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Shallow ice approximation
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Glacier dice that firm though accumulation of compaction of snow at high attitude/ latitude

and they melt at low altitude / latitude . they move by til sliding at their base
,

and

Iii ) viscous creep ( due t the migrhm of dennahwi in the crystal structure) - we
describe this mathematically on a shear. thinning fluid .



Shallow in approximation
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where H-- I-b vi Re in thelhmu
, g = fysndz a- the ice flux

,

and a vi the net accumulation

(snowfall - melting) .

Fine balance : 0 = - ¥, Axsz t FI Deh t pg and date

0 = - ¥fbzbx - pgcndbxtt .



⇒ 0 = - off, + ¥ + pgsind ①

0 = - off
.

- pgcnd ②

+ boundary conditions : at 7=5
,
F- often shew shun ) I p=o (atmospheric )

① ⇒ It=pgTf
① ⇒ ¥Ipgsind-pgeuo%)IsTf
-

[We had neglected what their themes of longitudinal shrines , due to the flaw being
'shallow

'

,
and we've neglected acceleration due to the flow king

'slow ' (see online now]
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The final ingredients are IN a
' icnshhihri flow

'
or

'Hw law ' hi describe the rheology

Twice ,
thi in this law /¥%=A③ where nas

,
Ann 10

-" Pi 's "

- 1pm experiment )

fin reality A depends on temperature , but we ignore that . We could write as E- III.
where I = fat, i the effective viscosity .

For a Newman fluid
,
ne i )

and liil a
'

sliding law
'

or a
'

fiction law
'
- ice at the bed i usually melting and

winter fhahkks sliding , described by

H=CtTf ④ where is -4, = fpgsind - pseud%) High 'Then
.

-

\ may depend on turpentine , roughness , and subglacial winter prune , but we
treat it a

constant here]



Inserting an expression fr t into ③
,

and inkgnk Hpd to ④ lie . a-- us at z=b )

⇒ u = ' Appyand - and If '
""

I t 45 land - and%) is-5

•
In -⇒b)

→ u

tYReiamxqigm_yf- find i. = Entirely - and %)
"

H
" '

t Clpgsinoff . are%) Um
-

(thi assures % a tin 0
,
otherwise we need to be more careful with signs }



We can now combine our apronin fir q with contention of man If t %, = a .

eg.fr a glacier on a uniform sloping bed ( b -- o , so s = H ) and with no sliding

K=o ),wefHIt%f¥EMhao%In"
Thi ii a nonlinear diffusion equation for the ice the ihm H

.
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¥+11 " 'Ii - one ! In"I = a

¥,i
Non - dimensional in : givin length scale fit , and an accumulation

scale fa3
,
we chase

IN
"! that

2A figsign
.
HI = 11

41

⇒ Itn¥T war. a¥"

Typical mines : n =3
,
A- 10*4 Pa's"

, p = 916 kgm
-3
, g = 9.8ms
'

,

sin 0 = 0.1

IN = to km (a) = truly ⇒ IN a loom
,

ltl I lay , µ on



"

eg . a-- ao - ×Approximate pal .

then off t H
"

%
,

= alx) # ×

Sdn with Hao at 1=0
,

the head of the glacier .
The glacier ends at the terminus x=xm It ) - a free boundary .

For the shady state , ¥1 1¥) = abit with H nah "⇒

→ on⇒ In; final foaiildi ) ¥ ↳ ×

The fun when the ice flux (and hence 4) go
to too

.

ie
.

where fo"Matilda =o .

eg . if a- Go - X ,
then Ho = flntllxfao-t.pe// It ' with an = La .



For a grin inihhl condition H = Mila) at t=o
.

We solve using characteristics
,

t n

i. i
,

I -- H
"

,
it = am

no#with
,
at t=o

, × = r
,

H -- Hilr )
×and at t=t

,
2=0

,
H =0

Hilal

Note that along each characteristic data : %. = In, ⇒ /H"¥f
71 ✓

For the chondrites sthhhffrm no, we had III = f.a di ie H = How
,
the

steady state .

the chandrika are si - No" ⇒ t -- f ! gift , t t
For the uhanchmhnshhkgfmt-o.ve here III.. If anil dii t think!

"

the daandaishu hae Ii : Nari" ⇒ t= [ diAbi , r) 't I ← determines rlx , f)
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c- starting with too long a glacier

← swing with tw small a glacier



If H a due to the Ready shh Mobil
,
it ui easier to liheami the model

.

Write it. How t H
,
Kitt

,

and support Mano ( in III. %, III) = a )
⇒ If 't I. Initial = o

fate than' not a awful confluent equation , since Ho -- Hola ) ]
multiply ly ni

"

⇒ I. Init 'm ) t thi" ¥
,
Ino
"

4) = o

g ,
- " da '

" I. Hi"4Itffni"4) ⇒
% " " ! I ti £

,
×

which has fduhhn H
,
= ) where 4 ii determined fnn initial

Condition .

perhrbahwu third down glacier with mask amplitude .

the lineman breaks down near the

terminus
.



An alternate method - appropriate fw small wire length perhrhahani-n.tn approximate
the chahckmh2 eguahhn I = I I = Hrt ' Il = a

= Hit ' iii. a kid ,
= o

Thu ii equivalent to sdnhg the PDE Eff + not ' off, = o

( compared h titre , we're missing a term H
, ¥
,
IHit ' ) - ok k do this if H , moi on

that wwelengths )
.

Ru has sdnhwy H
,
= 0/15 - t) where 9 a defined as before

.

Ru method can be used to annoir the Right annual growth / shrinkage of a grader

(see problem that)
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"

"" "m"I%.+%
>Xt=bfqt )

(we cannot " 70 ,
where we assure % so )

Force balance : 0 = - off,t% ⇒ E- - pg Is -21

• = - off - pg ⇒ p=pgkH
Flwlw : II. = 1AM } ⇒ t.tt#ftf%ffsHtils-ettYtfEftfIfkDmhiding Iw : ab - Ctf = T µ=fµ=hA¥%f%fH"tHff%fN
-

Boundary condition : of :O at IK0 ( symmetry ) and q=H=o at e- "m
.



Support the kid a flat tho) and when vi dominated by shaking , Am

q= 1¥ )mf%fn" ⇒ g
!

- En
'"

%
.

④

For a steady Shih ,

with grim ape )
,
we had q = fo

"

abit die
,
and am ri determined

frm the constraint matilda =o
.

then ⑧ Karen

P1H
"
'
'm

off, = - If !apiIdi )
"
"

and we have her at x⇒m
.

⇒ µ ;¥n¥= II.
"acidified
-⇒ In = HI fgf.im/fI'ahildiFdxifEntt
-



Note that integrating the man anshhhmeguahm over the ice sheet qm a global
man www.neqwihin , ①

• = %dx = Ii- II. da = I.
"
"

adx - ftp.ndx) ⇒ I%H"ndx)=f"-
It ui helpful hi mate th

'

plush
'

appminchin m -7 a
. ④ in thi canbecause

= - pgH%
,

and we know H=o at Kam
.

H n
⇒ client = - Epg n

'

⇒ /n=ffg)"lxm-Y② 7
- ↳

no
"
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ikt_elwhhhah.
We expect a to depend on a llahhide ) and H television ) .

We hike a = do - µ t TH

( note here vi an equilibrium attitude H =

-

aM" at which a=o
,
and above which no)

Using ② fw the ice Rahm
, we

have

{"Hdx = In .
"
am
" A Iida = arm - tram

'
t Ith .

" '

.

then man cmnrnhm ① ⇒ n ! x in = a. am - fruit } think

-⇒ lim=hlao-:µmt}*o"i



\
im ^

him = Lao - '

ipxmt }*o"xiil a. so

÷i⇒¥ii ¥¥÷
We can construct a bifurcation dragon of steady . shh ice - sheet site

nXm

Greenland
threw the pomhhty of hysteresis as the

TAnhrch.cn climate lie ao ) changes .£
Go

the model also shun the timescale in which the ice sheet evdm tntIa.in"
hiking lion = too km

,
Ho = tom

, Go
- I only ⇒ t - 40¥ )

"

a Sooo y .

I only
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2- n
For a land - terminating in that , q = H = 0 at 11=74 µso steady shtu hat

"

a DX = 0
.

7cm

For Anhnhii
,
a so almost everywhere , and ice it lost by flaring it

into the ocean
,
and calving icebergs . \ ice shelf

In that bland affair at "⇒im ,
where ↳, ×"%z=b(Archimedes ) . Im in called the '

grinding line
'

.

←

Im

A theory fr the
ice they Isa online now ) , suggest it i appropriate to apply
at x=xm ,

for sure cavrhih B. a > o

-



The model for a main in that hand off t off, = a
with q = o at x=o

and q = BH
"

at a⇒in

H = maxfo , - Ep b) at a⇒im

-For a steady shik , I a dx = I !" If dx = Bmaxfo , -If b)
&

-
which determines the steady ante ponhm of the grinding the xm .

(we could use the plarhithdingoppmimah.in , - pg HL1Y, toff, ) = c k hid HIM )



eg . A = do > o vi commit
.

We need aikm = B max ( o , -If b 1am) )
×

z
t

-
.

n
n

t.EE""""
"
m

If bedrock i non-monchnii , there may be multiple steady solution fwxm ,
and the

ponibihty of hymens on ao changes . If Ready shtu disappear, the can be npid retreat

to another steady state fit in Wierd things happen k Wen Anhnhia) .
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KOSHI The Earth 's mantle is relatively
' fluid '

,
so the CMR sinks under

the weight of the ice . A simple model u k arrive the ice

' '

Haiti
'
on the month

, using Archimedes' principle .

If the bed ui at Ebola) in the absence of ice, then we need

month Hmm
pgH = pmgfbo - b)

.

and hence bkitt-b.IN - full kit)
The ice suhani nen s -

- bot ft - Rpm) n ( Phin 's )



Greenland in thee!
- with the ice stripped away

( .

- with lsoshhi compensation
'

Antwehi in sheet

- much of the ice vi

gnnded on bed well below

sea level
.



Sea level
-

Globally - avenged sea level change can be calculated by dividing the Mum of

winter that meth frm the ice sheet ( Rpwho -9 time the Name of ice ) by the

frfna area of the ocean A
,
= 362×106 km?

eg . Greenland has 2.9×106 km' ice =) 7 m of sea level equivalent .

Antenna has 26.5×10
'
km
' ice =) 67M

,
but only Mine above flatahwi

Count
,
so thin

'

ii 58 m .



Lecture 16 a
-

sea ice



Sea in firms when the ocean cats and freeze , fun he helped demands .

Salinity of oven writer complain the phypm of sea ice fwmahwi , so fw simplicity
will consider freezing from winter

.

The simplest model is
-the Skfmpn#m



Steffen
nz Water initially at its freezing knprhhre F-Tm f-0C )

t.co/T--Ts-Tm in subjected to a cold surface turpentine F- Ts c Tm .

in IH1H
⇐ µ-

A layer of ice gun demands fun
the surface ,

with

water T=Tm
thicker HH) .
In the ice

, knpenhettt.tl satisfy the heat

efuahnifpcftt-KII.mn/--TsatZ--o,T-.Tmatt--Tf
-

We also have d¥ = - M
,
where mu the melt nite

(negative fw feeling ) .
At the ice- winter interfere , the Befriending determinism

,

s "I
↳.

⇒ H%i⇒¥kTf
A H lot = 0



Non- dimennmahn : T -- Tm t ITI I
,
⇐ HI

,

H = felt
,
t --HI

,

I chase

fit = Tm- Ts
.

It I = PL1H
'

k lif
i

=) (dripping hat) § II. = e ,

with T= - I at E-o
,

and F- 0 at E- - H1H

4 If = - II. I⇐µ

will Not = o
.

Here 5 = ¥, in the defunct . For winter, I = 165K ,

and ft ) a 10K , so expect 5¥ .

If we the Star, the kmprhhe T i quasi - steady ,
and a gun by F-

- I - In , and

the fkfm condition leaves III. = In with Mol - o ⇒ IH=f
( Note , the full pntkm ffw 041 5) km a similarity solution (see online notes) ]
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A better model fw sea ice fnnahm has modified handy condition , and allan fw

melting as well on freezing .
it felt -a)Q yf4

←
hahaha fluxes (of . lecture 1)

t.sk) ds

ice p =kIIi 1h41 It
= - Ms

⇒ If . .ms - m,db
- 7=541 It

= mb
F-Tm

pp ①
winter o

At z=b
,
the Refn condition says plmb = Fo - fk Iz=b A T=Tm

At t=s
,
either TE Tm

,
and Ital Q - rt

"
= k¥1 A ms=o

-2=5
.

or F- Tm
,
and Ital Q - rt

"
- k¥1
,

= phms 70
thi-



Non -diminution
, writing F-Tmt ITII

,

then RT
"
= rtm

"

fit III)
"
= rim

"
t hot?HI

Chase ① 1mi . lmsl = ¥, . ② Its =
. ③ HI - hfqp -

Also define s -- fay ,
I =

,
I = kaIQ-rTm

4am' ITI

⇒ t%=%hbazss,wi7{ "" I '

÷: .
. . ⇒ I : ÷:
-

Note I can my in time , typically co during winter and so during summer
( see pnthm sheet) .


