7 +5+2 -1

(T 2y
Vf— (2,9722>.

If this is parallel to (1,2,1) then we have x = 2X, y = 9\, z = A/2 for some A. This point will lie
on the ellipsoid when

then the gradient vector is

giving 41A2/4 = 1, i.e. A = +2/v/41. Hence the required points are

4 18 1 4 18 1
TRV (closest) and Y/ R (farthest).

O

We conclude this section with a statement of some results for the gradient vector which you might
expect to hold true:

Proposition 8.17 Let f and g be differentiable functions of x,y,z. Then

1. V(fg) = fVg+gVf;

2. V(fr)=nfr1Vf;

P (f) _9V/f —2ng’_
9 g

4 V(f(g(x))) = f'(9(x)) Vg(x).

Proof. Here we prove 4; the rest are left as an exercise. We have:

V) = (506, 5 ). 5 1o

= (7065100, 500 ) 52 ) = 190 Vi)

57



9 Taylor’s theorem

This section mainly contains an informal introduction, without proof, to Taylor’s theorem for a
function of two variables. We start with a quick reminder of Taylor’s theorem for a function of one
variable.

9.1 Review for functions of one variable

Suppose that f(x) is a function defined on [a, b] with derivatives of any order. For a given natural
number n we search for a polynomial in (x — a) of degree n

pn(x) =ag+ai(x—a)+ - +ap(z—a)"

so that f(z) agrees with p,(x) up to nth order derivatives at a, that is f*)(a) = p%k)(a) for
k=0,1,...,n. Since pq(f)(a) =kl a for k=0,...,n we obtain

1

k= o *) (q)
and therefore
"(a () (g
pale) = (@) + f1@)(e —a) + T a1 LW gy (0.1

(9.1) is called the Taylor expansion or the Taylor polynomial of order n for f about the point
a.

We have the following theorem which will be proved in Prelims Analysis in Hilary term.

Theorem 9.1 Taylor’s theorem for a function of one variable
Suppose f(x) has derivatives on [a,b] up to (n+ 1)th order. Then, for any x € (a,b] there exists a
¢ € (a,x) such that

(n+1)
(x —a)" + m(x —a)"!, (9.2)

f™(a)

n!

f(@) = f(a)+ f'a)(x —a) + -+

Taylor’s theorem says that the Taylor expansion of order n is a good approximation of f near to
the point a.

Example 9.2

.Z‘2 33‘4 x2n

f— —_—— —_— — s e . _— n
cosz =1 2!4—4! +(-1)

+ - Vx € [a,b)].

Example 9.3 Find the third order Taylor polynomial of In(1 + sinh ) about the point z = 0.
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We have

f(z) = In(l1+sinhz), so f(0)=0;

cosh x
fila) = 14sinhz Fo)=1
" (1 + sinh z) sinh # — cosh? x sinhz — 1 "
f(@) (1 + sinh z)? (1 + sinh )2’ s £1(0) ’

3 cosh z — sinh x cosh x
f(3) (x) = (1 + sinh :L‘)3 , SO f(3) (0) = 3.

Hence the third order Taylor polynomial is given by

ZCQ 3

f(x):x—?—k%.

9.2 Taylor’s theorem for a function of two variables

We now extend the material in the previous section to functions of two variables. First we must
generalise the idea of a polynomial to cover more than one variable. An expression of the form

p(z,y) = A+ Bx + Cly,

where A, B and C are constants, with B and C not both equal to zero, is called a polynomial” of
order 1 in x and y. It is also called a linear polynomial in x and y.

An expression of the form
p(z,y) = A+ Bz + Cy + Da* + Exy + Fi?,

where A, B,C, D, E and F are constants, with D, E and F' not all equal to zero, is called a poly-
nomial of order 2. It is also called a quadratic polynomial in x and y.

Notice that each term in these polynomials is of the form constantxz"y®, where r and s are zero
or positive integers. A term in a polynomial is said to be of order N if r + s = N. So, quadratic
polynomials contain terms up to order 2.

Given a function f(zx,y), we would like to find a suitable polynomial in z and y that approximates
the function in the vicinity of a point (a,b). The key is to choose the coefficients in the polynomial
such that the function and the polynomial match in their values, and in the values of their relevant
partial derivatives, at the point (a,b). This is just what an nth order Taylor expansion, or nth
order Taylor polynomial, does. We therefore have the following:

"Polynomials in more than one variable are also called multinomials.
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Definition 9.4 The first-order Taylor expansion for f(x,y) about (a,b) is

pi(z,y) = f(a;b) + fol(a, b)(x — a) + fy(a,b)(y = b).

The second-order Taylor expansion for f(x,y) about (a,b) is
p2(z,y) = fla,b) + fo(a,b)(z —a) + fy(a,b)(y — b)

+% [fou(a,b) (@ —a)® + 2fuy(a.b)(z — a)(y — b) + fyy(a,0)(y = 0)*] . (9.3)

It is straightforward (but somewhat tedious) to check that the values of these polynomials, and
their derivatives, match those of f(z,y) at (a,b).

These two results can be extended to give the following theorem, which again we state without
proof:

Theorem 9.5 Taylor’s theorem for a function of two variables

Let f(z,y) be defined on an open subset U, such that f has continuous partial derivatives on U up
to (n+1)th order. Let (a,b) € U and suppose that the line segment between (a,b) and (x,y) lies in
U. Then there ezists a 0 € (0,1) (depending on n, (a,b), (x,y) and the function f) such that

oy = fan+d S 2 2H@D i gy (9.4)

il tOyd
el =, 14! 0x' 0y

4,520

Loy L0

— )y — bV
Z'j' 81)18y] (1’ a) (y b)v

i+j=n-+1
4,520

where

§=0(a,b) + (1 = 0)(x,y).

The right-hand side of (9.4) is called the Taylor expansion of the two variable function f(z,y)
about (a, b). To nth order, we denote it by p,(z,y). To memorize this formula, you should compare
it with the Binomial expansion
k'L
k _ 7
(a+b)F= > —=a't

|
Rt
i,j>0
which corresponds to the kth derivative term in the Taylor expansion. But notice that the combi-
nation numbers in the binomial expansion are k!/(i!j!) but in the Taylor’s expansion they turn out
to be 1/(ilj!). So, the third order term in the expansion of f(z,y) is

1

3 [faaa(a,0)(x = @) + 3 fruy(a,0) (2 — )*(y = b) + Bfayy (@, 0)(z — a) (y — b)”

+ fyyy(a,b)(y — 5)3] :
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Example 9.6 Given f(z,y) = 2%¢%, find the first and second order Taylor expansions for f(x,y)
about the point (2,0).

We have
f(l’,y) = x263y1 fx(xv y) = 2'%.63:!/, fy(xa y) = 31.26321’

so that at (2,0)
f(270) =4, fx(270) =4, fy(Q,O) =12.

Hence the required first order Taylor expansion is
pi(z,y) = f(2,0)+ f2(2,0)(z — 2) + fy(2,0)(y — 0)
= 4+4+4(x—2)+ 12y.

The second order partial derivatives are

fxx($7y) = 263y> fmy($7 y) = 6$63y7 fyy(xay) = 9$2e3ya
so that
f:vx(270) = 27 fxy(230) = 127 fyy(Q,O) = 36

Hence the required second order Taylor expansion is

p2($7y) = pl(xay)"i_%[frz(270>(x_2)2+2f1?y(270)(x_2)(y_0)+fyy(270)(y_0)2]
= 444(x—2)+ 12y + (z —2)* + 12(z — 2)y + 184>

Note that we would usually leave the answer like this, and not multiply out the brackets; it is useful
to know what the expansion looks like close to the point (z,y) = (2,0), where (z —2) and (y — 0)
are small. 0

10 Ceritical points

In this section we will apply Taylor’s theorem to the study of multi-variable functions near critical
points. For simplicity, we concentrate on functions of two variables, although, with necessary
modifications, the techniques we develop apply to functions of more than two variables.

First of all, we introduce the idea of local extrema. Let f(z,y) be a function defined on a subset
A C R2. Then a point (x9,%9) € A is a local maximum (resp. local minimum) of f if there is
an open disc D, (xo,yo) of radius r > 0 such that

f(z,y) < f(zo,y0)  V(z,y) € Dr(20,90) N A (10.1)

(resp.

f@,y) = f(@o,0)  V(z,y) € Dr(x0,y0) N A). (10.2)
On the other hand, we say that (z9,y9) € A is a global maximum (resp. global minimum) if
f(@,y) < f(xo,y0) (resp. f(z,y) = f(wo,10)) for every (z,y) € A.

Clearly a global maximum (resp. minimum) is also a local one.
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Theorem 10.1 Suppose that f(x,y) defined on an open subset U has continuous partial deriva-
tives, and (zo,yo) € U is a local mazximum or a local minimum. Then

01 (a0, 10) = Z;j(ﬂco,yo) —0. (10.3)

That is, the gradient vector V f(xg,yo) = 0.

Proof. We prove the local maximum case; that for the local minimum follows in exactly the
same way.

If there is a local maximum at (zg, %) then there exists an £ > 0 such that D.(xo,y0) C U and
(10.1) holds. Let u = (uy,u2) be any unit vector, and define v(t) = (zo,yo) + tu. Consider the
one-variable function g(¢) = f(v(t)). Then g(t) < g(0) for all t € (—¢,¢).

So,
. 9(t) —g(0)
"(0) =1 9() = 9(0) <0
g =l T s
and® 0
g/(O) = lim M >0,
t—0~ t

so we must have ¢'(0) = 0.

Now, ¢'(0) is just the directional derivative of f in the direction of u so that

0 15)
V f(xo,y0) -u= ulafi(wo,yo) + u2a£($o,yo) =0

for any unit vector (ui,uz), which yields (10.3). m

Any point (zg, yo) such that V f(xg,yo) = 0 is called a critical or stationary point. Theorem 10.1
says that local extrema must be critical points (although we note that there may be points (x, yo)
satisfying (10.3) which are not extrema - more about those in a moment). Therefore we search for
local extrema amongst the critical points. Taylor’s expansion allows us to say more about whether
a critical point is a local extremum or not. To this end, we look at Taylor’s expansion for two
variables (9.3) about the critical point (xg,yo), which can be written as

1

fl@,y) = Flzo,p0) ~ 5 [faalw = 20)* + 2fay(z = 20)(y = v0) + fun(y — v0)°] (10.4)
- 2flm [(Frale = 20) + fayy = 90))* + (o = £2) (9 —w0)?|  (105)

provided that f;, # 0. In (10.4) and (10.5), the derivatives are all evaluated at (xo,yo), and (z,y)
is sufficiently close to (g, yo) for (10.4) to hold. Note that the linear terms of the Taylor expansion
are zero at the critical point, by definition.

8The notation ¢ — 07 here means that ¢ tends to 0 from above, i.e. ¢t > 0 and ¢t — 0; similarly, ¢ — 0~ means
that ¢ tends to 0 from below.
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Theorem 10.2 Suppose that f(z,y) is defined on an open subset U and has continuous derivatives
up to second order, and suppose that (xo,y0) € U is a critical point, i.e. V f(zo,y0) = 0.

1) If

82f 62f 32f 2 2

@(xﬂvy())aiyg(x&yO) - (axay(%,yo)) >0, @(%"%) <0 (10.6)
then (xo,yo) is a local mazimum.
2) If

O f O f O f 2 O f

ﬁ(xﬂvyO)ain(x()ayO) - (M(ﬂﬁoay0)> >0, @(flfo?yo) >0 (10.7)

then (xo,yo) is a local minimum.

Proof. Since all partial derivatives up to second order are continuous, we can choose a small ¢ > 0
such that the open disc D.(zo,yo) C U and (10.6) and (10.7) hold not only at a = (xg,yo) but also
at any point in D.(a).

Consider (10.6) first, so that

f:mcfyy_ 3y>0 and fx$<0.

(Here, and throughout the proof, these derivatives are all evaluated at (zo,yp).) Then the right
hand side of (10.5) is negative so that f(z,y) < f(xo,yo) for (z,y) close to (xg,yo), and we have a
local maximum.

Similarly, if

then f(z,y) > f(xo,yo) for (x,y) close to (zg, o), and we have a local minimum. =

One final thing to note about Theorem (10.2) is that, for maxima and minima, symmetry requires
that f,, plays the same role as f;5, so that fy, (zo,v0) < 0 gives a local maximum and fy,(xo, yo) > 0
gives a local minimum. It is sufficient to check either the sign of f,, or the sign of f,.

We now consider what we can say if

82 62 82 2
axjgr(xovyo)%é(wo,yo) - ( / ($07y0)> <0.

If

0% f 0% f 0% f 2
@(xo,yo)aiyz(%,yo) - <8x8y (930,2/0)> =0

then, based only on the information about the first and second partial derivatives at (xg,yo), we
cannot know the sign of

fua(® — 20) + 2fuy(x — 20) (Y — Y0) + fuu(y — 10)?

appearing in the Taylor expansion, so in this case we are unable to tell whether (xg,yo) is a local
extremum or not. To investigate further, we have to resort to other methods which are not covered
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in these notes (although we illustrate one simple technique in Example 10.4).
On the other hand, if

2 f 82 f <a2f

2
@(ﬂﬁoayo)@(fﬁoayo)— (%ay(ﬂ?o,yo)> <0

then the sign of
faa(T — 330)2 + 2 fay(x — 20)(y — v0) + fyy(y — 90)2

will vary with the signs of z — x¢ and y — yg and we have what is called a saddle point, or simply
a saddle. Whilst we don’t prove this result here, the following should give an indication of how
such a proof would proceed:

Note from (10.4) that ultimately what matters is the sign of
Ap® + 2Bpq + C¢?,

where pP=T— o, 4 =Y — Yo, A= fwl‘(x[)ay())v B = f.ry(x()vyo) and C' = fyy($07y))'

In Theorem 10.2 we took A # 0 and showed that if AC — B2 > 0 and A < 0 then we have a local
maximum, and if AC — B? > 0 and A > 0 then we have a local minimum. However, if A # 0 and
AC — B? < 0 then

1

—((Ap+ Bq)® + (AC = BY)q")

Ap2 + 2Bpq + C’q2 =

is the difference of two squares and so can take both positive and negative values, hence we have a
saddle. Similar results can be proved for the two cases A =0, C #0and A =C = 0.

In summary, then:

All stationary points have f, = 0 and f, = 0 and are classified as follows:

o If fovfyy — fgy > 0 and fz > 0 (or fy, > 0) at the stationary point then we have a local
minimum;

o If foufyy — fa?y > 0 and fp < 0 (or f,, < 0) at the stationary point then we have a local
maximum;

o If foufyy — gy < 0 at the stationary point then we have a saddle.
Example 10.3 Find and classify the critical points of f(x,y) = 2 + 2zy — y? + v>.
We need to solve the simultaneous equations
fr=2x4+2y=0 and fy:2:v—2y—|—3y2:().

The first of these gives x = —y and so we have, from the second, 3y? — 4y = 0. Therefore there are
critical points at (0,0) and (—4/3,4/3). Now,

fex =2, fyy=-2+6y and fy=2.
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So, for (0,0) we have
fxwfyy_fgy:_4—4:—8<0
and there is a saddle at (0,0).
Similarly, for (—4/3,4/3) we have
fa:xfyy_f%y:12—4:8>0
with fzz =2 > 0 and so there is a local minimum at (—4/3,4/3). O

Example 10.4 Find and classify the critical point of f(z,y) = x* — y*.
We have f, =2z =0 and f, = —4y3 = 0 and so the critical point is at (0,0). At this point,

fxx:2a fyy: —12y2:O and fa:yzoa

SO faafyy — fa?y = 0 and we cannot classify the critical point according to the method above.
However, we can easily see that if we move along the z-axis then (0, 0) is perceived to be a minimum,
because f(x,0) = x2, whilst if we move along the y-axis then (0, 0) is perceived to be a maximum
because f(0,y) = —y*. Hence, (0,0) is a saddle. O

Finally in this chapter we look very briefly at the extension to functions of more than two variables.
This material is not assessed, and is given without proof, for interest only.

First, we need the following definitions.
We say that an n x n symmetric matrix A = (a;j) (where a;; = aj; for any pair (4, j)) is positive
definite (resp. negative definite) if

n
Av.v = Z a;jviv; >0 (resp. <0) Vv =(vi,...,v,) €R",
ij=1

with equality if and only if v = 0.
Also, for a function f(z1,...,z,) of n variables with continuous partial derivatives up to second

2

order, then the Hessian matriz H is an n x n symmetric matrix with entry 85 8’; - at the ith row
10Tj

and jth column, i.e.

of 0f
333% 0x10xy,
H(‘/L‘la ,.’En) —
0% f 0*f
0z, 01 ox2
Theorem 10.5 Suppose f(x) is a function with n variables x = (x1,...,%,) defined on an open
subset U C R™ which has continuous partial derivatives up to second order. Let a = (aq,...,ay) be

a critical point, that is, V f(a) = 0.

1) If the Hessian matriz H(a) is positive definite, then a is a local minimum of f.

2) If the Hessian matriz H(a) is negative definite, then a is a local mazimum of f.

The proof follows from the Taylor’s expansion for n variables about the critical point a.
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11 Lagrange multipliers
In this chapter we develop a method of locating constrained local extrema, that is, local extrema
of a function of several variables, subject to one or more constraints.

Let us first consider the case of a function of three variables, and one constraint. That is, we
consider the following problem:

Let f(x,y,2) be a function defined on a subset U C R3. We wish to locate the local extrema of
f(x,y, z) subject to the constraint
F(z,y,z) =0. (11.1)

We say that (2o, yo,20) € U is a constrained local minimum (resp. maximum) subject to (11.1)
if F(x0,%0,20) = 0 and if there is a small ball B centred at (xo,yo,20) with radius € > 0 such
that f(xa Y, Z) > f(xO)y07 ZO) (resp. f($’y7 Z) < f(x07y07 ZO)) for every (l‘,y, Z) € B. which satisfies
(11.1).

Theorem 11.1 Let f(x,y,2) and F(x,y,z) be two functions on an open subset U C R3. Suppose
that both functions f and F have continuous partial derivatives, and that the gradient vector field
VFE #0 onU. Let (x9,y0,20) € U be a local minimum or local mazimum of f(x,y,z) subject to
the constraint (11.1). Then there is a real number A\ such that V f(xo, Yo, 20) = AV F(x0, Yo, 20)-

Proof. Since VF # 0 on U, the equation (11.1) defines a surface
S={(x,y,2) €eU: F(z,y,z) = 0}.

By assumption, (zg,yo0,20) € S is a local minimum or maximum of the restriction of the function
f over S. Take any curve v(t) = (z(t),y(t),2(t)) lying on the surface S and passing through

(370,907 20)7 ie.
F(v(t)) =0 Vte (—¢e,e) with v(0) = (z0,yo,20),

and let h(t) = f(v(t)).

Then by the definition of constrained local extrema, ¢t = 0 is a local minimum or maximum of the

function h(t) and so A/(0) = 0.

On the other hand, according to the chain rule,

1(0) = Vf(v(0)) - v'(0) = 0,
which means that V f(z,yo, z0) is perpendicular to v'(0).

Since v(t) is any curve lying on the surface S passing through (x¢, y0, 20), then v/(0) can be any
tangent vector to S at (zg, Yo, 20). Therefore V f(z, yo, z0) must be perpendicular to the tangent
plane of S at (xo, Yo, 20)-

It follows that V f(xo,yo, z0) either equals 0, or V f(xg,yo, z0) # 0 is normal to S at (xo, Yo, 20)-

On the other hand, we know that V F'(zg,yo, z0) is normal to S at (zg,yo,20), and so therefore
V f(xo, Y0, 20) and V F(xg,yo, 20) are parallel. Since V F(zg,yo, z0) # 0, there is a X such that

V f(w0, Yo, 20) = AV F(z0, Y0, 20)-
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The constant A introduced here to help us to locate the constrained extrema is called a Lagrange
multiplier. You have already seen an illustration of this technique, in Example 8.16.

According to Theorem 11.1, in order to find the constrained extrema of f we should look amongst
those (x,y, z) € U and real numbers \ which satisfy the following system:

Vf(x,y,2) = AVE(x,y,2),
(11.2)
F(z,y,z) =0.

We are interested in those (z,y, z) € U such that there is a real number A which solves the system
(11.2). In practice, we need to solve for (x,y, z), but there is no need to know the explicit value A.

We introduce a function G(z,y,2,\) = f(x,y,2) — AF(z,y,2). Then the system (11.2) may be
written as

06 _0G oG _ oG _
or Oy 0z ON

which means that a solution (z,y, z, A) to (11.2) is just a critical point of G(x,y, z, \).

Example 11.2 Mazimize f(x,y,2) = x + 1y subject to the constraint % + y? + 2% = 1.

Set
G(x,y,z,)\):x+y—)\(x2+y2+z2—l)

and look for the critical points of G by solving the system
0G

9 1-2X\x =0,

gij = 1-2\y=0,

% = —2Xz=0,

% = f(x2+y2+2271):0;

note that, as expected, the final equation is just the given constraint.
The first equation implies that A # 0, so we obtain

Substituting these into the constraint, we obtain

1\2 1\?2

2
_ _ :1
<2A> +(2A> +0 ,

so that
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Thus there are two possible constrained extrema

() o (ieii)

Since the sphere 22432 +22 = 1 is compact (bounded and closed) and the function f(z,y, 2) = 24y
is continuous, it must achieve its maximum and minimum values.”

Therefore the maximum of f subject to the constraint is

f <\/g \EO> =V?2,

is the constrained minimum value of f. O

while

To conclude our discussion, we look at what happens when we have more than one constraint.

Suppose that f(z1,...,2,) and Fi(z1,...,20),..., Fx(z1,...,2,) are functions with n variables
defined on an open subset U C R", where n, k € N. Suppose also that f, Fi,..., F; have continuous
partial derivatives and that we have the following constraints:

Fl(azl,...,a:n) = O,

Fy(x1,...,zy) = 0.

Then the local extrema of f(z1, ..., x,) subject to the given constraints are solutions to the following
system
oG _0G _oG_ oG _
ory Oz, Oa 9N
where
G(x1, o Ty Ay ey Ae) = fx1, ooy xn) — MFI(21, ooy n) — - — Mg F(21, ..y ).
The constants Ay, ..., \; are called the Lagrange multipliers.

Example 11.3 Find the extrema of f(x,y,2) = & + y + z subject to the conditions z* + y> = 2
and y? + 2° = 2.

We have
G(x,y, 2, M, 0) =2 +y+2— (22 + 9% —2) — Xa(y? + 2% —2).

9You will prove this kind of statement in Analysis II.
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We want to solve the following system:

oG

o )\1%’ 0,

oG

3y (A1 + A2)y =0,
oG

02 /\QZ 0,

together with the constraints 2 4+ y? = 2 and 32 + 22 = 2.
These give A1, Ao, A1 + A2 # 0, and then

1 1 1
and =z

l’:E, y:2()\1+)\2) :27)\2.

From the constraints we deduce that = +z, which implies that \; = Ag, because A\; + A2 # 0.
Hence

q 1
r=z=—— an =—.
2\ Y7 0N
We use constraints again to obtain
1)’ (2 L,
2\ ) 7
which leads to
I 14 2
A 5

Thus the possible constrained extrema are

at which the function f achieves its maximum and minimum values of v/10 and —+/10 respectively.
O
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