
Lecture 7 a
-

A simple river model



Flood risk map fw
Qfwd .

→



mawnin ¥7 ← E A = cm -sectional area In' )
is ¥7

ocean
"-1k¥ A Q = Aw ate / discharge (m's -1 )

K E = runoff
plannin

Cansemhmof_mass : consider a section of the avoir foi , .az] ,

% A da = QI
,
- QI.it Eda

.
⇒ II. +¥ - E da -

- o

- -

dx

since x, da, are whiny , assuming A 4 Q are cart . diff 'He , it must be the case that

¥ft¥=ET Ned : relate Q to A
.

-



Fwub#nu ( momentum consented I Newhis I Iar)

Neglect acceleration - assure a balance between gmnty and friction .
side niw end view
- it-

It .

µ p Again = it

t p - -

shear shan Ifwupr melted perimeter . component of weight bed fnzhai
unit area) acting downstream

¥w
in a river in typically turbulent

Turbulent flw ocean when the Reynold 's number Re = ¥ z 10 ? ey .
Thanes in Oxford

u = 1ms
' '

,
ha Im

,
V I 10

'
b
m's" ⇒ the = 10]

We use empirical expressions / scaling arguments to relate t t the mean speed u = Off



eg . E- fpn
' where f = 0.01 -0.1 in a nnghmn coefficient .

⇒ fpuil =p Again ⇒¥s where
c- II )

"

!h¥⇒
-

S = sin a slope

Then Q=uA= CS1R"A a f. A
"

canal R -

- I hff%Ii
A
"" ahh

eg.fr a '

canal
'
em section Ij Ih A-- wh

,
f- with =w

,
R : Ew

← w →

a'nothin ' em section

¥5
,

la Ah ⇒ Ra A
"

An alternative to Ching 's low in Manning 's low u= s% where n in the

Manning hymn coefficient
Thi gem Q a { At

"
and cnn.o.oi-o.im

-

'

' s )

AK3 ndhh



In all cans, we find Q = LA
""

for sure mso ,
and awhile depending

MH
on slope and friction .

Combining with man cmsenhin =) /¥+cAm¥,=
-
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We consider off + can ¥, = o with A-- Adal at t=o
tn

Method of chemokines : I = I
,

I = CAN
,

in = 0
with initial dah

,
that at t=o

,
k=r

,
A- A. lol ↳

×

since it =L
,
we can use tm the make along chanchrrhoi .

"MA -
- Aokl

It =o A A- Adr) at t=o ⇒ A= Ado) ft . ⇒ Implicit sduhwi

= CA
"
I a=o at to ⇒ × = can't + r /A=AAmt)T

An tn

It
.

-7
, -7 ×

Generally , that Iduhenfmn a Shock / discontinuity ( when ¥, -1 -a) , when Aila ) so



Shued To find the speed Is of a shock at x=xsHI
,
return k the

integral fm of the onsemhnlw If I;" A dx = QI
,
- QI
,
t Edx

.

%
A II.

. It Isotta - - At ) = Q
-

- Qt

7 pimp condition

←,
⇒ Isis IAII =L I

iust
-

(recall Q = III )



FIoodhydn-gmphr.fuppmA.la) = Work) ( represents a flash And almost =D

Any
,

the Chandran: method gaesdn . A -
- Vfx - CA't )

µ
,

⇒ A=o of x=cA't ⇒ A = III.I'm
thinking of charabancdiagmttI.IE#NtI"

fA=fomoarxsxsTf- x (%t)"mocxcxf
Fm the jump cmdihm If - ¥±= EA

.

=
'II

,
= fu , '¥ ⇒ Hf=Ctf

Global man ansemhm IAM = V ⇒ fact
""

¥ )kd×=V
.
. . ⇒ C=f÷c¥v¥ k¥475
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tenant equations



Reconsider from balance
,
now including acceleration and pressure gradients .

it .

' side new end niw I
,y ← z-yla.tl

↳ -
%

I """" ' Iikii I;D,
× , I

712

Contention of momentum on the sechm faux, ] :

off panda) = - fpAu' t pagan - tedx - LEA

Mannheim flux grhnty friction pressure fires

since 14,1, we whinny , and attuning continuous diffeenhhhhh , we have

IHPAultffelph.ua/=pAgnha-tl-fxlriAT ④
-



Consider the prom fine . We assure prenm in hyohsthh ( If = -pg ,
with f- o at ⇐e)

⇒ p= pg 11 -H ⇒ PA = µ pdydt = If pgle - e) dydtA

↳ % IF A) = ¥ pg! dydz ( assuming whbr depth vi ten
at edges )

= pg AIL ( since I i assured independent if y )
DX

= pg AOI
where I u the army depth

DX



Now combine ④ with antenna of man I see prenwi lecture )

¥tf "
s

:L...
II. tu 'I, = g s

- In - got
-

IL gInty Ihm Ferme granite .
These are the St Knut eguahhis-
Two options for t : Chitty 's low E- fpu

'

,
or Manning 's lw t = PIETY .

& we must assume somthing about the cm-sechnot shape to relate R th to A.
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eg . for a canal with Chitty 's law.
we here E- fpu' , R = Iw ,

E- Aw *1¥
⇒ II t £, IAN =o

If tuff
,
= gs - FEI

'
- g¥

, h=Iw
i.①

-

I if i③

To non -dimensionalin
,

write × = Gif I
,
t= ft ) I

,
eh

.

and choose the scales such that

① It I = ② gs = fwII
'

③ 1h) = LAY ④ CA1H Qo
H LAI

imposed the scale .

② a ④ ⇒ Ht. H¥)
"
H -

- Is a ③ ⇒ 14=45%1
"



⇒

nm-dmunmdegm.GS#t%1Au)--oTiFYIItu!) = I - In
.

- HI
-

where D= £¥g and F= Effing in the Fronde number (a mean of how
'

rapid
' the river i )

eg.fr the Thames , gun Qo = 20 m's ' '
,
w= Iom

.
f= 0.05 , g. = 10ms

' 5=10-3

⇒ fu) = 0 -7 ms' ' , (A) = 27mi (if = 2.7M ,
F = 0.13



Limiting cam
-

feel llmgwwe theory ) ⇒ n' = A so Q = uA= A
"

(Mii recover the model in the last lecture )

or→ I Ishahrwe theory) ⇒ off + %fAu)=o ii. the shallow

FY%tu%) =ff - ¥,
whhreguahim

Fai ltnngnitwl ⇒ n' = AH - oh! ) so II. t%fA"f- d '
"

f-o
the nonlinear diffusion term firm or so

,
smooths

throw that chemist from .



Lecture
surface wares & introduction to sediment transport



Recall the Sl tenant equations for a canal ( non - dimensional , A =L ,
5=1 )

htt think = 0 Flat tuna ) = I - Ih - hx IF = IfgH
There ii a uniform steady Shih : hu = I F- h =) h = in = I

9 i i
independent independent by non-dimensionalis ahin
of space of time

Consider small perwhahan k the Sheedy shik , u = It U
.

h= It H
,

UH ← I

substitute into the eguahhn and linearis :

Htt Hat Ux = o F
'

Int t Ux ) = Ill TH - Ha

-combine the equations ⇒ IF ' II, + %)'ll = -21¥ %) U - %
,

t
'If
-



-IF'I%t%Yu= -4¥ %) u - If + I,i
-

Consider exponential solutions U = if elrttikxllfa ( real pat understood) for tire

If, vi the wirenumber , f¥ in the growth nite ,
-If a- the wire speed

⇒ ifrtikl
'

= - 2k¥41 - if . - hey
⇒ lrtik ) 't 2kt ik ) tik t If =o
⇒ rtim-it.li . inii III.

i

- -

⇒ ftp.it-irpiowio.s .

"

µ, p

4h

e-

Tr TE



When ii the gmthnh off, so ? If p > 1 The winter surface u month

⇒ Lfp) s Hl ) to the fmnahhn of wires if

⇐ I - If > I - I FS2
.

→
→ roll wires4

⇒ F > 2

when do wwu bird upstream ? ie -If = I ± % so ⇐ q > K

⇐I pc I
⇐ 4h a LIE)
⇐ III. ' f - ri
⇐ 1am :

If Fsl , all who move downstream
. If F , I , wires with high enough whenmW

hard upstream .

Fit in supercritical , Fei vi sub cnn.cat ( recall F = ¥4 in the nhu of river speed -h the

speed of shallow water wires
)
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We are interested in the formation of dunes A anti dunes

- ~
FL I # Fs I

- #
←-

→ →
←

Dunes - surface u out of phase with bed Antidunes - sntfnu u in phone with kd

- more downstream - more upstream

Aim : develop a model that explain why they fm ,
and why they here then pnprhis .

this depends on sediment hasput, whiih aim
in two firms :

- bed loud tnnspwt larger particles ) #
° ° . . IT . . :p ?

- suspended sediment . I smaller punks ) ÷gj÷



Sediment tnnsput occur when the thew 8hm I exerted by the water on the bed in

sufficiently large : t* , II where E* = I in the shield 's stress

Dpg Ds

( Dp ii the density difference between sediment grins and water ,
Ds vi the grin diameter

Ds I 1pm day ,
D
,
I tooµm

- 1mm Sand
,

Ds 2 1mm gruel )

eg . bedlrad flux i often deserted wnhg an empirical formula (Meyer - PekrlmiiHer)

K28Wit. Ffs't"kH-iiE '

µ

ii.oo ,



Contention of sediment
-

Conservative of sediment in the bed ( Exmrefuahh)

I It¥I/
-

7=14 't)-

/ 0¥
.
•

HI off;
•

concentration c Conservative of suspended sediment

→

t.sk#)I%4cItflhncI=VETIpomtyn-
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Combine the Ether equation with kdloadhmspwtwlkthestvenmteguahmfwnnr.hu

it\ Ether eguah.in
/ → It'¥t¥¥=o G5-9SK ) t=fpu

'

→×
9b t=IKH n n µ

° IS masIT%emihh TO ⑤

⇐ sixth off.t%W=o ¥f
momentum conservation ④

II. tu'I, - gs - ¥ -9%
=D

Note thereon now 2 timescales : adrechhe timescale Hq
bed evolution timescale Ita) 1×1 ← aped thi

- one toke

fqb ] much longer



To non -dimensionalin , write x= Gila ,
eh . I suppose fat is imposed )

Chase the scales to achieve certain balances in the equations :

① HIM = Q
.
I imposed flux scale )

② gs -- HI
' f H -

- K¥1
"

. aHs¥y
"

41

③ LH = links 11×1
Test

④ 41 = 41=61

⑤ til = fpfi
'

⑥ Gif = qblcit ) then the dimensionless kdlmd flux will he

Hit = %it
Hit



Dropping hats , the equation become % t %
,

to q=q It ) t=u
'

t §, tha) = o h -- 1- s

FYH.tn!) = 4¥ - %
where the pahrehn are E- f¥µ , f- ,!¥q . ) al , F= "¥µ ,

D= ¥}
Typically Eat ,

and we'll assume da I too
.

We'll also assume uniform flow fw

upstream with 5--0,4=1 ,
he 1 . We then have the reduced model

-|%t If, = 0 , huh 1
, IF'u't I = I F't 1

,

h= 1- S , q=q It ) , E- it

-
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-/ It t If, = 0 , huh 1
, IF'u't I = I F't 1

,

h= 1- S , q=g It ) , E- it

-
Consider small perturbations to the uniform steady shte

5=0
,

h= 1
, f- I , U = I , I = I , of = of 11 ) = I

Write 5=5
,
h= It H

, I = It
Ht 5

,
u= It U ,

I = It T
, q = qldtg.INT

-⇒ % t 9%1 = o
,
Ht U = 0

,

F'Ut Ht 5=0
, T= 24

-

so U = -H
,
and S = IF2-1IH = It F4U

,
and there fire

¥t'¥%%7 ⇒ wingnut sduhm f- Sok
-

'II. t )
-

Solutions fw 5 are hurdling wires - they neither decay nor grow .



If g. = jertti
"
⇒ r=

- 2g¥i ie. wire speed ¥"¥
The surface perhrhnhin 1- I = Ht S = - EI , S ,

so if Fc I , the Mra ii

out of phone with the bed
,
and if F) 1

,
the surface ci in phase with the bed .

he -
FL1 F) I

→

Thu model agrees with observation of dunes 4 antidunes
,

but does not explain

why they framed in the first place ,

ie . it lacks an instability mechanism .
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Canada a model including erm.cn/depoNhm and suspended sediment
.

EXmnhm Itn )# t %? = - VE + to

-E-Haiti t⑤N

"→
.

. ! oµ=y , hsmmdkdw find ' II
2- o

^ % fire 0 h We hike qs-cqbltlt-fpuqjltts.co
tix → In ④
oioo E-skit ) "D= 4£ seining velocity4=49-5%0,90%80181W
parents n VE = Vs Elu )

← dimersvnknerm.cn fuckin

+ [Yahm %ft%Ihu)=o
E'1470

II. tu%=gS - Ef - g!
^ ② a

-



Non -dimensionhi
, by chasing scales such that

① 1441 -- Qo
,

② gs=f¥j . ③ HI = " ,
④ 41--41=41

,
⑤ H=lEI

,
⑥ H=%

then the dimevnhknefuahmaeif.fi p%, = - EH # C of = qltl , E- u
'

hfeff.tn = EH - c h -- 1- s

{%tfflhul-OFYEF.tnIn )= it - It -%
where F- hg¥, .

e. ¥uy .
" "¥ . p . t¥¥µ,



Suppose seal , deal , pal .

then hu=IdfFhitsth=fFand / If = - Eluttc = -%
-

Steady shte : 5=0
,
h=I

,
u=I

,
⇐ Ell )

Perturb : 5=5
,
h= it H

,
with

,
c= Etc) + ( where ccpihh a small .

⇒ HtU=o F'UtStH=o ⇒ 5=11 - F4U

%= - E'HUtC= -
I ⇒ t.%fa.tff.is#c---F7
-
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look fw sduhhn T
S = erttik" c = [ erttikx I =

. tµS # C =
- %
-

⇒ r= -

+ I = - iki

⇒ i. ±. & r . =

i
.

so the grim ate or = III. t¥, so ttinshhtb ) if .

and the wire speed in - If = ¥µ z ,
which i so if FE1

,
and so if F > I

thi model in snceerhl at captaining the fwnahin of anticlines , but not of dunes .



lnshnbihtymechauimfrdamsz.tku u due k the retrial Aman of the relay

profile that u not captured by our simple
models

. Velocity is Hair near the bed
,
and

as a result the maximum shear Ann exerted on the bed oecus upstem of maxima

in the bed profile .

.

→ I
i With the upstream shift in the maximum
←
' ! hear them

,
the maximum led land the

s
'
' '

. I also occur up sheen of the maxima 1h
M

I
1 , I

'

i 1

i ' kid pnfit , and that lawn the hobbits .

hi\ ( see problem that )✓ i %

% . ¥.
④
Et


