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Preface

These are the notes for Analysis IIT at Oxford. The objective of this course is
to present a rigorous theory of what it means to integrate a function f : [a,b] — R.
For which functions f can we do this, and what properties does the integral have?
Can we give rigorous and general versions of facts you learned in school, such as
integration by parts, integration by substitution, and the fact that the integral of
S is just f?

We will present the theory of the Riemann integral, although the way we will
develop it is much closer to what is known as the Darboux integral. The end product
is the same (the Riemann integral and the Darboux integral are equivalent) but the
Darboux development tends to be easier to understand and handle.

This is not the only way to define the integral. In fact, it has certain deficiencies
when it comes to the interplay between integration and limits or the integrability
of functions with singularities, for example. To handle these situations one needs
the Lebesgue integral, which is discussed in the part A course A4 Integration.

Students should be aware that every time we write “integrable” we mean “Rie-
mann integrable”. For example, later on we will exhibit a non-integrable function,
but it turns out that this function s integrable in the sense of Lebesgue.

These lecture notes are based on the lecture notes from previous years by Ben
Green and Marc Lackenby, but I have made some minor changes this year and have
likely added a non-empty set of typos to the notes. Hence I would be grateful if

you could report any corrections to

rupflin@maths.ox.ac.uk.






CHAPTER 1

Step functions and the Riemann integral

1.1. Step functions

We are going to define the (Riemann) integral of a function by approximating

it using simple functions called step functions.

DEFINITION 1.1. Let [a,b] be an interval. A function ¢ : [a,b] — R is called a
step function if there is a finite sequence a = xo < 1 < -+ < x, = b such that ¢

is constant on each open interval (z;_1,x;).

Remarks. We do not care about the values of f at the endpoints xg, 1, ..., Ty
We call a sequence a = xg < 1 < --- < x, = b a partition P, and we say that

¢ is a step function adapted to P.

DEFINITION 1.2. A partition P’ given by a =z, < --- < a}, < bis a refinement

of P if every z; is an x; for some j.

LEMMA 1.3. We have the following facts about partitions:
(i) If ¢ is a step function adapted to P, and if P’ is a refinement of P, then
¢ 1s also a step function adapted to P’.
(ii) If P1, P2 are two partitions then there is a common refinement of both of
them.

(iii) If ¢1, ¢ are step functions then so are max(¢y, d2), ¢1 + P2 and g, for
any scalar \.

PrOOF. All completely straightforward; for (iii), suppose that ¢, is adapted
to Py and that ¢2 is adapted to Po, and pass to a common refinement of Py, Ps. [

If X C R is a set, the indicator function of X is the function 1y taking the
value 1 for z € X and 0 elsewhere. In the literature this function is also called the
characteristic function of X and an alternative notation that is frequently used is
XX-

LEMMA 1.4. A function ¢ : [a,b] — R is a step function if and only if it is a

finite linear combination of indicator functions of intervals (open and closed).

PROOF. Suppose first that ¢ is a step function adapted to some partition P,

a =290 <z < -+ < x, =0b Then ¢ can be written as a weighted sum of

3



4 1. STEP FUNCTIONS AND THE RIEMANN INTEGRAL

the functions 1(,,_, ,,) (each an indicator function of an open interval) and the
functions 1., (each an indicator function of a closed interval containing a single
point).

Conversely, the indicator function of any interval is a step function, and hence

so is any finite linear combination of these by Lemma [1.3 ]

In particular, the step functions on [a,b] form a vector space, which we occa-
sionally denote by Ziepla, b].

1.2. I of a step function

It is obvious what the integral of a step function “should” be.

DEFINITION 1.5. Let ¢ be a step function adapted to some partition P, and

suppose that ¢(x) = ¢; on the interval (z;_1,2;). Then we define

n

I(¢) = Zcz(xl —Ti-1).
i=1
We call this I(¢) rather than fab ¢, because we are going to define fab f for a class
of functions f much more general than step functions. It will then be a theorem
that I(¢) = f: ¢, rather than simply a definition.
Actually, there is a small subtlety to the definition. Our notation suggests that
I(¢) depends only on ¢, but its definition depended also on the partition P. In

fact, it does not matter which partition one chooses. If one is pedantic and writes

n

I($;P) = cilwi —wi1)

i=1

then one may easily check that
I(¢:P) = I(¢5P)

for any refinement P’ of P. Now if ¢ is a step function adapted to both P; and Ps

then one may locate a common refinement P’ and conclude that
I(¢;P1) = 1(¢;P') = 1(¢; Pa).
LEMMA 1.6. The map I : Ziepla, b] — R is linear, i.e.
I(ApL + pgpa) = M (1) + pl (d2)
and order-preserving in the sense that if ¢1 < ¢o (pointwise) then
I(¢1) < I(2).

PRrROOF. This is obvious on passing to a common refinement of the partitions
P1 and Py to which ¢1, ¢o are adapted. ]
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1.3. Definition of the integral

Let f : [a,b] — R be a bounded function. We say that a function ¢_ is a
minorant for f if ¢_ is a step function and ¢_ < f pointwise. We say that ¢, is a
magjorant for f if ¢ is a step function and f < ¢ pointwise.

We will sometimes use the shorthand M (f) := {¢+ majorant of f}, M_(f) :=

{¢— minorant of f}, or just My if is is clear from the context what f.

DEFINITION 1.7. A function f is integrable if

1.1 su I(p_) = inf I .
(1.1 LS He) = 160

If f is integrable then we define the integral ff f to be the common value of the
two quantities in (|1.1)).

We sometimes write for short

I (f):= inf I(¢4)and I_(f):= inf I(¢-)

b+ EM () CpeM_()
and note that this sup and inf exist for any bounded function f. Indeed if |f| < M
then the constant function ¢ = —M is a minorant for f (so there is at least

one) and evidently I(¢_) < (b — a)M for all minorants. A similar proof applies to
majorants.

We note moreover that I(¢_) < I(¢4) for all ¢+ € Mo(f) since I is order-
preserving and since ¢_ < f < ¢4. In particular, for any bounded function f we
always have

(1.2) o 1)< inf 1(60)

so to show that a bounded function is integrable all we need to check is whether
the reverse inequality I, (f) < I_(f) holds.
It follows from (|1.2]) that if f is integrable then

b
(1.3) 1(6-) < / f <))

whenever ¢_ < f < ¢4 are minorant and majorants.

Remark. If a function f is only defined on an open interval (a,b), then we say
that it is integrable if an arbitrary extension of it to [a, b] is. It follows immediately
from the definition of step functions and their integral(which does not care about
the endpoints) that it does not matter which extension we choose.

Remark on dx. Integrals are often written using the dr notation. For example,
fol x%dx. This means the same as fol f, where f(z) = 2. We emphasise that in
this course this is nothing more than a piece of notation. The dx tells us which

variable f is a function of. This can sometimes be very useful to avoid confusion.
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1.4. A useful lemma and some examples

The definition of the integral given in the previous section seems, at first sight,
to be hard to verify in practice. It is defined in terms of all majorants ¢, and
minorants ¢_ for the function f. How might we compute sup, cr I(¢-) and
infg, ear, 1(¢4)? The following very useful lemma provides a necessary and suf-
ficient condition for a function f to be integrable. We will see that it can also be

used to compute the integral in specific examples.

LEMMA 1.8. Let f : [a,b] — R be a bounded function. Then the following are

equivalent:

(i) f is integrable;
(ii) For every e > 0, there is a majorant ¢4 and a minorant ¢_ for f such
that I(¢4) — I(¢p-) < e.

iii) There exists a sequence of majorants ¢'t and minorants ¢" for f so that
+

I(¢% — ¢") = 0 as n — oco.

We note that for sequences of majorants and minorants as in (iii) the limits
limy, o0 1(¢7) and lim, o I(¢7) must exist and be equal to f: f.

This follows by the sandwich theorem for sequences since we can always bound
I(¢") < i;lpf(dh) =1_(f) < L.(f)

while using that e, := I(¢7 — ¢7) = I(¢7) — (¢™) — 0 also gives that the right
hand side of

1(67) = 1(6}) ~ e > inf 1(6) — 20 = L(f) —x

converges to I (f).

PRrROOF. Suppose first that f is integrable. Let € > 0. Then by the approxima-
tion property for sup and inf, there is a minorant ¢_ such that

I(¢-) > Sup I(¢-) = (¢/2)
and a majorant ¢ such that
I(¢4) < g1(¢+) + (/2).
Since the sup and inf are assumed to be equal, we deduce that

I(¢4) — I(¢-) <e.



1.4. A USEFUL LEMMA AND SOME EXAMPLES 7

Now suppose that (ii) holds. Let ¢ > 0 be arbitrary, and let ¢, and ¢_ be the
majorant and minorant provided by (ii). Then

I(¢4) < I(6-) + < supI(¢_) +e.

So, taking the infimum over all majorants, we deduce that
inf I(¢py) <supI(¢p_) +e.
b+ ¢

Therefore, infy, (¢4 ) is squeezed between sup,, I(¢-) and sup, I(¢—)+e. Since
€ > 0 was arbitrary, we deduce that the inf and sup must be equal. In other words,
f is integrable.

Finally if (ii) holds then we can apply this with ¢ = % to get a sequences of
minorants/majorants ¢ with 0 < I(¢% — ¢—) < L — 0, while (i) follows from
(iii) as given € > 0 and a sequences of minorants/majorants ¢’ ,¢" as in (iii)
there will be some N so that I(¢ — ¢") < e for all n > N and any of those

majorants/minorants work for (7).

O

Once we know that f is integrable, then any majorant ¢4 and minorant ¢_
in (ii) gives an approximation to the integral, by |j This is because f: f lies
between I(¢_) and I(¢) which differ by less than e.

The following example demonstrates how useful this is in practice.

EXAMPLE. The function f(z) = z is integrable on [0, 1], and fol f(z)dw = 1.

PROOF. We define explicit minorants and majorants. Let n be an integer to
be spe01ﬁed later, and set ¢ () = Lfor L <o <™ §i=0,1,...,n—1. Set
d4(x) = for] ! <z< i j=1,...,n Then ¢_ < f < ¢, pointwise, so ¢_, d4

(being step funct1ons) are mmorant /majorant for f. We have

n—1 .
o)=Yt o=l
=0

and
—~j 1 1 1
= =-(1+-).
g n n 2( * n)
So, by Lemma [1.8] f is integrable. Moreover, the integral of f must lie between
2(1—L)and £(1+ ). Since n was arbitrary, the integral must be 1. O

Earlier we defined I(¢) for a step function ¢. We can now prove that this
actually agrees with the integral of ¢.
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PROPOSITION 1.9. Suppose that ¢ is a step function on [a,b]. Then ¢ is inte-
grable, and ff ¢ =1(¢).

PrOOF. Take ¢_ = ¢ = ¢, and the result is immediate from Lemma [1.8| and

(L.3). U

COROLLARY 1.10. There is a non-negative integrable function f on [a,b] which
is mot identically zero, but for which fab f=0.

PRrROOF. Simply take f to be the zero function, modified at one point. ]

But now we come to a “non-example”.

EXAMPLE. There is a bounded function f : [0,1] — R which is not (Riemann)

integrable.

PRrROOF. Consider the function f such that f(z) =1if z € Q and 0 if x ¢ Q.
Since any open interval contains both rational points and points which are not
rational, any step function majorising f must satisfy ¢ () > 1 except possibly at
the finitely many endpoints x;, and hence I(¢4) > 1. Similarly any minorant ¢_
satisfies ¢_(x) < 0 except at finitely many points, and so I(¢_) < 0. This function
f cannot possibly be integrable. ]

Remark. Students will see in next year’s course on Lebesgue integration that

the Lebesgue integral of this function does exist (and equals 0).

1.5. Basic theorems about the integral

In this section we assemble some basic facts about the integral. Their proofs

are all essentially routine, but there are some labour-saving tricks to be exploited.

PROPOSITION 1.11. Suppose that f is integrable on [a,b]. Then, for any ¢ with
a <c<b, fis Riemann integrable on [a,c] and on [c,b]. Moreover f;f =["f+
b
I f-
Conversely if f : [a,b] — R is so that f is integrable on both [a,c] and [c,b] then

it is integrable on [a,b].

PROOF. Let M be a bound for f, thus |f(z)| < M everywhere. In this proof
it is convenient to assume that (i) all partitions of [a,b] include the point ¢ and
that (ii) all minorants take the value —M at ¢, and all majorants the value M.
By refining partitions if necessary, this makes no difference to any computations
involving I(¢_), I(¢4).

Now observe that a minorant ¢_ of f on [a,b] is precisely the same thing as a

minorant qb(_l) of f on [a, ¢] juxtaposed with a minorant ¢(_2) of f on [c,b], and that
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I(¢p-) = I(gb(_l)) + I(¢(_2)). A similar comment applies to majorants. Thus, since f
is integrable,

(1.4) sup I(¢_) = sup I(6) +sup I(?) = inf 1(6) + inf I(¢)) = inf I().
¢- ol o oL o b+

Since Sup (i I((b@) < inf(b(i) I((b@) for ¢ = 1,2, we are forced to conclude that
equality holds: sup I(d)(_l)) = infw) I(¢$)) for i = 1,2. (Here, we used the fact
- +
that if z <2/, y <y’ and v +y =2’ +y' then x = 2’ and y = y’.) Thus f is indeed
integrable on [a, ] and on [c, b], and it follows from (1.4]) that f: f=[f+ fcb f.
The final part of the lemma follows immediately as given any € > 0 we can use

that if f is integrable on both Iy = [a,c] and I = [¢, ] then there exist majorants

ngJr andmlnorantsgbmonflg sothatf gb+ ot < 5and/q§+ P < 5

Defining ¢4 as ¢+ = ¢} on [a,c| and as ¢+ = ¢3 on (c,b] then gives a majorant-
minorant pair for f on [a,b] for which (ii) of Lemma [L.8 holds.
O

COROLLARY 1.12. Suppose that f : [a,b] — R is integrable, and that [c,d] C
[a,b]. Then f is integrable on [c,d).

ProOOF. This is immediate. ]

PROPOSITION 1.13. If f,g are integrable on [a,b] then so is A\f + pg for any
A, i € R. Moreover f:()\f +pug) = )\fab f —&-uf; g. That is, the integrable functions
on [a,b] form a vector space and the integral is a linear functional (linear map to
R) on it.

PROOF. Suppose that A > 0. If ¢_ < f < ¢, are minorant/majorant for f,
then Ap_ < Af < Mgy are minorant and majorant for Af. Moreover I(A¢y) —
I(A¢-) = AX(I(¢4) — I(¢—)) can be made arbitrarily small. Thus Af is integrable.
Moreover infy, I(A¢4) = Ainfy, I(¢4), supy [(Ad-) = Asup, I(¢-), and so
f;()\f) = f; f. If A <0 then we can proceed in a very similar manner. We leave
this to the reader. If A\ = 0, then Af is identically zero and hence is integrable by
Proposition [T.9]

Now suppose that ¢_ < f < ¢4 and ¥ < g < 14 are minorant/majorants for
fyg. Then ¢_ +¢_ < f+ g < ¢4 + 11 are minorant/majorant for f + g (note
these are steps functions) and by Lemma (linearity of T)

b b
il 1(os+0,) = int Ioy) +int 10 = [+ [
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whilst
sup I(¢,+1/J7)=s;17pf(¢ )+supI / f+/

Y

It follows that indeed f + g is integrable and fa (f+9) = fa f+ fa g.
That f;()\f +pug) = A f; f+u f; g follows immediately by combining these two
facts. L]

COROLLARY 1.14. If f is integrable on [a,b], and if f differs from f in finitely

many points, then f is also integrable.

PROOF. The function f — f is zero except at finitely many points. Suppose
that these points are z1,...,z,_1. Then f — f is a step function adapted to the
partition a = 29 < 1 < -+ < x,1 < z, = b. By Proposition f— fis
integrable, and hence so is f = (f — )+ f, by Propositionm ]

Just like the map I : L., — R, the integral is not only linear, but also order-

preserving, i.e. we have

PROPOSITION 1.15. Suppose that f and g are integrable on [a,b] and that f < g

on [a,b]. Then
b b
/fé/ g

PROOF. As f—g > 0, any ¢_ € M_(f — g) must be so that ¢_ < 0 on
[a,b] and hence so that I(¢_) < I(0) = 0 as I is order-preserving on Lgse,. Thus
I_(f —g) >0 and since f — g is integrable this gives

OS/abfg/abf/abg

since the integral is linear. 0

A special cases of the above lemma is the inequality

(b—a) mf flx /f< —a) sup f(x)

wela.b] wela]

which we could also just directly get from by using ¢_ = inf f and ¢ = sup f
as minorant and majorant.

We can also use that functions which are constructed as minimum or maximum
of two integrable functions, and hence in particular |f| = max(f, —f) are again

integrable.

PROPOSITION 1.16. Suppose that f and g are integrable on [a,b]. Then max(f, g)

and min(f, g) are both Riemann integrable. In particular |f| is Riemann integrable
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and we have

(1.5) I/abf\é/abﬂ

This inequality is often called the triangle inequality for integrals and is ex-

tremely useful in applications.

PROOF. We have max(f, g) = g+max(f —g,0), min(h,0) = — max(—h,0) and
| f| = max(f,0) —min(f,0). Using these relations and Proposition[I.13} it is enough
to prove that if f is integrable on [a, b], then so is max(f,0).

Now the function x — max(z,0) is order-preserving (if < y then max(z,0) <
max(y,0)) and non-expanding (we have | max(z,0) — max(y,0)| < |x — y|, as can
be established by an easy case-check, according to the signs of z,y). It follows that
if p_ < f < ¢4 are minorant and majorant for f then max(¢_,0) < max(f,0) <
max(¢4,0) are minorant and majorant for max(f,0) (it is obvious that they are

both step functions). Moreover,

I(max(¢+,0)) — I(max(6-,0)) < I(é3) — [(9-).

Since f is integrable, this can be made arbitrarily small.
Finally, as both f < |f| and —f < |f| we can apply Proposition to see
that both [*f < [Y|f] and — [ f = [V —f < [”|f], which yields the triangle

inequality (L.5). O
Finally, we look at products.

PROPOSITION 1.17. Suppose that f,g : [a,b] — R are two integrable functions.
Then their product fg is integrable.

PrOOF. Write f = fi — f_, where f; = max(f,0) and f_ = —min(f,0),
and similarly for g. Then fg = fig+ — f—9+ — f+9- + f-g—, and so it suffices
to prove the statement for non-negative functions such as fi,g+. Suppose, then,
that f,g > 0. Let ¢ > 0, and let ¢ < f < ¢4, ¥— < g < 14 be minorants
and majorants for f, g with I(¢4) — I(¢-),I(¢4) — I(¢—) < e. Replacing ¢_ with
max(¢_,0) if necessary (and similarly for ¢)_), we may assume that ¢_,1p_ > 0
pointwise. Replacing ¢4 with min(¢, M), where M = max{supy, ; f,5up, 4 9}
(and similarly for ¢;) we may assume that ¢, < M pointwise. By refining
partitions if necessary, we may assume that all of these step functions are adapted
to the same partition P. Now observe that ¢_1_, ¢ 1, are both step functions
and that ¢_9_ < fg < ¢4t pointwise. Moreover, if 0 < u,v,u’,v" < M and

u < v, v <0 then we have

(1.6) W' —ww = (v —u) + (0 —v)u < MW —u+0 —v).
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Applying this on each interval of the partition P, with u = ¢_, v’ = ¢4, v = ¥_,

v’ =1y, we have

H(fyths) — I(6-tb-) < M(I(¢4) — I(6) + I(thy) — I(4h_)) < 26 M.

Since € > 0 was arbitrary, the result follows. ]

Remark. Here is a sketch of an alternative proof, which is arguably a little
slicker, or at least easier notationally. Note the identity fg = i(f +g)%— i(f —9)2.
Thus it suffices to show that if f is integrable then so is f2. Replacing f by |f],
we may assume that f > 0 pointwise. Then proceed as above but with f = g,
¢_ =1_, ¢y = 1y. Inplace of (1.6) one may instead use (u')? —u? < 2M (u' —u).



CHAPTER 2

Basic theorems about the integral

In this section we show that the integrable functions are in rich supply.

2.1. Continuous functions are integrable

Let P be a partition of [a,b], a = 29 < 21 < -+ < x, = b. The mesh of P
is defined to be max;(z; — x;—1). Thus if mesh(P) < ¢ then every interval in the
partition P has length at most §. To give an example, if [a,b] = [0,1] and if 2; =
then the mesh is 1/N.

A
N

THEOREM 2.1. Continuous functions f : [a,b] = R are integrable.

PROOF. Since f is continuous on a closed and bounded interval, f is also
bounded. We will also use the fact that a continuous function f is uniformly
continuous. Let € > 0, and let 6 > 0 be so small that |f(x) — f(y)| < ¢ whenever
|z —y| < 4. Let P be a partition with mesh < §. Let ¢ be the step function whose
value on (x;—1,2;) I8 SUP,¢[y, , 4, f(2) and which takes the value f(z;) at the points
7;, and let ¢_ be the step function whose value on (v;_1,;) is infoepy, , o,] f(®)
and which takes the value f(z;) at the points x;.

By construction, ¢ is a majorant for f and ¢_ is a minorant. Since a contin-
uous function on a closed bounded interval attains its bounds, there are £_,&, €
[@i-1,:) such that sup,es,_, o £(2) = (&) and infucqe, . F(@) = FE-).

For € (x;_1,2;) we have ¢4 (z) — ¢_(x) < f(&4) — f(€~) < e. Therefore
¢4 (x) — p_(x) <eforall z € [a,b)].

It follows that I(¢4) — I(¢p—) < (b — a). Since ¢ was arbitrary, this concludes
the proof. ]

We can strengthen this result, and allow the function to be discontinuous at

finitely many points.

THEOREM 2.2. Let f : [a,b] — R be bounded. Suppose that that there is a
finite set S C [a,b] so that f is continuous at every point x € [a,b]\ S. Then f is

integrable.

The theorem implies in particular that if f : (a,b) — R is continuous and

bounded, then it is integrable as any extension to [a,b] will be bounded on [a, b]

13



14 2. BASIC THEOREMS ABOUT THE INTEGRAL

and continuous on (a,b) = [a,b] \ {a,b}. Indeed, as we shall see below, proving this
special case will essentially be all we need to do to get the full theorem. This result

would apply, for example, to the function f(x) = sin(1/x) on (0, 1).

PROOF OF THEOREM We first show

Claim 1: Suppose that f : [¢,d] — R is bounded and continuous on (c,d).
Then f is integrable on [c, d].

To prove this we let M be so that |f| < M on [¢,a] and fix any € > 0, which
we can assume without loss of generatlity to be so that £ < 1(d —c). Then f is
continuous, and hence uniformly continuous, on [c + &,d — ¢]. Let § > 0 be such
that if z,y € [c+e,c—¢] and |x — y| < ¢ then |f(z) — f(y)| < ¢, and consider a
partition P with ¢ = x¢, c+e=21,d — e =2,_1, d = x,, and mesh < 4.

Let ¢4 be the step function whose value on (z;_1,2;) i SUP,¢(y, , 4,1 f(2) when
i=2,...,n—1, and whose value on (zg,z1) and (zp_1,2,) is M.

Let ¢_ be the step function whose value on (z;_1,2;) is infyc[z,_, o, f() when
i=2,...,n— 1, and whose value on (zg, 1) and (x,,_1,2,) is —M.

Then ¢_ < f < ¢4 on [e,d]. As in the proof of the previous theorem, we
have |¢4(z) — ¢p_(x)] < e when z € (z4-1,2;), 71 =2,...,n— 1. On (xp,21) and
(p—1,x,) we have the trivial bound |¢4(z) — ¢—(z)| < 2M. Thus

I(¢s) — I(¢—) < (d— ¢ — 2)e + 2M - 2,

which can be made arbitrarily small by taking e arbitrarily small.

Having thus proved the auxiliary Claim 1, we can now obtain the full claim
of the theorem by writing the elements of S = {s1,...,s,} in increasing order
a<sp<...< S8, <band using that f is continuous on each of the open intervals
(a,s1),(81,82),...,(sn,b), so integrable over all closed intervals [a, $1], [s1, S2], - - -, [Sn, D].
The second part of Proposition (applied n times) thus gives that f is integrable
over [a, b]. U]

In the first chapter, we gave a simple example of a nonnegative function f which
has zero integral, but is not identically zero. The following simple lemma shows

that this cannot happen in the world of continuous functions.

LEMMA 2.3. Suppose that f : [a,b] — R is a continuous function with f > 0
pointwise and f:f =0. Then f(z) =0 for x € [a,b].

PROOF. Suppose not. Then there is some point z € [a,b] with f(z) > 0. We
can thus set ¢ := f(z) > 0. Since f is continuous, there is some ¢ > 0 such that if
|z —y| <0 then |f(x) — f(y)] < ¢e/2, and hence f(z) > €/2. The set of all y € [a, ]
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with |x —y| < ¢ is a subinterval I C [a,b] with length at least min(b — a, d), and so

/f>/f> min(b — a, ) >

2.2. Mean value theorems

The integrals of continuous functions satisfy various “mean value theorems”.
y

Here is a simple instance of such a result.

PROPOSITION 2.4. Suppose that f : [a,b] — R is continuous. Then there is

some & € [a,b] such that
b
[ r=w-ase.

PROOF. Since f is continuous, it attains its maximum M and its minimum m.
Asm < f < M, and as the integral is order-preserving, see Proposition [L.15] we

hence get \
mib-a)< [ f<M@b-a),

which implies that

_b—a/ f=M

By the intermediate value theorem, f attains every value in [m, M], and in partic-
1 b
= b / f.
—a ),

The following slightly more complicated result, which generalises the above, may

ular there is some ¢ such that

0

be established in essentially the same way.

PROPOSITION 2.5. Suppose that f : [a,b] — R is continuous, and that w :

[a,b] — R is a nonnegative integrable function. Then there is some £ € [a,b] such

that , .
[ ro=r@ [

PROOF. First one should remark that fw is indeed integrable, this being a
consequence of Proposition As in the proof of Proposition write M, m for

the maximum and minimum of f respectively. Then mw < fw < Mw pointwise,

b b b
m/wg/fng/w

and so
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If f;w = 0 then the result follows immediately; otherwise, we must have ffw

(since w > 0 on [a, b]) so we may divide through to get

b
Llfng.
Jiw

Since both m and M are values attained by f, the result now follows from the

m <

intermediate value theorem. ]

Remark. Just to be clear, Proposition [2.4]is the case w = 1 of Proposition [2.5

2.3. Monotone functions are integrable

A function f : [a,b] — R is said to be monotone if it is either increasing (meaning

x <y implies f(z) < f(y)) or decreasing (meaning x < y implies f(z) > f(y)).
THEOREM 2.6. Monotone functions f : [a,b] — R are integrable.

PROOF. By replacing f with —f if necessary we may suppose that f is mono-
tone increasing, i.e. f(z) < f(y) whenever x < y. Since f(a) < f(x) < f(b), f is
automatically bounded.

Let n be a positive integer, and consider the partition of [a, b] into n equal parts.
Thus Pisa=xz9g <z <--- <z, =b, with z; = a—i—%(b—a). On (z;-1, z;), define
¢+(z) = f(z;) and ¢_(z) = f(wi-1). Define ¢_(z;) = f(;) and ¢y (i) = f(s).
Then ¢, is a majorant for f and ¢_ is a minorant. We have

n

I(¢y) = I(¢-) = > (f(m:) = f(wi1)) (@i — wi1)

_? ; E¥ (@) = flwia)
- %(b —a)(f(b) - f(a))

Taking n large, this can be made as small as desired. L]



CHAPTER 3

Riemann sums

The way in which we have been developing the integral is closely related to
the approach taken by Darboux. In this chapter we discuss what is essentially
Riemann’s original way of defining the integral, and show that it is equivalent.
This is of more than merely historical interest: the equivalence of the definitions
has several useful consequences.

If P is a partition and f : [a,b] — R is a function then by a Riemann sum

adapted to P we mean an expression of the form

n

S(£iP.8) =D f(&) (@ — xj-1),

j=1
where £ = (&1,...,&n) and & € [zj-1, zj].

PROPOSITION 3.1. Let f : [a,b] — R be a bounded function. Fiz a sequence
of partitions PO . For each i, let E(f,P(i),E(i)) be a Riemann sum adapted to
PO . Suppose that there is some constant ¢ such that, no matter how E@ is chosen,
S(f; PO, D) 5 . Then f is integrable and ¢ = f; f.

PROOF. Let ¢ > 0. Let i be chosen so that $(f; P@,£W) < ¢+ ¢, no matter
which 5(“ is chosen. Write P = P and suppose that Pisa =z9 < --- < &, = b.
For each j, choose some point {; € [z;_1, ;] such that f(§;) > sup,cpy, 0, f()—
. (Note that f does not necessarily attain its supremum on this interval.) Let ¢
be a step function taking the value f(§;)+¢ on (z,;_1,z;), and with ¢4 (x;) = f(x;).
Then ¢, is a majorant for f. It is easy to see that

I(¢+) = (b —a) + 3(f; P, ).
We therefore have

I(¢4) <e(b—a)+c+e.

Since € > 0 was arbitrary, it follows that
infI(¢p4) <e.
[ons

By an identical argument,

supI(o_) > c.
¢

17
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Therefore
c<suplI(¢_) <infI(p4) <e,
b b+
and so all these quantities equal c. 0

This suggests that we could use such Riemann sums to define the integral,
perhaps by taking some natural choice for the sequences of partitions P such as
m;i) =a+ %(b —a) (the partition into ¢ equal parts). However, Proposition does
not imply that this definition is equivalent to the one we have been using, since we
have not shown that the Riemann sums converge if f is integrable. In fact, this
requires an extra hypothesis. Recall that the mesh mesh(P) of a partition is the

length of the longest subinterval in P.

PROPOSITION 3.2. Let PW, i = 1,2,... be a sequence of partitions satisfying
mesh(P®) — 0. Suppose that f is integrable. Then lim; o, X(f; PO )y = f: fs

no matter what choice of 5@ we make.

ProoF. Throughout the proof, write M := sup ¢, |f(2)]. Let P:a =z <
r1 < --- <z, = b be a partition. In this proof it is convenient to introduce the
notion of the optimal majorant ¢7j for f relative to P (and similarly minorant).

This is the majorant defined by

¢7’ - SUPge(w;_1,a4) f(x) on ({Ei,l,xi)
o f(z:) at the points ;.

It is easy to see that if ¢ is any majorant for f adapted to P, then I(¢7j) < I(¢4).
Similarly, I(¢”) > I(¢_), and so

I(¢7) = I(¢7) < I(d4) = I(9-).
Let € > 0. Since f is integrable it follows from what we just said that there is
a partition P : a = g < 21 < --- < x, = b such that I(¢T) — I(¢”) < e. In
particular, since I(¢_) < f; f for any minorant ¢_,

(3.1) I(67) < / fie

Set 0 :=¢/nM. Let P’ :a = 2 < ) <--- < a/, = b be any partition with
mesh(P’) < §, and consider an arbitrary Riemann sum

S(fiPLE) =D FE) ) — o).
j=1
This is equal to I(3), where the step function ¢ is defined to be f({;) on (2)_;,z})
and f(z)) at the /.

Let us compare v and the optimal majorant gbf_.
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Say that j is good if [z}_;,2}] C (i1, 7;) for some i. If j is good then, for
t e () y,7%),

(3.2) () =fE) < swp flz) < sup f(x) = oF (1)

z€lx)_ )] T€(Ti—1,7;)

If j is bad (i.e. not good) then we cannot assert such a bound, but we do have

the trivial bound
(3.3) Y(t) < @Y (t) +2M

for all j.

Now if j is bad then we have z; € [2/_,,2’] for some i. No x; can belong to

more than two intervals [2}_,, 2

Jj. Therefore the total length of the corresponding intervals (z’_;, %) is at most
20n = 2e/M.
It therefore follows, using (3.2]) on the good intervals and (3.3) on the bad, that

], so there cannot be more than 2n bad values of

2¢e

(3.4) S(fPLE) = 1) < 1(6F) +2M - —

=I(¢7) + 4e.

Combining this with (3.1]) yields

b
(f;PLE) < / f+5e.

There is a similar lower bound, proven in an analogous manner.

Since ¢ was arbitrary, this concludes the proof. ]

Proposition [3.1] and [3:2] together allow us to give an alternative definition of the

integral. This is basically Riemann’s original definition.

PROPOSITION 3.3. Let f : [a,b] — R be a function. Let PX), i = 1,2,... be
a sequence of partitions with mesh(P®) — 0. Then f is integrable if and only if
lim; 00 E(f,P(i),g(i)) is equal to some constant c, independently of the choice of
5(_%). If this is so, then fff =c.

Finally, we caution that it is important that the limit must exist for any choice

of 5@'). Suppose, for example, that [a,b] = [0,1] and that P(*) is the partition into
i equal parts, thus w;i) = % for j =1,...,i. Take 5](@) = %, then the Riemann sum

Z(ffP(i),g(i)) is equal to

By Proposition if f is integrable then
b

Si(f) = / ;
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However, the converse is not true. Consider, for example, the function f introduced
in the first chapter, with f(z) = 1 for x € Q and f(z) = 0 otherwise. This function

is not integrable, as we established in that chapter. However,

Si(f)=1 for all i.



CHAPTER 4

The Fundamental Theorem of Calculus

It is a well-known fact, which goes by the name of “the fundamental theorem
of calculus” that “integration and differentiation are inverse to one another”. Our
objective in this chapter is to prove rigorous versions of this fact. We will prove
two statements, sometimes known as the first and second fundamental theorems of
calculus respectively, though there does not seem to be complete consensus on this
matter. The first theorem deals with integration followed by differentiation. In the
second theorem, we differentiate, then integrate.

So far, we have considered integrals of the form f; f. But we now want to vary

the interval over which we integrate, as follows. We define the function

Fa)= [ 1

for z € [a,b]. Under suitable assumptions, we will show that F is differentiable

with derivative f.

4.1. First fundamental theorem of calculus

The first thing to notice is that it is just not true that integration and differen-

tiation are inverses without some additional assumptions.

ExXaMPLE. If f is not continuous, then F' can be differentiable but it need not
be the case that F’ = f. For example, let f : [0,1] — R be the function that takes
value 1 at = = % but that is 0 elsewhere. Then F' is identically zero. Hence, F’
is differentiable and F’ is the zero function. This shows that in general, when you

integrate and then differentiate, you might not get the original function back.

EXAMPLE. We note that F' is not necessarily differentiable assuming only that
f is Riemann-integrable. For example if we take the function f defined by f(t) =0
for t < % and f(t) = 1 for t > 1 then f is integrable on [0,1], and the function
F(z) = [ f(t)dt is given by F(z) =0 for # < § and F(z) =2 — § for § <z < 1.
Evidently, F' fails to be differentiable at %

However, the first fundamental theorem of calculus asserts that the function F'

is differentiable and F’ = f, as long as f is continuous.

21



22 4. THE FUNDAMENTAL THEOREM OF CALCULUS

THEOREM 4.1 (First fundamental theorem of calculus). Suppose that f is inte-
grable on (a,b). Define a new function F : [a,b] — R by

F(x):= /aw f.

Then F is continuous. Moreover, if f is continuous at ¢ € (a,b) then F is differ-
entiable at ¢ and F'(c) = f(c).

PROOF. The fact that F' is continuous follows immediately from the fact that
f is bounded (which it must be, as it is integrable), say by M. Then

c+h c+h
[l s

In fact, this argument directly establishes that F' is uniformly continuous (and in
fact Lipschitz).

Now we turn to the second part. Suppose that ¢ € (a,b) and that h > 0 is
sufficiently small that ¢ + h < b. We have

[F(c+h) = F(o) =

c+h
F(c—f—h)—F(c)z/ I

Let € > 0. Since f is continuous at ¢, there is a § > 0 such that for all ¢ € [¢, ¢+ ],
we have |f(t) — f(c)| < e. Therefore, for any h € (0,9),

|F(c+h) — F(c) — hf(c)| = <eh.

ct+h
/ (F(t) — £())dt

Divide through by h:

(4.1)

’F(c—&-h)—F(c) <e.

=0 1

Essentially the same argument works for h < 0 (in fact, exactly the same argument
works if we interpret fcc+h f in the natural way as — f;_h f). Statement (4.1) is
exactly the definition of F' being differentiable at ¢ with derivative f(c). UJ

4.2. Second fundamental theorem of calculus

We turn now to the “second form” of the fundamental theorem, which deals
with differentiation, followed by integration. Here, we cannot get such a strong
result as the first fundamental theorem.

Consider, for instance, the function F' : R — R defined by F(0) = 0 and

F(z) = 2?sin % for © # 0. Then it is a standard exercise to show that F is
differentable everywhere, with f = F’ given by f(0) = 0 and f(z) = 2z sin(1/2?) —
2

has no majorants and is not integrable according to our definition.

cos(1/z?). In particular, f is unbounded on any interval containing 0, and so it
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An even worse example (the Volterra function) can be constructed with f
bounded, but still not integrable. This construction is rather elaborate and we
will not give it here. These constructions show that a hypothesis of integrability
of F’ should be built into any statement of the second fundamental theorem of

calculus.

THEOREM 4.2 (Second fundamental theorem of calculus). Suppose that F :
[a,b] = R is continuous on [a,b] and differentiable on (a,b). Suppose furthermore

that its derivative F' is integrable on (a,b). Then

/b F' = F(b) — F(a).

PROOF. Let P be a partition, a = g < 1 < -+ < x, = b. We claim that
some Riemann sum 3(F';P,§) is equal to F(b) — F(a). By Proposition (the
harder direction of the equivalence between integrability and limits of Riemann
sums), the second fundamental theorem follows immediately from this.

The claim is an almost immediate consequence of the mean value theorem. By
that theorem, we may choose & € (x;_1,x;) so that F'(&)(z; — xi—1) = F(x;) —
F(z;—1). Summing from i = 1 to n gives

n

S(F P& = Y (F(ai) = Fwio1)) = F(b) — F(a).

i=1

4.3. Integration by parts

Everyone knows that integration by parts says that

b b
/ fd' = F(b)g(b) — f(a)gla) — / fg.

We are now in a position to prove a rigorous version of this.

PROPOSITION 4.3. Suppose that f,g : [a,b] = R are continuous functions, dif-
ferentiable on (a,b). Suppose that the derivatives f’,g' are integrable on (a,b).

Then fg' and f'g are integrable on (a,b), and

/ fd' = F(D)g(b) — f(a)gla) - / fg.

PROOF. We use the second form of the fundamental theorem of calculus, ap-
plied to the function F' = fg. We know from basic differential calculus that F' is
differentiable and F' = f'g + fg’. By Proposition [1.17] and the assumption that
f',g" are integrable, F’ is integrable on (a,b). Applying the fundamental theorem
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gives ,
/ F' = F(b) — F(a),

which is obviously equivalent to the stated claim. L]

4.4. Substitution

PROPOSITION 4.4 (Substitution rule). Suppose that f : [a,b] — R is continuous
and that ¢ : [c,d] — [a,b] is continuous on [c,d], has ¢(c) = a and ¢(d) = b, and
maps (c,d) to (a,b). Suppose moreover that ¢ is differentiable on (c,d) and that its

derivative ¢ is integrable on this interval. Then

/abf—/cd(foqsw’.

Remark. It may help to see the statement written out in full:

b d
/ f(@)dz = / F(6(0)6 (t)dt.

PROOF. Let us first remark that f o ¢ is continuous and hence integrable on
[c, d]. Tt therefore follows from Proposition that (fo¢)¢’ is integrable on [c, d],
so the statement does at least make sense.

Since f is continuous on [a,b], it is integrable. The first fundamental theorem

of calculus implies that its antiderivative

Fay= [ f

is continuous on [a, b], differentiable on (a,b) and that F' = f.
By the chain rule and the fact that ¢((c,d)) C (a,b), F o ¢ is differentiable on
(¢,d), and
(Fog) =(Fog)¢'=(fod)d.
By the remarks at the start of the proof, it follows that (F o ¢)" is an integrable

function. By the second form of the fundamental theorem,

/cd(fw)qs’ - /j(Foqs)’

= (Fog)(d) - (Fog)(c)
= F(b) — F(a)



CHAPTER 5

Limits and the integral

5.1. Interchanging the order of limits and integration

Suppose we have a sequence of functions f, converging to a limit function f. If

this convergence is merely pointwise, integration need not preserve the limit.

ExAMPLE. There is a sequence of integrable functions f, : [0,1] — R (in fact,
step functions) such that f,(z) — 0 pointwise for all z € [0,1] but [ f, = 1 for
all n. Thus lim,_ e fol fn = 1, whilst fol lim, o frn = 0, and so interchange of

integration and limit is not valid in this case.

PROOF. Define f,, () to be equal to n for 0 < z < % and 0 elsewhere. UJ

However, if f,, — f uniformly then the situation is much better.

THEOREM b5.1. Suppose that f, : [a,b] — R are integrable, and that f, — f

uniformly on [a,b]. Then f is also integrable, and

b b b
lim / fn:/ f:/ lim f,.
n—oo a a a n—oo

PROOF. Let € > 0. Since f, — f uniformly, there is some choice of n such
that we have |f,(x) — f(z)| < e for all z € [a,b].

Now f,, is integrable, and so there is a majorant ¢, and a minorant ¢_ for f,
with I(¢4) — I(¢p-) <e.

Define (£+ = ¢4 + € and ¢_ = ¢_ —e. Then gg_,<£+ are minorant/majorant
for f. Moreover

I(¢y) — I(9-) < 2e(b—a) +1(¢+) — I(4-)
<2(b—a)+e.

Since € was arbitrary, this shows that f is integrable. Now

[ [0 [i-nse-a s e - e

z€Ja,b]

Since f,, — f uniformly, it follows that

b b
1my/n—/fba
n— oo a a
25
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and hence that
b b b
lim fn:/ f:/ lim f,.
n—oo a a n—oo

a

This concludes the proof. ]

An immediate corollary of this is that we may integrate series term-by-term

under suitable conditions.

COROLLARY 5.2. Suppose that ¢; : [a,b] = R, i = 1,2,... are integrable func-
tions and that |¢;(z)| < M; for all x € [a,b], where > .2 M; < co. Then the sum
>, ¢i is integrable and

/abzizq%zzi:/ab@-

PROOF. This is immediate from the Weierstrass M-test and Theorem [5.1} ap-
plied with f,, = > | ¢;. O

Now suppose we have a sequence (a;)$2, of real numbers. Then the expression
Yoo aiz’ is called a (formal) power series. The word “formal” means that we are
not actually evaluating the sum over ¢; indeed, this may well not be possible for a

given choice of the a; and .

DEFINITION 5.3. Given a formal power series Y, a;x%, we define its radius of
convergence R to be the supremum of all |z| for which the sum Y ;° |a;z’| con-

verges. If this sum converges for all z, we write R = oco.
As a special case of the above results we obtain

THEOREM 5.4. Suppose a formal power series Y . a;x" has radius of conver-
gence R. Then the series converges for |x| < R, giving a well-defined function
f(z) =>2,aix*. Moreover, f is integrable over [—r,r] for every 0 < r < R and

we have

z %)

/ f= E j“lexjH for every x € (—R, R).
0 =
=0

Note that here we again use the standard convention of writing [’ f for — ff f
ifx<0.

PROOF. You have shown in Analysis 2 that a powerseries converges pointwise
on (—R, R), making f well defined on (—R, R) and that it converges uniformly on
every interval [—r,r], r < R. Thus we can apply Theorem to see that f is

integrable on every such interval [—r, r] and that

/cd f(t)dt = i/cd a;t! dt
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for all ¢ < d with [e,d] C [—r,7].
If x € (=R, R) we can apply this for [0, z] (respectively [z,0] if 2 < 0) as these
intervals are in [—r,r] for r := || < R. Combined with he second version of the

aj

fundamental theorem of calculus (applied to the functions ¢;(z) = 5 _H:rj 1 whose

derivative is ¢;(x) = a;27) we thus get

0 =070 =0

as claimed. ]

5.2. Interchanging the order of limits and differentiation

The behaviour of limits with respect to differentiation is much worse than the

behaviour with respect to integration.

ExAaMPLE. There is a sequence of functions f,, : [0,1] — R, each continuously
differentiable on (0, 1), such that f, — 0 uniformly but such that f] does not
converge at every point.

ProOF. Take f,(z) = Lsin(n?z). Then f) () = —ncos(n’z). Taking z = 7,
we see that if n is a multiple of 4 then f)(x) = —n, which certainly does not

converge. ]

If, however, we assume that the derivatives f/ converge uniformly then we do

have a useful result.

PROPOSITION 5.5. Suppose that f, : [a,b] = R, n = 1,2,... is a sequence
of continuous functions with the property that f, is continuously differentiable on
(a,b), that f, converges pointwise to some function f on [a,b], and that f], converges
uniformly to some bounded function g on (a,b). Then f is differentiable on (a,b)

and ' = g. In particular, lim, o f = (limp— 00 frn)'-

PRrROOF. First note that, since the f; are continuous and f/ — ¢ uniformly, g
is continuous. Since we are also assuming g is bounded, it follows from Theorem
that ¢ is integrable.

We may therefore apply the first form of the fundamental theorem of calculus to
g. Since g is continuous, the theorem says that if we define a function F : [a,b] — R
by

F(z):= /xg(t)dt
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then F is differentiable with F’ = g. By the second form of the fundamental

theorem of calculus applied to f,, we have

/ 10t = fule) - Fula).

Taking limits as n — oo and using the fact that f,, — f pointwise, we obtain

tim [ (0t = f(z) - f()

n—oo a

However, since f], — ¢ uniformly, it follows from Theorem that

lim ' fL(t)ydt = /I g(t)dt.

n—o0
Thus .

F() = [ g(t)it = (@) - f(a).
It follows immediately that f is di;ferentiable and that its derivative is the same as
that of F, namely g. L]

Remark. Note that the statement of Proposition|5.5|involves only differentiation.
However, the proof involves a considerable amount of the theory of integration. This
is a theme that is seen throughout mathematical analysis. For example, the nice
behaviour of complex differentiable functions (which you will see in course A2 next

year) is a consequence of Cauchy’s integral formula.

With these results in hand, we can now also give alternative proofs to some
results you will have seen in Analysis II. The proofs you saw there were slightly
unpleasant. The use of integration is the “correct” way to prove these statements.

Let us begin by recording a “series variant” of Proposition [5.5]

COROLLARY 5.6. Suppose we have a sequence of continuous functions ¢; :
la,b] = R, continuously differentiable on (a,b), with ), ¢; converging pointwise.
Suppose that |¢}(z)| < M; for all x € (a,b), where >, M; < co. Then ) ¢; is

differentiable and
Qe = ¢l

PROOF. We can apply Proposition with f, := > | ¢; as the Welerstrass
M-test ensures that f), = > | ¢} converges uniformly to some bounded function

g- U

We want to apply this result in particular to provide an alternative proof of the

‘differentiation theorem for power series” from Analysis II, i.e. of
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THEOREM 5.7. Suppose a formal power series Zzo a;x' has radius of conver-
gence R. Then the series converges for |x| < R, giving a well-defined function
f(x) = Y2y aix’. Moreover, f is differentiable on (—R, R), and its derivative is
given by term-by-term differentiation, that is to say f'(z) = Y i, ia;x*~'. More-

over, the radius of convergence for this power series for [’ is at least R.
For the proof of this theorem, we use the following simple lemma

LEMMA 5.8. Suppose that 0 < A < 1. Then Y ;o A" and Y ;o iA"1 both

converge.

Proor or LEMMA [£.8l By the well-known geometric series formula we have

n—li 1_\n
;A S

Letting n — oo gives the first statement immediately, the value of the sum being

T—x-
For the second statement, we differentiate the geometric series formula. This

gives
il qio1_ L (= DA A
1 =
_ 2 ’
P (1=X)
which tends to ﬁ as n — oo. J

Proor or THEOREM 5.7l If R = 0, there is nothing to prove. Suppose that
R > 0. Let Ry satisfy 0 < R; < R. We apply Corollary with ¢;(z) = a;a°
and [a,b] = [-Ri1, R1]. We need to check that the hypotheses of that result are
satisfied. By definition of the radius of convergence, there is some Ry satisfying
Ry < Ry < R for which Y, |a;R}| converges, and in particular |a; R§| is bounded,
uniformly in 4: let us say that |a;R§| < K. Then if x € [a,b] we have

Ry,
|gi(z)| < K(}TO)
and
, K. Ry ,_
(5.2) i ()] < ﬁoz(ﬂ) .

The first condition of Corollary that is to say pointwise convergence of >, ¢;(z),
is now immediate from the first part of Lemma Taking M; := J‘,;,‘ﬁoi(g—é)ifl7 we
obtain the other condition of Corollary [5.6] from the second part of Lemma[5.8]

It now follows from Corollary [5.6] that f is differentiable on (— Ry, R1), and that
is derivative is given by term-by-term differentiation of the power series for f. Since

R, < R was arbitrary, we may assert the same on (—R, R).
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Finally, it follows from (5.2) and Lemma [5.8] that the radius of convergence of
the power series for f’ is at least R;. Since R; < R was arbitrary, the radius of

convergence of this power series is at least R, as claimed. ]

By applying this theorem repeatedly, it follows that under the same assumptions
f is infinitely differentiable on (—R, R), with all of its derivatives being given by

term-by-term differentiation.



CHAPTER 6

Improper integrals

If one attempts to assign a meaning to the integral of an unbounded function,
or to the integral of a function over an unbounded domain, then one is trying to

understand an improper integral.

EXAMPLE. Consider the function f(z) = logx. This is continuous on (0, 1]
but it is not integrable there since it is not bounded (it tends to —oo as © — 0).
However, it is integrable on any interval [e,1], € > 0.

By the second fundamental theorem of calculus (and the fact that if F(z) =

xzlogx — x then F'(x) = logx) we have

1

(6.1) / logzdr = [zlogz — ]! = —1 —eloge + .
€
We now claim that
6.2 li 1 =0,
(62 i, eloge
This can either be shown using the fact that log is inverse to exp, see Example Sheet
4, Q2, or using the following proof that is based upon the fundamental theorem of
Calculus:
1

As log(y/e) = 5 log(e) and as log(x) is continuously differentiable on (0, co) with
1

log’(z) = =, we can use the second fundamental theorem of calculus to write
1 Vel
—3 log(e) = log(ve) —log(e) = / ;dm.

€

As 0 < % < é on this interval we can hence bound

Vel Ve 2
[log e| §2/ fdx§2/ —dr < —,
. T . € NG

which implies that |eloge| < 2/ — 0 ase — 0F.

Combined, (6.1)) and (6.2) imply that

1

lim log xdx = —1.
e—=0t J,

31
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1
/ log zdx = —1,
0

but strictly speaking, as remarked above, this is not an integral as discussed in this

This will often be written as

course.

ExAMPLE. Consider the function f(z) = 1/2%. We would like to discuss the
integral of this “on [1,00)”, but this is not permitted by the way we have defined
the integral, which requires a bounded interval. However, on any bounded interval
[1, K] we have

by the second fundamental theorem of calculus. Therefore

K

lim —dx = 1.
K—oo 1 .’EQ

>~ 1
—dz = 1.
1 a2

EXAMPLE. Define f(z) to be logz if 0 < # <1, and f(z) = -5 for # > 1. Then

it makes sense to write

This is invariably written

/ flx)dx =0,
0
by which we mean

K
lim / f(z)dx = 0.

K—o00,e—0

This is a combination of the preceding two examples.

More generally, given —oo < a < b < co and a function f : (a,b) — R so that

e f is integrable over every interval [c,d] C (a,b)

e the limit
d

lim f
c—at Je

d—b~
exists, i.e. if for all sequences ¢,, — a and d,, — b witha < ¢, and d,, < b

the sequence fcd" f converges to the same limit.

we can say that the improper Riemann integral of f over (a,b) exists. In such a
situation one often writes fab f also for such improper integrals.

Similarly, if a function is so that its improper Riemann integrals over (a,b) and
over (b, c) exist, then one often writes [ f for f: f+ [ f

However you should be aware that this ”standard abuse of notation” hides the
fact that these are not Riemann integrals as defined in this course and that one has

to be very careful when working with improper integrals.
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WARNING. Key results you have seen in this course, including the funda-
mental theorem of calculus and the fact that products of integrable functions are
integrable etc, are NOT valid for improper integrals, though can be used on the
closed intervals [c,d] where f is integrable, to check whether the above improper

integral exists.

WARNING. While a function [¢,d] — R which is Riemann integrable will
always be integrable in the more general sense defined in A4 Integration (i.e.
Lebesgue-integrable), the existence of an improper Riemann integral does NOT

imply Lebesgue integrablity.

EXAMPLE. Define f(z) to be 1/ for 0 < |z| < 1, and f(0) = 0. Then f is
unbounded as  — 0, and so not Riemann integrable on [—1,1]. If we excise the

problematic region around 0, and look at

1 —&’
I . ::/ f(z)dx + f(z)dz

1
then we can apply the fundamental theorem of calculus on [—1,—¢'] and on [e, 1]

to get
E‘:/

I. . =log —.
€
Note that while for &’ = ¢ this integral would be zero, in order for the improper
integral to exist and to be zero, we would need to have that this expression tends
to zero no matter how we send €,&/ — 0. This is clearly not the case as we

e.g. have that I. .. = log(e,) — —oo if consider any sequence &, — 07 and set

A
n=

While this means that the improper Riemann-integral does not exist, in prac-

gl =¢e2.

tice it can be useful to consider the so-called Cauchy principal value (PV) of this
integral, which is defined as the limit lim._, I, ., which in this case equals 0. We
won’t discuss principal values any further in this course, and here simply stress that
it is not appropriate to write | _11 %dm for such a principal value, but that one could
possibly write PV fil Ldz =o.

EXAMPLE. Consider f(z) = ﬁ for x #£ 0 and set f(0) = 0. As above we can
apply the fundamental theorem of calculus on intervals which don’t contain 0. In
this case we get that both f__f/ f=2(1-+¢)and f; f =2(1—-/2) converge to 2
no matter how we send €', — 07 so the improper Riemann integral exists and it

is hence ok to write f_ll f=4.
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